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Summary 

The  four-institution  research  team  has  developed  a  framework  for  stochastic  analysis  of 
nonlinear  combustion  instability  with  triggering  and  in  the  use  of  reduced-basis  models  (RBM), 
large-eddy  simulations,  and  multi-scale  asymptotic  models  for  the  analysis.  Results  published 
during  these  three  years  and  ongoing  researches  are  briefly  discussed  and  addenda  with  more 


detail  are  provided. 

Table  of  Contents 

Summary  1 

I.  Introduction  2 

II.  Stochastic  Model  Development  3 

III.  Large  Eddy  Simulations  7 

IV.  Thermomechanical  Processes  12 

V.  Reduced  Basis  Modeling  for  Combustion  Dynamics  16 

VI.  Concluding  Remarks  20 


Addenda 

1.  Driving  Mechanisms  for  Combustion  Instability,  W.  A.  Sirignano. 

2.  Transverse  Combustion  Instability  in  a  Rectangular  Rocket  Motor,  P.  P.  Popov,  A.  Sideris  and 
W.  A.  Sirignano. 

3.  Triggering  of  Combustion  Instability  by  Acceleration  of  the  Rocket  Motor,  P.  P.  Popov,  A. 
Sideris  and  W.  A.  Sirignano. 

4.  Nonlinear  Two-time-scale  Perturbation  Theory  for  Liquid-Rocket  Transverse  Combustion 
Instability,  W.  A.  Sirignano  and  J.  Krieg. 

5.  Experimental  and  Numerical  Investigation  for  a  GOX-GCH4  Shear-Coaxial  Injector  Element, 
M.  P.  Celano,  S.  Silvestri,  G.  Schlieben,  C.  Kirchberger,  O.  J.  Haidn,  T.  Dawson,  R.  Ranjan,  and 

5.  Menon. 

6.  LES  of  GCH4/GOX,  Shear-Coaxial,  Single  Element,  High  Pressure  Rocket  Combustor: 

Effects  of  Thermal  Condition  and  Chemical  Kinetics,  R.  Ranjan,  and  S.  Menon. 

7.  On  the  Application  of  the  Time-Domain  Admittance  Boundary  Conditions  in  the  LES  of  a 
High-Pressure,  Shear-Coaxial  Injector  Combustor,  P.  Tudisco,  R.  Ranjan,  S.  Menon,  S.  Jaensch, 
and  W.  Polifke. 

8.  Flame  Dynamics  During  Combustion  Instability  in  a  High-Pressure,  Shear-Coaxial  Injector 
Combustor,  S.  Srinivasan,  R.  Ranjan,  and  S. Menon. 


1 


9.  Numerical  Investigation  of  Transverse  Combustion  Instability  in  a  Multi-Element,  Shear- 
Coaxial,  High  Pressure  Combustor,  P.  Tudisco,  R.  Ranjan,  and  S.  Menon, 

10.  The  Zel’dovich  Spontaneous  Reaction  Wave  Propagation  Concept  in  the  Fast/  Modest 
Heating  Limits,  D.  R.  Kassoy 

I.  Introduction: 

The  research  follows  the  plan  outlined  in  the  proposal  and  sketched  here  in  Figure  1.  Work  has 
proceeded  on  the  development  of  various  foundational  material:  basic  injection  and  combustion, 
wave-dynamic,  and  asymptotic  models;  framework  for  stochastic  analysis;  large-eddy  simulation 
capability;  and  reduced-basis  modelling  capability. 

The  model  studies,  stochastic  analysis  framework,  large-eddy  simulations,  and  reduced-basis 
modelling  have  advanced  well..  The  physical  understanding  of  triggering  mechanisms  and 
driving  mechanisms  has  been  advanced.  Some  early  progress  on  mitigation  and  control  has  been 
seen.  Discussion  in  the  next  four  sections  will  provide  some  detail.  Additional  detail  is  provided 
through  the  addenda. 


The  research  team  members  have  been  directly  interactive  with  each  other,  the  Air  Force 
Research  Lab  personnel,  and  the  Purdue  University  experimental  rocket  group.  Communications 
have  been  maintained  with  the  general  combustion  /  propulsion  community  and  the  combustion 
instability  community  through  journal  publications,  conference  participation,  and  through 
various  informal  mechanisms. 

The  development  of  stochastic  models  at  UCI  is  discussed  in  the  next  section  and  Addenda  1,  2, 
3,  and  4.  The  LES  advancements  at  Georgia  Tech  are  presented  in  Section  III  and  Addenda  5,  6, 
and  7.  In  Section  IV  and  the  Addenda  8,  we  present  the  research  on  thermomechanical  processes 
at  KISS.  The  HyPerComp  research  on  RBM  is  discussed  in  Section  V.  Concluding  remarks  are 
briefly  made  in  Section  VI. 
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II.  Stochastic  Model  Development  -UCI 


The  major  accomplishments  of  the  three -year  effort  at  UCI  include  several  forefront 
developments  in  terms  of  both  analysis  and  findings.  (1)  A  computational  model  has  been 
developed  for  nonlinear  LPRE  instability  in  a  cylindrical  combustion  chamber  with  multi-port 
co-axial  injection  of  bi-propellants  which  is  able  to  predict  based  on  injector  configuration, 
mixture  ratio,  mean  chamber  pressure,  and  mean  flow  Mach  number  the  three  types  of  stability 
zones:  unconditionally  unstable,  unconditionally  stable  and  bi-stable  (aka  conditionally  stable  or 
conditionally  unstable).  Triggering  is  possible  in  the  bi-stable  domain.  (2)  The  model  has  been 
extended  to  include  coupling  between  the  flow  upstream  through  the  injectors  and  the  chamber 
oscillations.  (3)  To  make  a  comparison  with  experiments  conducted  at  Purdue  University,  a 
parallel  model  has  been  developed  for  a  rectangular  chamber  with  seven  linearly  aligned  co-axial 
injectors.  Very  good  agreement  with  experiment  was  found.  (4)  The  descriptive  parameters  of 
the  stochastic  triggering  disturbance  have  been  represented  as  random  variables  and  the 
probability  and  marginal  probabilities  of  a  limit-cycle  oscillation  developing  have  been 
detennined.  (5)  A  stochastic  analytical  approach  based  on  polynomial  chaos  expansions  (PCE) 
has  been  shown  to  be  much  more  efficient  than  Monte  Carlo  methods  for  this  type  of  calculation. 

(6)  Three  types  of  triggering  pulses  have  been  examined:  rogue  events  in  the  combustion  or  flow 
within  the  chamber;  partial  blockage  in  the  injector  flow;  and  transverse  acceleration  or  vibration 
of  the  combustion  chamber  as  a  rigid  body.  All  three  types  can  produce  triggering  if  their 
amplitudes  are  sufficient.  The  identification  of  motor  acceleration  as  a  plausible  trigger  is  novel. 

(7)  It  has  been  shown  that  any  of  these  types  of  disturbances  can  potentially  be  used  deliberately 
in  a  control  mechanism  which  arrests  the  growth  of  the  instability  and  maintains  a  stable 
operation  of  the  engine.  (8)  The  PCE  method  was  extended  to  use  polynomials  in  both  the 
random  variables  describing  the  disturbance  and  design  parameters  describing  key  features  of  the 
injector  configuration.  (9)  A  perturbation  analysis  based  on  the  two-time-variable  approach  has 
been  developed  to  give  useful  insights  and  guides  to  the  computationally  intensive  problem. 

Basic  Model:  The  combustion  oscillations  were  modelled  with  a  multi-scale  approach.  The 
equations  of  wave  dynamics  were  inviscid  on  the  larger  scale;  energy  from  the  combustion 
process  was  provided  via  coupling  from  the  flame  dynamics  which  were  evaluated  on  a  finer 
scale  for  each  co-axial  injector  exit  jet;  a  multi-orifice  short  nozzle  was  considered;  the  emphasis 
was  placed  on  transverse  waves  and  the  equations  were  averaged  over  the  main-flow  direction, 
reducing  the  system  to  a  two-dimensional  unsteady  fonnulation.  The  combustion  dynamics  were 
analyzed  for  each  co-axial  methane-oxygen  jet  emerging  from  the  injectors.  On  the  finer-scale 
analysis,  axisymmetric  transport,  reaction,  and  advection  were  examined  for  the  unsteady  flow. 
The  combustion  process  was  coupled  to  the  wave  dynamics  through  the  local  pressure, 
temperature,  and  velocity  values  of  the  wave  which  were  described  as  ambient  values  for  the  jet. 
Disturbances  were  provided  as  either  small-amplitude  resonant  waves  or  focused  pulses  in  the 
chamber,  with  the  latter  representing  rogue  behavior  in  the  combustion  or  turbulent  processes. 

The  results  showed  that,  depending  on  mixture  ratio  and  mass  flow,  three  types  of  stability 
behavior  were  identified:  unconditional  stability  where  any  disturbance  decays  to  steady-state 
operation;  unconditional  instability  where  any  disturbance,  no  matter  how  small,  grows  to  a 
limit-cycle  oscillation;  and  conditional  instability  where  disturbances  below  a  threshold  decay 
while  those  above  the  threshold  grow  to  large  amplitude.  These  results  are  contained  in 
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W.  A.  Sirignano  and  P.  Popov,  “Two-dimensional  Model  for  Liquid-Rocket  Transverse  Combustion  Instability”, 
AIAA  Journal  51,  Issue  12,  pp.2919-34,  2013.  doi:  10.25 14/1.J052512. 

which  was  appended  in  a  previous  Annual  Report.  A  more  recent  overview  of  our  work  and 
some  related  background  information  is  given  in 

W.  A.  Sirignano,  “Driving  Mechanisms  for  Combustion  Instability,”  invited  paper,  Forman  Williams 
Commemorative  Issue,  Combustion  Science  and  Technology’  187,  pp.  1-44,  2014 

which  is  appended  here.  Since  adequate  experimental  data  for  unstable  circular  combustion 
chambers  did  not  exist,  a  parallel  model  was  developed  for  a  particular  chamber  with  rectangular 
cross-section. 

Experimental  Verification:  The  parallel  model  was  developed  for  the  analytical  of  the  Purdue 
University  combustor  with  a  rectangular-chamber,  seven  linearly  aligned  co-axial  injectors,  and 
long,  divergent,  choked  nozzle.  Agreement  with  experiment  was  excellent  with  predictions  of  the 
observed  unconditional  instability  and  a  very  good  match  for  frequencies  and  limit-cycle 
amplitudes  for  all  of  several  experimental  injector  configurations.  The  model  predicted  bi-stable 
behavior  in  regions  that  were  not  studied  experimentally.  The  work  is  reported  in 
P.  P.  Popov  and  W.  A.  Sirignano,  “Transverse  Combustion  Instability  in  a  Rectangular  Rocket  Motor,”  submitted  to 
Journal  of  Propulsion  and  Power,  2015 

which  is  appended  here.  The  verification  supported  the  validity  of  the  major  assumptions  in  the 
model. basic 

Stochastic  Formulation  and  Polynomial  Chaos  Expansion:  The  characteristics  of  the  stochastic 
disturbance  were  described  as  random  variables.  The  equations  were  re-cast  into  a  larger  system 
governing  the  coefficients  in  the  Legendre-polynomial  expansion  of  the  dependent  variables. 
Several  forms  of  disturbances  were  applied  at  random  locations  in  chamber  with  random 
magnitude,  duration,  orientation,  and  frequency.  The  probability  and  marginal  probabilities  of 
triggering  growth  to  the  deterministic  limit  cycle  were  calculated.  The  types  of  disturbances 
included  oscillating  dipoles,  directed  pulses,  and  initial  small-amplitude  waves.  To  establish 
travelling  or  spinning  waves,  an  orientation  of  the  pulse  was  required.  Standing  waves  were 
established  in  cases  where  the  disturbance  had  no  initial  orientation.  The  results  were  reported  in 
P.  P.  Popov,  A.  Sideris,  and  W.  A.  Sirignano,  “Stochastic  Modeling  of  Transverse  Wave  Instability  in  a  Liquid 
Propellant  Rocket  Engine,”  Journal  of  Fluid  Mechanics  745, pp.  62-91,  2014.  doi:10.1017/jfm.2014.96 
which  was  appended  in  a  previous  Annual  Report. 

The  Polynomial  Chaos  Expansion  (PCE)  was  shown  to  converge  and  for  this  problem  to  be 
much  more  efficient  than  the  Monte  Carlo  method.  The  calculations  indicated  how  probabilities 
changed  with  each  parameter  that  represented  a  characteristic  of  the  triggering  disturbance.  This 
PCE  approach  formed  a  basis  for  our  following  studies. 

Injector  Coupling:  The  coupling  with  injector  flows  modifies  both  the  stability  and  natural 
frequency.  In  the  extended  study  to  include  injector  coupling,  partial  blockage  on  an  injector 
was  allowed  for  a  specific  duration.  Again,  the  same  three  types  of  stability  zones  described 
above  were  identified  in  this  analysis.  The  work  is  described  in 

P.  P.  Popov,  A.  Sideris,  and  W.  A.  Sirignano,  “Propellant  Injector  Influence  on  Liquid  Propellant  Rocket  Engine 
Instability,”  Journal  of  Propulsion  and  Power  31  (1),  pp.  320-31,  2015a 
which  was  appended  in  a  previous  Annual  Report. 
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The  probability  of  triggering  growth  to  a  limit-cycle  oscillation  in  the  combustion  chamber  was 
detennined.  In  addition  to  using  the  random  variables  describing  the  disturbance  in  the  PCE, 
additional  variables  related  to  injector  design  were  used.  Thus,  the  marginal  probability  of 
triggering  based  on  design  variables  could  also  be  detennined. 

A  New  Triggering  Mechanism  -  Motor  Acceleration:  Following  a  suggestion  from  Dr.  D. 
Talley  of  the  Air  Force  Research  Fabs,  the  potential  for  rigid  body  transverse  acceleration  of 
vibration  was  examined  as  a  possible  cause  of  triggered  combustion  instability.  Both  the  circular 
chamber  and  rectangular  were  studied  with  linear  transverse  acceleration.  The  circular  chamber 
was  also  studied  for  situations  where  the  transverse  acceleration  vector  direction  was  rotating.  It 
was  revealed  for  the  first  time  that  accelerations  at  plausible  magnitudes  could  trigger  instability. 
PCE  was  used  to  predict  probability  and  marginal  probabilities  a  function  of  magnitude, 
duration,  and  frequency  of  the  acceleration  pulse.  The  results  are  reported  in 

P.  P.  Popov,  A.  Sideris,  and  W.  A.  Sirignano,  “Triggering  of  Combustion  Instability  by  Acceleration  of  the  Rocket 
Motor,”  submitted  to  A1AA  Journal,  2015b 
which  is  appended  here. 

Potential  Control  Mechanism:  In  the  above-mentioned  recent  papers,  Pavel  et  al.  2015a,  2015b, 
The  use  of  “anti-pulses”  of  the  oscillating  dipole,  blocked-injector  flow,  and  motor-acceleration 
types  were  shown,  with  proper  design  and  timing,  to  be  capable  of  arresting  the  growth  of  a 
triggered  instability.  Thus,  it  forms  a  plausible  basis  for  control  of  combustion  instabilities  and 
should  open  new  promising  research  directions. 

Nonlinear  Perturbation  Theory:  Although,  the  UCI  program  has  advanced  our  knowledge  based 
on  computational  analysis,  much  insight,  information,  and  guidance  becomes  available  through 
nonlinear  perturbation  theory.  A  third-order,  two-time  variable  method  was  used  where 
oscillations  were  described  on  the  fast  scale  while  change  of  amplitude  and  phase  were  described 
using  the  slower  scale.  Unstable  limit  cycles  and  transient  behavior  were  predicted.  The  method 
provided  a  direct  method  to  describe  the  amplifying  or  damping  role  of  each  term  in  the  analysis. 
A  survey  over  parameter  space  could  be  accomplished  much  more  swiftly.  The  study  is 
described  in 

W.  A.  Sirignano  and  J.  Krieg,  “Nonlinear  Two-time-scale  Perturbation  Theory  for  Liquid-Rocket  Transverse 
Combustion  Instability,”  near  ready  for  journal  submission,  2015c 

which  is  appended  here.  This  approach  is  expected  to  provide  useful  guidance  in  the  future. 

Interactions  with  Team  Members:  We  have  shared  drafts  of  our  publications  with  other  team 
members  as  early  as  feasible.  Results  from  the  various  team  member  have  been  discussed. 
Copies  of  our  computer  code  have  been  shared  with  HyPerComp  for  use  in  guiding  the  Reduced- 
basis  Modeling  calculations.  Meetings  and  phone  conversations  with  Dr.  Munipalli  have 
occurred  often  during  the  course  of  this  program. 

Conference  Papers:  Several  conference  papers  were  also  presented  as  pre-cursors  to  the  journal 
papers. 

W.  A.  Sirignano  and  P.  Popov,  “Two-dimensional  Model  for  Liquid-Rocket  Transverse  Combustion  Instability,” 
AIAA  Aerospace  Sciences  Meeting,  Grapevine,  Texas,  January  2013. 

P.  P.  Popov,  A.  Sideris,  and  W.  A.  Sirignano,  “Stochastic  Modeling  of  Transverse  Wave  Instability  in  a  Liquid 
Propellant  Rocket  Engine,”  Joint  Propulsion  Conference,  San  Jose,  CA,  July  2013. 

P.  P.  Popov,  A.  Sideris,  and  W.  A.  Sirignano,  “Propellant  Injector  System  Influence  on  Rocket  Engine  Combustion 
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Instability,”  AIAA  Aerospace  Sciences  Meeting,  National  Harbor,  MD,  January  2014. 

P.  P.  Popov,  A.  Sideris,  and  W.  A.  Sirignano,  “Uncertainty  Quantification  of  Non-linear  Oscillation  Triggering  in  a 
Multi-injector  Liquid-propellant  Rocket  Combustion  Chamber,”  American  Physical  Society  Fluid  Dynamics 
Meeting,  November  2014,  San  Francisco,  CA. 

W.  A.  Sirignano,  “Combustion  Instability:  Triggering,  Transients,  and  Limit  Cycles,”  US  National  Combustion 
Meeting,  Cincinnati  OH,  May  2015. 

P.  P.  Popov,  A.  Sideris,  and  W.  A.  Sirignano,  “Triggering  and  Re-stabilizing  Potential  of  Acceleration  Pulses  in 
Liquid-Propellant  Rocket  Motors,”  Joint  Propulsion  Connference,  July  2015. 

P.  P.  Popov  and  W.  A.  Sirignano,  “Wave  Dynamics  for  Transverse  Acoustic  Instabilies  in  a  Rectangular  Rocket 
Motor  ”  Joint  Propulsion  Connference,  July  2015. 

W.  A.  Sirignano,  “Nonlinear  Two-time-scale  Perturbation  Theory  for  Transverse  Combustion  Dynamics,”  ICDERS, 
Leeds,  UK,  2015. 
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III.  Large  Eddy  Simulations  -  Georgia  Institute  of  Technology 


The  research  under  this  project  has  focused  on  large-eddy  simulations  (LES)  of  thenno-acoustic 
combustion  instabilities,  which  are  typically  observed  in  high-pressure,  shear-coaxial  rocket 
combustors.  The  focus  of  the  present  study  is  to  characterize  the  role  of  geometry,  inflow 
conditions,  thennal  boundary  conditions  and  chemical  kinetics  on  stable/unstable  behavior  of 
model  rocket  combustors  through  large-eddy  simulation  and  then  use  the  results  further  to 
develop  novel  reduced-order  modeling  approaches,  which  in  turn  can  be  used  to  conduct 
efficient  predictive  analysis  of  stable/unstable  behavior  of  such  combustors.  In  this  study,  we 
have  considered  a  range  of  model  rocket  combustors  for  which  experimental  data  is  available  to 
build  a  database  with  increasing  degree  of  complexity  to  validate  and  improve  the  reduce-order 
modeling  approach.  The  considered  test  cases  include  a  shear  coaxial  rig  (TUM)  at  Technical 
University  (Munich),  the  Continuous  Variable  Rocket  Combustor  (CVRC)  at  Purdue  University 
and  Transverse  Instability  Combustion  (TIC)  also  at  Purdue  University.  TUM  is  a  stable  high- 
pressure  test  bench,  whereas  CVRC  exhibits  longitudinal  model  combustion  instability  and  TIC 
(which  is  a  7-injector  system)  demonstrated  transverse  instability.  Simulations  show  good 
agreement  with  available  data  and  in  particular,  for  the  CVRC  shows  the  ability  of  LES  to 
capture  the  changes  in  frequency  and  amplitude  of  the  instability  when  the  injector  length  is 
changed  (which  causes  a  change  in  the  characteristic  impedance  of  the  system). 

Introduction  and  Background:  The  design  of  rocket  engines  is  dictated  by  several  requirements 
such  as  a  stable  combustion,  low  operating  cost,  low  emission  characteristics  and  high 
performance  throughput  under  a  range  of  operating  conditions.  The  elements  of  these  engines 
such  as  type  of  propellant,  injector  design,  thermal  conditions  of  the  combustion  chamber  wall 
etc.,  play  an  important  role  on  the  overall  performance.  In  particular,  the  injector  design  plays  a 
crucial  role  as  it  affects  the  performance  by  altering  the  flame  and  flow  dynamics  and  may  lead 
to  thenno-acoustic  instability  within  the  combustor.  Since  the  overall  perfonnance  of  the  engine 
depends  upon  interplay  of  the  geometry,  inflow  conditions,  mixing,  and  heat-transfer 
characteristics  of  the  combustor  wall,  therefore,  understanding  their  role  under  different 
operating  conditions  is  very  important  for  design  evaluation  and  performance  improvement  of 
rocket  engines.  Large-eddy  simulation  (LES)  based  numerical  investigation  provides  a  promising 
approach  to  study  such  reactive  flow  systems  and  has  been  used  successfully  as  a  design  tool  for 
predictive  analysis.  However,  numerical  modeling  of  such  systems  becomes  challenging  due  to 
an  increase  in  the  geometrical  complexity  of  the  injector  design  and  involvement  of  large  number 
of  parameters  that  affect  the  overall  perfonnance  of  such  systems.  Therefore,  reduced-order 
modeling  (ROM)  and  reduced  basis  modeling  (RBM)  provides  alternate  efficient  means  to  study 
such  systems.  However,  such  ROM  and  RBM  methods  require  careful  validation  and  for  this  an 
extensive  database  is  needed.  This  project  focused  on  this  goal. 

In  this  study,  we  use  LES  to  study  stable  and  unstable  combustion  within  three  model 
combustors  and  perform  a  comprehensive  validation  of  the  LES  results  by  comparing  them  with 
the  measured  experimental  data.  In  the  second  part  of  this  study,  we  develop  a  ROM  based  on 
the  admittance  boundary  conditions  and  use  it  to  predict  longitudinal  thenno-acoustic  instability 
within  one  of  the  model  combustors. 
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The  LES  studies  have  focused  on  experimental  configurations  for  which  some  data  (primarily 
pressure  signal)  is  available.  It  is  noted  that  to  experimentally  sustain  combustion  instability  in  a 
test  facility  can  be  nearly  impossible  due  to  the  possibility  of  damage  and  explosion.  Also, 
because  of  high  pressure  and  hot  operating  conditions,  detailed  measurements  are  nearly 
impossible.  Therefore,  only  pressure  fluctuation  data  is  available  from  wall  sensors  and 
combustion  instability  is  inferred  from  such  a  signature.  In  some  cases  wall  temperature  is  also 
available  and  can  provide  additional  information. 

We  consider  three  operating  high  pressure  rigs  for  the  LES  studies  and  these  are  briefly  noted 
below: 

1 .  Shear  Coaxial  Test  Bench  at  Technical  University  (Munich) 

This  single  element,  shear-coaxial,  high  pressure  combustor,  referred  here  onwards  as  TUM  is 
currently  being  investigate  for  stable  high  pressure  combustion  and  it  employs  a  methane-oxygen 
combustion  system.  Pressure  and  wall  temperature  data  for  different  operating  conditions  is 
available  for  comparison  with  LES. 

2.  Continuously  Varying  Resonance  Combustion  (CVRC)  at  Purdue  University 

This  facility  is  also  nominally  methane-oxygen  single  injector  high  shear  facility  developed  at 
Purdue  University  (Yu  et  ah,  2008,  2009,  2012),  which  has  shown  spontaneous  longitudinal 
mode  combustion  instability  for  a  range  of  operating  conditions.  Again  only  pressure  data  is 
available  so  details  of  the  combustion  process  have  to  be  predicted  and  then  matched  with  data. 
An  added  advantage  of  this  rig  is  that  its  injector  length  can  be  changed  during  or  in-between  the 
tests  and  it  has  been  shown  that  the  acoustic  wave-modes  in  the  injector  can  either  constructively 
or  destructively  interact  with  the  acoustic  modes  of  the  combustor  resulting  in  stable  or  unstable 
combustion  behavior.  Thus,  this  facility  offers  a  unique  opportunity  to  investigate  different 
operating  conditions  that  bracket  the  conditions  for  combustion  instability. 

3.  Transverse  Instability  Chamber  (TIC)  at  Purdue  University 

A  more  complex  high-pressure  rig  is  the  TIC  at  Purdue  University,  which  focuses  on  transverse 
high  frequency  instability  that  can  be  responsible  for  the  highest  wall  heat-release  effect,  as  well 
as,  the  fastest  behavior  which  can  lead  to  detrimental  effects  on  the  combustor.  This  system  is  a 
rectangular  chamber  with  seven  injector  elements,  which  can  supply  both  fuel  and  oxidizer  under 
different  configurations.  According  to  reports  (Morganl,  Shipley  1),  the  main  reason  of 
instability  sustainment  is  the  vortex  shedding  phenomenon,  caused  by  the  impact  of  vortical  fluid 
structures  on  the  chamber  walls.  These  structures  originally  contain  both  fuel  and  oxidizer  so  that 
their  impact  at  the  wall  produces  a  concentrated  combustion  region  with  a  consequent  unsteady 
heat-release.  The  coupling  with  such  an  unsteady  source  of  heat  and  the  acoustic  transverse 
waves  generates  an  increase  of  pressure  amplitude  according  to  the  Rayleigh  criterion.  Before 
proceeding  with  the  full  seven  injectors  case,  a  three  injectors  device  in  which  the  three  central 
injector  elements  are  maintained  in  their  whole  geometry,  while  the  last  two  couple  of  injectors, 
considered  to  be  responsible  of  the  vortex  shedding,  are  instead  modeled  as  a  simple  constant 
mass  inflow  section.  In  this  manner,  the  physics  of  the  injection  process  is  altered,  especially 
near  the  chamber  walls.  Therefore,  it  is  expected  that  instability  does  not  occur  unless  the 
chamber  walls  are  intentionally  forced  as  discussed  by  (Shipley  1). 

Key  Achievements:  In  the  following  we  discuss  some  of  the  key  highlights  of  these  studies. 
More  details  of  the  setup  and  other  numerical  issues,  as  well  as  detailed  discussion  are  in  the 
attached  papers. 
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1 .  Study  of  stable  combustion  in  TUM  Rig 


We  study  the  role  of  heat  transfer,  mixing  processes  and  flame  holding  dynamics  of  thermo- 
acoustically  stable  combustion  occurring  within  a  high  pressure,  single  element  shear-coaxial 
injector  combustor.  Gaseous  methane-oxygen  chemistry  is  used  in  a  subgrid  linear-eddy-mixing 
(LEM)  model  for  closure  in  the  LES.  The  operating  conditions  match  the  experimental 
investigation  conducted  at  TUM.  The  results  obtained  from  simulations  are  compared  with 
experimental  data  for  pressure  and  heat  flux  on  the  surface  of  the  combustion  chamber 
demonstrating  good  agreement.  The  flame  holding  dynamics  reveal  a  stable  flame  structure 
showing  a  good  agreement  with  the  experimental  observations.  Currently,  we  are  still 
investigating  the  role  of  thermal  boundary  conditions  and  more  detailed  chemical  kinetics  on  the 
wall  pressure  and  heat  flux  statistics. 

Publications 

Dawson,  T.,  Menon,  S.  and  Haidn,  O.,  “Large  Eddy  Simulation  of  a  Subscale  Combustion  Chamber,”  Proceedings 
of  the  Sonderforschungsbereich/Transregio  40,  Summer  Program  Report,  Technical  University  (Munich),  August 
2013, 

which  was  appended  in  a  previous  Annual  Report  and  the  following  three  publications  which  are 
appended  here. 

Celano,  M.  P.,  Silvestri,  S.,  Schlieben,  G.,  Kirchberger,  C.,  Haidn,  O.  J.,  Dawson,  T.,  Ranjan,  R.,  and  Menon,  S., 
“Experimental  and  Numerical  Investigation  for  a  GOX-GCH4  Shear-Coaxial  Injector  Element,”  SP-2014-2969417, 
2014  Space  Propulsion  Conference,  Cologne,  Germany,  May  2014. 

R.  Ranjan,  and  S.  Menon,  “LES  ofGCH4/GOX,  Shear-Coaxial,  Single  Element,  High  Pressure  Rocket  Combustor: 
Effects  of  Thermal  Condition  and  Chemical  Kinetics,”  Sonderforschungsbereich/Transregio  40,  Summer  Program, 
Technical  University  (Munich),  August  2015. 

Tudisco,  P.,  Ranjan,  R.,  Menon,  S.,  Jaensch,  S.  and  Polifke,  W.,  “On  the  Application  of  the  Time-Domain 
Admittance  Boundary  Conditions  in  the  LES  of  a  High-Pressure,  Shear-Coaxial  Injector  Combustor,”  draft  paper,  to 
be  submitted  to  Flow,  Turbulence  and  Combustion,  July  2015. 

2.  Study  of  Longitudinal  Combustion  Instability  in  CVRC 

LES  based  investigation  of  the  longitudinal  combustion  instability  is  conducted  in  the  CVRC, 
which  is  also  a  high-pressure,  shear-coaxial  injector  combustor.  An  important  characteristic  of 
the  CVRC  setup  is  the  role  that  the  oxidizer  injector  length  plays  on  the  stable/unstable 
combustion  dynamics  occurring  within  the  combustor.  We  perform  three  simulations 
corresponding  to  different  stability  regions;  one  is  a  semi-stable  case  whereas  the  other  two  cases 
are  unstable.  The  acoustic  pressure  fluctuation  exhibits  a  limit  cycle  behavior  in  all  cases.  An 
abrupt  change  in  the  predicted  amplitude  between  stable  and  unstable  cases  is  also  observed, 
consistent  with  the  experimental  trends.  Further  investigations  are  carried  out  to  characterize  the 
mechanism  driving  such  abrupt  change  in  the  stability  pattern  when  the  oxidizer  injector  length 
is  varied.  Results  show  that  the  acoustic  interactions  with  the  flow  field  lead  to  subtle  changes  in 
the  vorticity  (and  mixing)  dynamics,  which  significantly  alters  the  distribution  of  species  and 
heat  release.  These  changes  affect  the  heat  release  and  hence  the  measured  pressure  oscillations 
in  the  chamber.  In  addition,  aspects  related  to  flame  stabilization  such  as  the  mean  flame 
anchoring  location  and  the  mode  of  burning,  premixed  or  non-premixed,  are  also  affected.  The 
analysis  of  flame  structures  shows  the  presence  of  multi-mode  burning  regions  where  premixed 
and  non-premixed  flames  appear  to  coexist.  However,  the  dominant  burning  mode  switches  from 
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premixed  to  non-premixed  within  an  acoustic  cycle,  potentially  playing  an  important  role  in 
flame  stabilization. 

Publications 

Guezennec,  N.,  Dawson,  T.,  Sierra,  P.  and  Menon,  S.,  “Flame  Holding  Dynamics  During  Combustion  Instability  in 
a  Shear-Coaxial  Injector  Combustor,”  8th  Turbulent  Shear  Flow  Phenomenon,  Poitier,  France,  August  2013. 
Munipalli,  R.,  Liu,  Z.,  Zhu,  X.,  Menon,  S.,  Hesthaven,  J.S.,  “Model  reduction  opportunities  in  detailed  simulations 
of  combustion  dynamics,”  A1AA  paper  2014-0820,  52nd  A1AA  Aerospace  Sciences  Meeting,  January  2014. 
Srinivasan,  S.,  Ranjan,  R.  and  Menon,  S.,  “Flame  Dynamics  During  Combustion  Instability  in  a  High-Pressure, 
Shear-Coaxial  Injector  Combustor,”  Flow,  Turbulence  and  Combustion,  Vol.  94,  pp.  237-262,  2015. 

The  first  two  papers  above  were  appended  in  a  previous  Annual  Report  while  the  third  paper  is 
appended  here. 

Invited  Presentations  (not  appended) 

“Modeling  and  Computational  Challenges  to  Simulate  Combustion  Instability  in  High  Pressure  Combustion 
Systems,”  Technische  Universitat  Miinchen,  Munich,  Germany,  Aug  7th  2013. 

“Modeling  and  Computational  Challenges  for  Large-Eddy  Simulation  of  Turbulent  Combustion  Systems,” 

California  Institute  of  Technology,  CA,  October  23,  2014. 

“Turbulent  Combustion  Modeling  and  Simulations,”  University  of  Rouen,  CORIA,  France,  December  18,  2014. 

3.  Study  of  combustion  processes  in  the  TIC 

We  analyze  transverse  combustion  instability  in  a  model,  high-pressure,  shear-coaxial,  multi¬ 
element  rocket  engine  noted  as  TIC.  This  is  an  experimental  rig  at  Purdue  University  that 
comprises  of  a  rectangular  combustion  chamber  and  seven  injectors,  which  can  supply  both  fuel 
and  oxidizer  with  different  possible  combinations.  Experimental  data  show  that  a  self-sustained 
instability  is  observed  in  this  particular  system  resulting  from  the  vortex  shedding  phenomenon 
and  impingement  of  the  vortical  structures  on  the  chamber  wall.  First,  we  analyze  a  three- 
element  configuration  to  demonstrate  ability  of  LES  to  predict  characteristic  reactive  flow 
features.  Only  the  three  central  injector  elements  are  retained,  while  the  other  injector  elements, 
which  are  considered  to  be  responsible  of  the  vortex  shedding,  are  instead  modeled  as  a  simple 
constant  mass  inflow  section.  As  expected  and  reported  in  other  studies,  the  flame  dynamics 
change  particularly  near  the  chamber  walls  leading  to  a  stable  combustion.  LES  was  able  to 
predict  all  the  relevant  reactive  flow  features  and  flame  dynamics.  Currently,  we  are  extending 
the  study  to  model  the  entire  seven-element  configuration  to  demonstrate  the  ability  of  LES  to 
predict  self-sustained  transverse  combustion  instability  in  this  rig. 


Publication 

Tudisco,  P.,  Ranjan,  R.  and  S.  Menon,  “Numerical  Investigation  of  Transverse  Combustion  Instability  in  a  Multi- 
Element,  Shear-Coaxial,  High  Pressure  Combustor,”  draft  report,  submitted  to  A1AA  Sci  Tech  2016, 
which  is  appended  here. 

Conclusions:  We  are  developing  LES  tools  and  reduced  order/basis  modeling  tools  to 
investigate  both  longitudinal  and  transverse  instability  in  high-pressure  systems.  In  this  project 
three  different  rigs  are  considered  since  they  are  representative  of  a  rocket  combustor  and  for 
which  some  experimental  data  is  available  for  validation.  These  rigs  include  the  single-element 
shear-coaxial  system  at  Technical  University  Munich  (TUM),  the  single-element  Continuously 
Variable  Resonance  Combustor  (CVRC)  at  Purdue  University  and  the  seven-element  Transverse 
Instability  Combustor  (TIC)  also  at  Purdue  University.  TUM,  CVRC  and  TIC  exhibit  stable, 
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longitudinally  unstable  and  transverse  unstable  combustion  under  specific  conditions, 
respectively,  and  therefore,  cover  a  wide  range  of  operating  conditions.  We  show  here  that  in 
general  the  LES  we  have  employed  is  able  to  predict  the  combustion  behavior  in  all  of  these  test 
cases.  The  numerical  results  are  further  examined  to  analyze  the  effects  of  inflow  boundary 
conditions,  injector  design  modifications,  thennal  boundary  conditions,  finite-rate  chemical 
kinetics  and  turbulence-chemistry  interaction  on  the  predicted  stable/unstable  combustion 
behavior  and  reactive  flow  and  flame  dynamics.  These  test  cases  are  considered  as  a  database  for 
development  of  novel  ROM  technique  for  study  of  combustion  instabilities  under  operating 
conditions  of  a  typical  rocket  engine. 

As  a  final  progression  towards  the  goal  of  this  research,  a  time-domain  impedance  boundary 
condition  (TDIBC)  fonnulation  based  on  the  linearized  Euler  equation  is  extended  to  the  LES 
formulation  as  a  ROM  so  that  injector  elements  can  be  implicitly  modeled  rather  than  having  an 
explicit  geometrical  representation.  Results  show  that  this  approach  is  able  to  capture  all  the  key 
physics  of  longitudinal  combustion  instability  in  the  CVRC  without  affecting  the  reactive  flow 
dynamics  in  the  combustor  and  without  explicit  modeling  of  the  injector.  Such  an  approach  can 
not  only  substantially  reduce  the  computational  cost  but  also  provide  a  new  capability  to  model 
injector  elements,  especially  in  multi-injector  systems. 

In  the  future,  both  the  LES  and  the  ROM  technique  can  focus  on  transverse  combustion 
instability,  not  only  in  the  TIC  rig  but  also  simulations  may  begin  for  supercritical  systems  such 
as  LOX-GCH4  and  LOX-GRP1  systems  using  multi-injector  assembly.  Further  extensions  and 
refinements  of  the  ROM  will  be  carried  out.  For  example,  currently,  the  method  does  not  employ 
viscous  losses  and  non-linear  effects.  Therefore,  a  natural  extension  of  the  ROM  approach  is  to 
include  such  terms  so  that  it  is  robust  and  accurate.  In  additions,  the  approach  will  be  extended  to 
a  real-gas  system  so  that  it  can  be  used  to  investigate  model  multi-element  liquid  rocket 
combustors  in  a  computationally  efficient  manner.  Finally,  we  can  include  the  RBM  methods 
being  developed  under  another  project  within  the  LES  studies. 
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IV  Thermomechanical  Processes  —  Kassoy  Innovative  Science  Solutions 

Liquid  propellant  rocket  engine  (LPRE)  combustion  and  fluid  dynamics  provide  an  excellent 
opportunity  to  quantify  the  thennomechanical  response  of  the  gas  to  transient,  spatially 
distributed,  chemical  energy  deposition.  Objectives  include  identifying  the  specific  physical 
processes  that  are  the  source  of  operationally  observed  pressure  oscillations,  (1),  as  well  as  to 
explain  how  thermal  energy  is  converted  to  kinetic  energy,  leading  to  a  thermally-induced  gas 
motion.  The  fundamental  physical  concepts,  mathematical  methods  and  models  needed  to 
quantify  combustion-driven  mechanical  disturbances  and  accompanying  thermodynamic 
variations  are  described  in  a  sequence  of  journal  publications  ,(2-4).  The  full  conservation 
equations  are  non-dimensionalized  with  the  objective  of  identifying  parameters  used  to 
characterize  the  basic  physics  occurring  in  gaseous  environments.  Vanishingly  small  Knudsen 
numbers,  modulate  all  transport  terms  in  each  thennomechanical  system  considered.  This 
provides  a  rational  justification  for  the  neglect  of  viscous  and  mass  diffusion,  conduction  and 
dissipation,  relative  to  the  reactive  gasdynamic  tenns  in  the  Euler  equations,  but  with  a 
quantifiable  understanding  of  what  has  been  ignored.  It  also  precludes  the  consideration  of 
classical  flame  propagation. 

The  nondimensionalized  Euler  equations  contain  two  additional  parameters,  absolutely  crucial 
to  understanding  the  diversity  of  thennomechanical  responses  to  localized,  transient,  spatially 
resolved  energy  addition  from  any  source  including  that  associated  with  exothennic  chemical 
reactions; 

1 .  s  =  tR  /  tA  -,  the  ratio  of  the  characteristic  chemical  reaction  time  scale  for  energy  addition,  tR ', 
to  the  characteristic  acoustic  time  scale,  tA '=  L  7  ao  \  where  L  '  is  the  characteristic  length  scale  of 
the  volume  heated  and  ao '  is  the  characteristic  speed  of  sound  therein. 

2.  a  =  QRr  tR 7  e0 ",  the  ratio  of  the  characteristic  chemical  energy  deposition,  QR '  tR ',  to  the 
characteristic  internal  energy  in  the  volume,  eo ',  where  Qr  '  is  the  characteristic  chemical  power 
addition 

Ref.  2  as  well  as  Refs.  3  &4  (see  Addenda  7&8  in  the  most  recent  Annual  Report  June  1,  2013- 
May  31,  2014)  describe  physical  phenomena  resulting  from  wide  ranging  combinations  of  s  and 
a.  Two  of  the  important  non-intuitive  conclusions  include: 

1.  1.  Rapid,  relatively  large  energy  addition  within  a  microvolume,  defined  by  c  «  0(1)  and  a  » 
0(1),  is  the  source  of  nearly  constant  volume  heating  to  a  large  temperature  value,  with  pressure 
proportional  to  temperature,  creating  a  high  pressure  and  temperature  hot  spot  with  a  subsonic 
induced  volumetric  Mach  number,  M;  <<  0(1  ),  compatible  with  nearly  constant  volume  heat 
addition.  Gas  expelled  through  the  initial  volume  surface  acts  as  a  piston  to  drive  weak  acoustic 
disturbances  into  the  external  cold  environment.  In  contrast,  when  a  exceeds  a  defined  threshold, 
defined  by  a  =  1/  e  ,  the  rapid  heating  process  is  fully  compressible,  including  an  0(1)  induced 
Mach  number.  The  internal  gas  expansion  is  the  source  of  significant  mechanical  disturbances 
(compression  waves),  including  shocks  propagating  into  the  cold  environment.  Detailed  results 
for  s  =  0(1)  and  a  wide  range  of  a-magnitudes  can  be  found  in  Refs.  2-4. 

2.  When  e=  0(1)  and  a  «  0(1)  in  a  confined  macrovolume  the  time  scale  for  heating  is  similar 
to  the  acoustic  time  and  the  energy  addition  is  relatively  weak.  Variations  in  thermodynamic 
variables  are  0(a),  as  is  the  magnitude  of  M,-.  The  weak  pressure  variation  is  described  by  a 
nonhomogeneous  acoustic  wave  equation,  driven  by  the  rate  of  change  of  power  deposition, 
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subject  to  boundary  conditions  relevant  to  the  volume  shape.  In  contrast,  when  a=0(l),  the 
energy  addition  is  more  robust.  Changes  in  the  thermodynamic  variables  are  0(1)  and  Mt  = 
0(1).  The  physics  of  the  thermomechanics  are  described  by  fully  compressible  equations  related 
to  the  dimensional  forms  used  by  Popov  and  Sirignano,  (5).  More  details  can  be  found  in  Refs. 
2-4.  The  thermomechanical  response  of  a  gas  to  localized,  spatially  resolved,  transient  heat 
addition  is  the  immediate  source  of  pressure  disturbances  with  magnitudes  dependent  on  the 
interaction  between  s  and  a. 

Spontaneous  Reaction  Wave  Propagation:  More  recent  work  in  Ref.  6,  describes  a  quantitative 
mathematical  model  for  the  propagation  of  a  “spontaneous  reaction  wave”,  conceptualized  by 
Zeldovich,  (7).  The  research  provides  a  quantitative  model  for  the  spread  of  a  non-diffusive 
reaction  wave  through  a  local  hot  spot  microvolume  containing  a  region  of  negative  temperature 
gradient.  The  application  might  be  to  a  localized  temperature  inhomogeneity  in  a  turbulent 
reacting  flow.  These  concepts  are  applied  to  the  conservation  equations  for  a  reactive  gas 
undergoing  an  exothermic,  high  activation  energy  one-step  Arrhenius  chemical  reaction.  The 
reaction  is  initiated  at  the  temperature  maximum  of  an  initially  imposed  negative  temperature 
gradient  within  a  finite  hot  spot  volume.  A  high  activation  energy  thennal  explosion  (t.e) 
asymptotic  analysis  is  developed  to  describe  the  traditional  induction-period  combustion 
initiation,  characterized  by  a  t.e.  singularity  occurring  at  the  induction-time  appropriate  to  the 
local  temperature  on  the  imposed  gradient.  In  the  fast  heating  limit  that  time-scale  is 
asymptotically  small  compared  to  the  characteristic  acoustic  time  scale  of  the  spot.  Formal 
asymptotic  analysis  quantifies  the  supersonic  propagation  Mach  number  of  the  thermal  explosion 
singularity  as  a  “spontaneous  reaction  wave”.  The  induction-period  thermal  explosion  is 
characterized  by  small  changes  in  the  temperature,  pressure  and  fuel  concentration  prior  to  the 
singularity,  as  well  as  much  smaller  changes  in  density,  compatible  with  a  limited  induced  gas 
speed.  Nearly  inertially-confined  physics  prevail  when  the  fast  heating  limit  is  employed.  The 
propagating  t.e.  singularity  represents  the  leading  edge  of  an  intense  narrow  reaction  zone 
characterized  by  total  reactant  consumption,  concomitant  full  heat  of  reaction  release,  0(1) 
spatially  homogeneous  proportional  increases  in  the  local  temperature  and  pressure  and 
significantly  smaller  variation  in  the  density.  The  relevant  reaction  zone  time-scale,  sometimes 
known  as  the  excitation  time,  is  exponentially  short  compared  to  the  induction  period  time-scale, 
(8),  while  the  reaction  zone  dimension  just  behind  the  front  is  similarly  small  relative  to  the 
volume  dimension.  As  the  reaction  zone  propagates  it  leaves  behind  a  localized  high  temperature 
and  pressure  spot,  which  cannot  expand  during  the  relatively  short  excitation  time-scale.  In 
analogy  with  a  shock  tube,  the  subsequent  expansion  of  the  spot,  driven  by  a  significant 
overpressure  relative  to  that  in  the  cold  environmental  gas,  is  the  immediate  source  of  a  relatively 
strong  shock.  Its  subsequent  propagation  into  the  neighboring,  colder  unreacted  mixture  beyond 
the  original  hot  spot  can  be  the  source  of  a  propagating  coupled  shock-reaction  zone:  a  localized 
detonation/explosion;  hypothetically,  a  potential  trigger  for  instability  in  a  LPRE  combustion 
chamber. 

The  high  activation  energy  induction  period  physics  are  altered  considerably  when  the  thermal 
energy  addition  time-scale  is  similar  in  magnitude  to  the  volumetric  acoustic  time-scale,  e  = 
0(1).  The  mathematical  model  for  the  small  thermodynamic  variable  perturbations,  fuel 
concentration  consumption  (proportional  to  the  small  inverse  activation  energy  parameter),  and 
the  equally  small  induced  speed  describe  a  weakly  compressible  heating  process  characterized  by 
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the  presence  of  wave-like  disturbances.  The  temperature  perturbation  equation  has  a  linear 
acoustic  wave  operator  and  a  nonhomogeneous,  nonlinear  driver.  The  pressure  and  induced 
fluid  speed  are  also  described  by  nonhomogeneous,  linear  acoustic  wave  equations  with  drivers 
that  depend  on  the  properties  of  the  temperature  perturbation.  The  equations  for  the  temperature 
and  pressure  perturbations  as  well  as  for  the  induced  speed  can  be  interpreted  physically  to 
explain  the  appearance  of  propagating  mechanical  disturbances  within  the  volume  of  interest. 
The  ensemble  of  equations  is  equivalent  to  Clarke’s  equation,  (9),  but  more  appealing  from  a 
physical  interpretation  perspective.  This  compressible  response  is  in  contrast  to  that  for  the  fast 
heating  limit  where  the  heat  addition  process  is  constant  volume  to  a  first  approximation.  Details 
can  be  found  in  Addenda  13. 

Current  Research  Activity:  A  current  thermomechanics-based  study  is  motivated  by  the  liquid 
propellant  rocket  engine  (LPRE)  instability  studies  of  Sirignano  and  Popov  (5)  and  Popov, 
Sideris  and  Sirignano,  (10).  A  dimensional,  3-D  “nonlinear  wave  equation”,  (  x,  r,  tp  ),  driven  by 
energy  deposition  is  formulated.  Averaging  in  the  axial  direction,  (x),  of  a  cylindrical  volume  is 
used  to  reduce  the  equation  to  two  dimensions,  (  r,(p  ).  The  latter  is  used  to  describe  the 
transverse  wave  propagation  pressure  response  to  an  imposed  initial  transverse  wave  disturbance 
and  energy  deposition  within  the  volume.  Computational  solutions  of  the  initial-boundary  value 
problem  demonstrate  that  instability  (sustained  limit  cycle  pressure  oscillations)  occurs  if  the 
imposed  disturbance  in  larger  than  an  identifiable  threshold  value,  in  the  context  of  the  energy 
deposition  source  actually  responsible  for  the  pressure  transient.  This  result  verifies  the 
possibility  for  triggering  a  a  LPRE  instability.  The  mathematical  models  include  the  impact  of 
energy  deposition  from  both  a  model  energy  source  and  from  methane-oxygen  combustion 
associated  with  numerous  coaxial  injectors  at  the  head  end  of  the  combustion  chamber.  The  use 
of  dimensional  equations  precludes  discovering  the  nondimensional  parameters  that  characterize 
the  combustion-driven  (energy  deposition)  instability.  The  objective  of  current  research  is  to  use 
methodologies  and  concepts  in  Refs.  2-4  and  6  to  identify  parameters  of  interest  in  idealized 
LPRE  combustion  chambers.  A  fonnulation  similar  to  that  in  (2)  is  used,  to  quantify  the 
thennomechamical  response  of  gas  in  a  macrovolume  to  a  very  general  source  of  transient, 
spatially  resolved  thennal  energy  for  diverse  sets  of  the  parameter  values,  s,  a  and  ML.  Detailed 
results  will  be  presented  in  a  technical  paper  in  progress  and  at  the  Aerospace  Sciences  meeting 
in  January  2016,  (see  Ref.  (11  for  an  extended  Abstract).  These  methods  have  been  applied  to 
the  3-D  conservation  equations  in  (5)  [Eqs.  1-3  and  9.]  in  order  to  identify  parameter  values 
relevant  to  the  data  sets  generated  by  computational  means.  If  £=0(1),  a=0(l)  and  Mi  =0(1), 
all  terms  in  the  equations  are  similar  in  magnitude  and  the  thermomechanical  response  to  heating 
is  fully  compressible.  It  is  noted  that  the  threshold  pressure  disturbance  magnitude  in  Fig.  3  of 
(5),  54  atms.  is  relatively  small  compared  to  the  assumed  initial  high  pressure  of  200  atms.  The 
imposed  initial  disturbance  initiates  a  physical  process  that  evolves  to  a  pressure  limit  cycle 
instability  driven  entirely  by  the  energy  deposition. 
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V.  Reduced  Basis  Modeling  for  Combustion  Dynamics  -  HyPerComp 

In  this  project,  we  have  sought  to  build  a  mathematical  framework  for  reduced  basis  modeling 
(RBM)  of  large  scale  unsteady  nonlinear  differential  equation  systems  encountered  in  the  large 
eddy  simulations  of  turbulent  combustion.  In  a  sequence  of  steps,  we  developed  and  tuned  a 
nonlinear  RBM  method  with  supporting  mathematical  toolkit.  Two  scenarios  are  considered  for 
RBM  in  liquid  rocket  engines.  The  first  is  a  "full  RBM”  approach  where  an  entire  combustor  is 
modeled  by  a  low-cost  surrogate  model.  The  second  is  a  domain  decomposition  variant  "RBM- 
interface”,  where  we  replace  subdomains  such  as  injectors  with  equivalent  RBMs  and  model 
interaction  between  them.  During  the  course  of  this  reporting  period,  HyPerComp  commenced  a 
phase-II  STTR  project  to  transition  these  developments  to  a  commercial  grade  software  suite. 
The  STTR  project  includes  Prof.  Dongbin  Xiu  (from  the  applied  mathematics  department  at  the 
University  of  Utah)  and  Prof.  Jan  Hesthaven  (EPFL).  The  STTR  focuses  on  efficient  multi¬ 
parameter  RBM  models  using  a  "multi-fidelity"  approach.  This  effort  attempts  to  chart  new 
pathways  in  blending  current  advancements  in  applied  mathematics  of  RBM  with  analytical 
methods  and  state  of  the  art  solvers  in  turbulent  combustion.  Figure  1  depicts  the  manner  in 
which  this  research  is  coordinated  across  the  various  collaborating  research  groups. 
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Figure  1.  Team  member  interactions  in  AFOSR/AFRL  RBM  development. 


Highlights  of  progress  made  in  the  last  year  of  this  project  are: 

An  initial  implementation  and  demonstration  of  RBM-interface  was  made  in  LESLIE-3D; 

Full  RBM  implementation  was  initiated  in  LESLIE-3D; 

A  new  research  team  member,  Dr.  Kaushik  Balakrishnan  (lately  of  NASA-JPL)  has  joined  the 
HyPerComp  team  and  will  lead  the  development  of  interface  RBM  in  injector  analysis;  and 
Multi-fidelity  modeling  for  unsteady  CFD  problems  has  commenced  at  the  University  of  Utah. 


This  report  summarizes  progress  on  these  various  fronts.  Tools  and  techniques  from  this  project 
are  being  transitioned  to  commercial  grade  software  under  a  current  phase-II  STTR  project.  A 
progress  report  on  that  project  has  been  submitted  separately. 


RBM-method  Development  and  Software  Interfaces  in  LESLIE-3D:  We  continue  to  add  the 
Carlberg  et  al.  (2013)  method  and  Audoze  et  al.  (2009,  2013)  space-time  RBM  method  to  our 
core  HDrbm  framework.  The  overall  RBM  approach  has  been  considerably  refined  following 
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several  discussions  within  the  team  and  is  presented  in  this  report.  A  preliminary  porting  of  the 
interface  RBM  method  to  LESLIE-3D  has  been  made  and  sample  CVRC  results  were  obtained. 

Work  has  commenced  on  a  rigorous  and  complete  implementation  within  LESLIE-3D.  We  note 
that  an  ad  hoc  implementation  was  made  in  prior  months  to  identify  potential  problem  areas. 
That  implementation  was  successful  and  functional,  though  not  optimal.  We  are  continuing  the 
pursuit  of  an  optimal  RBM  implementation  in  LESLIE.  Simultaneously,  we  are  prototyping 
RBM  method  variants  using  the  HYCE  code  at  HyPerComp.  Progress  on  both  of  these  fronts 
will  be  discussed  in  the  next  report. 

Applications  and  demonstrations:  Both  RBM-full  and  RBM-interface  have  been  successfully 
demonstrated  in  CFD  codes  with  laminar  flow  and  nonlinear  equations.  Last  year  we  presented 
mathematical  RBM  procedures  for  nonlinear  dynamics  in  elementary  problems  and  an  initial 
demonstration  of  test  cases  for  RBM-full.  During  the  past  year  we  investigated  applications  of 
RBM-interface  and  an  initial  application  in  a  turbulent  reacting  gas  LES  simulation  of  the  CVRC 
experiment. 

To  demonstrate  the  apparatus  needed  and  verify  the  consistency  of  the  procedure,  we  selected  a 
demonstration  problem.  We  considered  laminar  flow  in  a  cylindrical  channel  with  a  sudden 
expansion,  matching  CVRC  dimensions  in  the  channel  diameters  and  “injector"  length.  Flow 
enters  from  the  smaller  pipe  section  at  an  inflow  Mach  number  of  0.1  and  Reynolds  number  of 
500.  The  inflow  velocity  was  perturbed  after  the  computed  flow  reached  a  steady  state,  as: 
u(t)  =  uo  +  0.1  uo  (  sin  cojt+  sin  m2t ) 

where  coi  and  a>2  are  the  fundamental  longitudinal  acoustic  frequencies  of  the  pipe. 

The  full  unsteady  CFD  problem  was  simulated  first.  Snapshots  were  generated  for  the  "injector" 
portion  of  the  flow.  A  reduced  basis  model  based  on  POD  was  developed  for  the  interface  flow 
quantities  and  fluxes.  While  several  thousand  snapshots  were  used  to  generate  the  POD  basis 
functions,  we  found  that  by  using  about  20  modes  we  were  able  to  completely  recover  the 
dynamics  of  the  full  CFD  solution  using  RBM-interface.  A  comparison  of  the  computed  velocity 
at  two  lateral  locations  is  shown  in  Figure  2.  The  symbols  in  this  figure  represent  the  solution 
with  20  modes,  virtually  identical  with  the  full  CFD  solution. 


Figure  2.  Comparison  of  computed 
velocity  from  full  CFD  and  RBM.  The 
velocity  is  normalized  by  the  inflow 
speed  of  sound. 
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The  above  process  essentially  verified  the  usability  of  the  RBM  apparatus  in  an  injector-type 
flow  situation  with  nonlinear  partial  differential  equations  using  significant  problem  size 
reduction.  We  then  began  integrating  these  developments  in  the  LESLIE-3D  solver.  The  first 
example  used  to  demonstrate  this  procedure,  was  the  CVRC  simulation  that  was  discussed  in 
earlier  reports.  An  index-mapping  procedure  was  carried  out  in  order  to  manually  map  the  full 
LES  grid  to  the  truncated  grid.  In  future,  this  part  of  the  procedure  is  to  be  automated.  Then,  an 
offline  POD  based  solution  was  generated  using  snapshots  of  the  flow  at  the  injector  interface. 
This  solution  was  used  as  a  boundary  condition  to  run  the  LES  simulation.  Figure  3(a)  shows  the 
amplitude  of  the  mode  shapes  reconstructed  using  Kriging,  which  permits  sampling  the  data  at 
frequencies  that  are  significantly  lower  than  the  high  frequencies  resolved  in  LES  time-stepping. 
A  preliminary  RBM  solution  interface  to  LESLIE  was  made,  and  an  initial  exploratory  result  is 
shown  in  Figure  3(b). 
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(a)  Mode-1  CVRC  amplitude  (J/m  )  using  Kriging.  (b)  Truncated  CVRC  solution. 
Figure  3.  Kriging  procedure  and  RBM-interface  solution. 


Semi-analytical  models:  We  have  proposed  using  semi-analytical  models  such  as  that  of 
Sirignano  and  Popov  (2013)  in  our  work  for  two  purposes:  (a)  As  fast  error  estimators  in 
developing  a  multi-parameter  solution,  and,  (b)  As  a  low-fidelity  component  in  a  multi-fidelity 
RBM  analysis  as  discussed  in  the  next  section.  We  present  briefly  the  semi-analytical  approach 
in  this  section.  The  formulation,  as  implemented  by  Sirignano  and  Popov,  models  transverse 
waves  in  a  combustor  that  is  fed  by  coaxial  injectors.  In  this  section  we  present  a  summary  of 
this  formulation  for  the  sake  of  reference  as  we  formulate  the  multi-fidelity  approach  in  the 
course  of  the  next  reporting  period.  The  immediate  goal  of  this  study  is  to  investigate  the  multi¬ 
fidelity  analysis  for  the  transverse  instability  chamber  (TIC)  experiments  conducted  at  Purdue 
University.  We  note  that  the  analytical  model  in  this  section,  as  well  as  high-fidelity  LES-based 
models  are  currently  being  used  to  model  combustion  instability  in  TIC,  thus  presenting  an 
attractive  opportunity  to  demonstrate  the  multi-fidelity  approach.  UC-Irvine  had  provided  the 
software  to  solve  the  equations  of  this  section  to  HyPerComp.  At  the  same  time,  HyPerComp  has 
commenced  high  performance  computer  simulations  of  the  TIC  chamber  under  the  ALREST  and 
VISP  programs  supported  by  the  Air  Force.  Results  from  the  above  will  be  used  as  input  to  the 
multi-fidelity  analysis. 


Multi-Fidelity  Modeling  in  CFD:  Details  of  the  multi-fidelity  approach  were  provided  in  the 
STTR  progress  report  submitted  recently.  The  goal  of  this  approach  is  to  use  low-fidelity  or 
semi-analytical  models  in  developing  error  estimates  as  well  as  minimizing  the  number  of  high 
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fidelity  solutions  needed  in  developing  a  multi-parameter  RBM.  We  wish  to  transition  this 
development  towards  the  TIC  problem  by  first  solving  a  problem  in  pure  hydrodynamic 
instability.  This  will  serve  as  a  benchmark  and  a  guide  to  future  efficiency  improvements  in  the 
method.  In  this  section,  we  first  consider  the  2D  incompressible  NS  equations,  and  use  an 
example  problem  from  Munipalli  et  al.  (2014)  which  was  appended  to  last  year’s  Annual  Report. 

The  following  problem  is  defined  on  the  computational  domain  Q  c  [-0.2,2]  x  [-0.2, 0.2]  in  meter 
units.  The  inflow  boundary  conditions  are  uniform  flow  as  follows: 
u(0,y,t)  =  (0.4iy2  6(y+0.2)(0.21-y)  ;  v(0,y,t)=0  ;  p(0,y,t)  =  1.0 

for  pressure,  natural  conditions  are  imposed  at  the  inlet.  No-slip  boundary  conditions  are 
imposed  on  walls  and  the  surface  of  the  square.  At  the  outflow,  a  constant  pressure  is  prescribed 
and  natural  boundary  condition  is  considered  for  velocity  and  density  p.  We  shall  consider  the 
viscosity  coefficient  p  as  the  parameter,  where  p  e  [2  x  10'3,  2  x  10"4]  in  units  of  kg/(m  s). 

We  took  the  sophisticated  DG  solver  in  Munipalli  et  al.  (2014)  to  run  the  simulation  with  Pi 
order  element  on  a  mesh  with  236  elements  until  T=  8  as  the  low  fidelity  model  and  use  P4  order 
element  on  the  same  mesh  as  the  high  fidelity  model.  Following  the  completion  of  this 
demonstration  we  will  transition  this  method  to  more  advanced  applications. 

Summary:  In  this  section,  we  have  described  the  present  status  of  RBM  implementation  and  two 
important  ingredients  in  our  proposed  strategy  for  RBM  methods  in  liquid  propellant  rocket 
engine  analysis:  (a)  A  low-fidelity  model  that  can  be  used  as  an  error  estimator  for  the  high- 
fidelity  LES  simulations,  and  (b)  The  multi-fidelity  approach  which  is  needed  for  a  large 
parameter  space  exploration  when  high-fidelity  solutions  are  prohibitively  expensive.  As  we 
proceed  with  this  effort,  we  will  continue  developments  to  the  basic  RBM  technique,  and  provide 
a  demonstration  of  the  multi-fidelity  method  in  a  series  of  increasingly  complex  flow  situations 
leading  to  the  transverse  instability  chamber  experiments  conducted  at  Purdue  University. 
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VI.  Concluding  Remarks 


The  team  has  made  progress  in  following  the  research  plan.  New  insights  have  been  acquired; 
new  methods  have  been  refined  and  advanced.  The  program  has  been  productive  in  terms  of 
publications  and  conference  presentations.  Interactions  have  been  maintained  with  Air  Force  Lab 
researchers  and  with  the  general  LPRE  combustion  instability  community  through  publications, 
conferences,  and  informal  communications. 

The  attempt  at  experimental  validation  was  successful.  New  ways  of  evaluating  and  predicting 
combustion  instability  have  been  established.  These  provide  a  strong  foundation  for  future 
research  and  engineering  analysis.  Suggestions  for  plausible  methodologies  for  control  of 
combustion  instability  have  emerged.  New  young  researchers  and  engineers  have  been 
introduced  to  this  major  area  of  engineering.  The  team  for  this  project  remains  fully  engaged 
with  the  problem  area  and  interactive  with  each  other. 
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The  processes  affecting  the  nonlinear  acoustic  stability  of  a  combustor  are  examined  in  an 
overview  fashion.  Emphasis  is  placed  on  liquid-propellant  rocket  motors  but  other  systems 
are  briefly  mentioned  and  some  broadly  applied  principles  and  observations  are  discussed. 
A  nonlinear  wave  equation  is  developed  for  a  two-phase  mixture  and  the  roles  of  various 
terms  in  the  equations  are  discussed.  A  review  is  made  of  various  combustion  processes ,  their 
associated  characteristic  times,  and  the  impacts  on  stability  in  certain  cases.  Many  relevant 
scales  for  length  and  time  are  identified.  Special  issues  for  supercritical  and  transcritical 
combustion  are  discussed.  Bistable  operational  domains  are  shown  to  be  present  in  some 
systems,  making  nonlinear  triggering  of  an  instability  a  possibility.  Relations  between  the 
natural  frequency  of  oscillation  for  the  combustion  chamber  and  the  characteristic  combus¬ 
tion  times  are  identified  with  regard  to  impact  on  the  combustor  stability.  The  amplitude  of 
the  limit  cycle  and  the  transient  time  for  limit-cycle  development  are  related  to  the  mean-flow 
Mach  number.  The  role  of  shock-wave  dissipation  in  amplitude  determination  is  described. 


Keywords'.  Combustion  instability;  Continuous  combustion;  Unsteady  combustion 


1.  INTRODUCTION 

Combustion  instability  in  rocket  engines  and  other  continuous-combustion  engines 
has  provided  a  major  design  challenge  for  the  engineer  and  a  substantial  intellectual  chal¬ 
lenge  to  the  researcher.  It  demands  an  understanding  of  unsteady  combustion  processes  and 
nonlinear  acoustical  resonance.  The  researcher  must  address  the  intertwined,  multidisci¬ 
plinary  issues  of  combustion,  transport,  fluid  dynamics,  acoustics,  and  nonlinear  dynamics. 
While  many  examples  in  this  discussion  will  be  related  to  liquid-propellant  rocket  engines, 
not  all  are.  More  importantly,  two  points  must  be  understood:  (i)  all  acoustic  oscillations  in 
partially  confined  gaseous  chambers  relate  to  each  other  regardless  of  shape  or  application; 
and  (ii)  combustion  processes,  such  as  phase  change,  mixing,  and  oxidation,  regardless 
of  the  particular  combustion  chamber  in  which  they  occur  are  related.  Therefore,  many 
principles  and  observations  will  have  value  for  a  range  of  combustor  applications. 
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There  are  two  general  types  of  acoustical  combustion  instability:  “driven”  instability 
and  “self-excited”  instability  as  noted  by  Culick  (2006).  He  describes  evidence  in  some 
solid-propellant  rockets  of  the  former  (driven)  type  where  vortex  shedding  (a  more  orga¬ 
nized  noise)  causes  kinematic  waves  (i.e.,  waves  carried  with  the  moving  gas)  of  vorticity 
or  entropy  to  travel  to  some  point  where  an  acoustical  reflection  occurs.  The  reflected 
wave  causes  more  vortex  shedding  after  traveling  back  and  a  cyclic  character  results.  These 
driven  types  do  not  rely  on  acoustical  chamber  resonance  and  acoustical  waves  traveling 
upstream  are  the  only  type  of  consequence  with  kinematic  waves  only  traveling  downstream 
by  the  kinematic  definition.  They  are  much  smaller  in  amplitude  since  the  energy  level  is 
limited  by  the  driving  energy.  This  type  of  instability  has  also  been  observed  in  ramjet 
combustors  but  never  in  liquid  rockets.  They  will  not  be  addressed  here.  Self-excited  insta¬ 
bilities  are  the  primary  type  relevant  to  liquid-propellant  rockets  but  also  appear  elsewhere. 
These  instabilities  involve  an  acoustical  resonance,  which  relies  on  a  coupling  between  the 
acoustical  waves  and  the  combustion  process  where  energy  is  added  in  a  cyclic  fashion  to 
the  acoustically  resonant  gas  in  the  combustion  chamber. 

It  has  been  well  established  based  on  experiment  and  development-test  experience 
(Harrje  and  Reardon,  1972)  that  three  types  of  stability  zones  can  be  found:  unconditionally 
stable  operation  where  the  amplitude  of  any  disturbance  (large  or  small)  decays  in  time 
to  the  steady-state  operation;  unconditionally  unstable  operation  where  the  amplitude  of 
any  disturbance  (large  or  small)  grows  in  time  to  a  limit-cycle  oscillation;  and  bistable 
operation  where  growth  to  a  limit-cycle  occurs  for  disturbance  amplitudes  above  a  specific 
threshold  but  decay  to  the  steady  state  results  for  disturbances  of  a  magnitude  below  the 
threshold. 

The  particular  resonant  mode  is  a  characteristic  of  the  particular  combustion  cham¬ 
ber  and  convergent  portion  of  the  nozzle.  Any  partially  confined  gas  volume  has  an  infinity 
of  different  theoretically  possible  resonant  acoustic  modes.  These  resonant  mode  oscil¬ 
lations  and  their  frequencies  are  predictable  by  linear  theory.  They  depend  on  chamber 
shape,  boundary  conditions  for  the  chamber  flow,  and  the  field  values  for  speed-of-sound 
and  velocity  vector  through  the  chamber  gas.  The  lowest  frequency  mode  is  identified  as 
the  fundamental  mode  while  the  other  modes  are  overtones.  Only  in  special  situations  are 
the  overtones  also  harmonics  of  the  fundamental  mode;  that  is,  their  frequencies  are  inte¬ 
ger  multiples  of  the  fundamental  frequency.  Generally,  the  harmonics  are  not  predicted 
by  linear  theory  to  occur  in  isolated  fashion.  It  is  well  known  from  the  theory  of  nonlin¬ 
ear  oscillations  that,  for  many  mechanical  systems,  nonlinear  resonance  can  involve  any 
of  several  developments:  the  generation  of  harmonics  superimposed  on  the  basic  resonant 
mode;  the  simultaneous  excitement  of  other  resonant  modes  by  transfer  of  energy  among 
modes;  and  the  transfer  of  energy  to  a  subharmonic  mode  whose  frequency  is  lower  than  the 
basic  mode  and  related  arithmetically  to  two  or  more  resonant  modes  (e.g.,  the  difference 
between  two  resonant  frequencies). 

These  self-excited  instabilities  are  not  limited  in  amplitude  by  the  energy  of  the  ini¬ 
tiation  action;  they  find  the  energy  within  their  own  “macro”  (i.e.,  chamber  or  acoustic 
wavelength  scale)  behavior  as  the  oscillations  grows  and  develops.  So,  the  initiation  can  be 
micro-level  (at  least  one  order  of  magnitude  smaller  than  chamber  scale)  but  the  instability 
becomes  macro-level.  These  instabilities  include  those  linear  unstable  (i.e.,  unconditionally 
unstable)  situations  where  normal  low-level  engine  noise  is  sufficient  to  initiate  the  insta¬ 
bility  oscillation  and  those  triggered  (i.e.,  conditionally  stable  or  equivalently  conditionally 
unstable)  instabilities,  which  require  a  larger  initial  disturbance  to  initiate  the  nonlinear 
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oscillation.  Physically,  the  rogue  disturbance  is  some  deviant  behavior  in  the  operation  that 
has  uncertainty  with  regard  to  location  in  the  physical  coordinates,  duration,  and  magnitude. 
The  deviant  behavior  “jolts”  the  steady-state  behavior.  Sometimes,  there  is  a  recovery  and 
a  return  to  the  steady-state  but,  at  other  times,  the  development  of  the  oscillation  occurs 
with  a  growing  of  the  oscillation  amplitude  until  the  limit  cycle  is  reached.  The  needed  jolt 
to  initiate  instability  can  sometimes  come  during  a  rapid  start  of  the  engine  so  that  steady 
state  never  appears. 

With  the  self-excited  instability,  a  gradual  and  continuous  change  in  some  direction 
of  operating  conditions  (e.g.,  mixture  ratio  or  mass  flow)  or  design  (e.g.,  nozzle  throat 
area  or  injector  detail)  could  cause  a  variation  through  the  several  instability  domains: 
unconditionally  stable,  conditionally  stable,  unconditionally  unstable,  and  perhaps  back 
to  conditionally  stable  and  unconditionally  stable.  Moderate  (normal  “steady-state”  rum¬ 
bling)  noise  might  initiate  the  linear  instability  in  certain  operational  domains  and  large 
disruptive  noise  (e.g.,  an  experimental  bomb,  a  large  operational  change,  a  large  but  tempo¬ 
rary  rogue  injector  blockage  or  injector  exit  vortex)  might  trigger  the  nonlinear  instability 
in  some  other  operational  domain.  In  those  cases,  noise  or  disruptions  are  typically  only 
initiators  with  modest  energy  levels  compared  to  the  energy  of  the  ultimate  oscillation.  The 
initiators  can  be  turned  off  or  disappear  naturally  once  the  instability  starts  and  the  oscil¬ 
lation  will  remain  and  grow.  That  is,  it  is  driven  by  a  coupling  between  combustion  and 
acoustics.  The  stochastic  nature  pertains  only  to  the  initiation  mechanism,  which  moves 
the  dynamics  from  the  steady-state  (or  nonoscillatory  starting  transient)  to  a  stable  limit 
cycle  (the  periodic  or  chaotic  nonlinear  oscillation).  The  limit  cycles  and  the  equilibrium 
points  are  neither  stochastic  in  nature  nor  stochastic  with  regard  to  the  ultimate  driving 
mechanism. 

In  order  to  drive  a  combustion  instability,  certain  relations  between  the  resonant  fre¬ 
quency  and  the  characteristic  times  associated  with  the  combustion  process  are  required. 
The  limit-cycle  amplitude  of  the  oscillation  will  also  be  related  to  certain  parame¬ 
ters  describing  the  combustion  process.  In  situations  where  triggering  of  an  oscillation 
occurs,  the  threshold  amplitude  (or  unstable-limit-cycle  amplitude)  will  be  related  to  cer¬ 
tain  combustion  parameters.  Certain  damping  mechanisms  will  also  affect  the  behavior. 
An  overview  of  these  issues  will  be  presented  here.  Examples  will  be  chosen  that  are  most 
familiar  to  the  author.  It  is  not  claimed  that  a  thorough  review  of  the  literature  is  being 
offered;  rather,  the  focus  will  be  on  the  underlying  concepts.  Obviously,  the  work  of  the 
author  will  find  preference  among  the  examples.  For  more  detailed  reviews  of  combustion 
instability,  see  Crocco  and  Cheng  (1956),  Harrje  and  Reardon  (1972),  Yang  and  Anderson 
(1995),  and  Culick  (2006). 

In  the  next  section,  we  formulate  the  governing  differential  equations  and  bound¬ 
ary  conditions  in  a  general  form  for  a  two-phase  flow  undergoing  chemical  reaction  and 
exchanges  of  mass,  momentum,  and  energy  between  the  phases.  The  third  section  devel¬ 
ops  those  equations  into  a  useful  form  for  studying  wave  oscillations  in  a  combustion 
chamber/convergent-nozzle  configuration.  The  characteristic  times  associated  with  the 
injection  and  combustion  processes  and  their  connection  with  unstable  oscillations  are 
discussed  in  the  fourth  section.  This  subject  relates  to  sub-grid  models  in  large-eddy  sim¬ 
ulations  (LES)  for  combustion  chambers.  In  the  fifth  section,  the  factors  determining  the 
threshold  for  triggering  and  the  limit-cycle  amplitude  are  discussed.  Then,  a  summary  of 
key  conclusions  is  given  in  the  last  section. 
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2.  TWO-CONTINUA,  TWO-PHASE  FORMULATION 

In  this  section,  we  will  present  the  two-continua  system  of  equations  in  the  forms 
that  are  commonly  used.  It  is  noteworthy  (Sirignano,  2005b,  2005a,  2010)  that  this  general 
approach  was  first  developed  for  specific  application  to  longitudinal-mode  liquid-propellant 
rocket  engine  combustion  instability  in  the  PhD  dissertation  of  S.-I.  Cheng  working  with  L. 
Crocco  (Crocco  and  Cheng,  1953,  1956).  The  basic  concept  developed  there  in  the  1950s 
of  two  superimposed  continuous  fields  has  since  been  extended  to  dusty  gases,  bubbly 
flows,  and  flows  through  porous  material.  Properties  are  averaged  over  a  sufficiently  large 
neighborhood  of  any  point  that  both  carrier-fluid  (continuous-phase)  and  discrete-phase 
properties  exist  at  any  point.  Here,  we  use  a  three-dimensional  (3D)  version  of  the  theory. 
This  formulation  is  designed  to  address  a  common  situation  in  a  combustor  where  the  gas 
is  laden  with  droplets  or  particles,  e.g.,  a  spray  combustion  situation.  In  particular,  averag¬ 
ing  of  properties  is  done  over  a  neighborhood  scale  larger  than  droplet  size  or  distance  to 
nearest  droplets.  Exchanges  of  mass,  momentum,  and  energy  occur  between  the  phases  and 
must  be  tracked.  The  higher  order  quantities,  which  relate  to  differences  between  products 
(and  a  ratio)  of  averages  and  averages  of  products  (and  a  ratio),  are  neglected  in  the  follow¬ 
ing  formulation.  The  bar  symbol  is  used  over  the  density  in  order  to  distinguish  between 
bulk  density  and  the  mass  per  unit  volume  of  the  mixture.  Details  are  provided  by  Sirignano 
(2010). 

In  the  following  discussion,  we  examine  the  various  conservation  principles  for  the 
gas  and  liquid  phases.  The  hyperbolic  nature  of  the  liquid-phase  equations  and  the  conse¬ 
quences  are  examined.  The  interactions  between  the  two  phases  will  introduce  many  new 
length  scales  and  time  scales  that  can  be  consequential.  These  scales  will  be  surveyed  in 
section  4. 


2.1.  Mass  Conservation 

We  consider  the  various  forms  of  mass  continuity  or  conservation  equations  for  the 
gas  and  liquid  phases.  Mass  conservation  of  individual  chemical  species  or  of  individual 
classes  of  liquid  droplets  will  also  be  considered.  The  conservation  of  droplet  numbers  will 
be  explored.  The  gas-phase  mass-conservation  equation  is: 

dp  3  ,  , 

-£  +  —  (puj)^M  (i) 

3 1  dxj  ' 

The  term  on  the  right  side  does  not  appear  if  no  mass  is  exchanged  between  the  phases. 
The  liquid-phase  mass-conservation  equation  is: 

3  pi  3  ,  _  , 

17  +  ^  (nu,9  =  “M  <2) 

where  M  is  the  mass  vaporization  rate  per  unit  volume.  Models  for  evaluating  the  vaporiza¬ 
tion  rate  M  are  required.  As  a  result  of  vaporization,  mass  is  not  conserved  for  each  phase 
but  the  mass  of  the  mixture  is  conserved. 

For  a  constant  bulk  liquid  density  pi,  pi  =  (1  —  6)  pi,  where  6  is  the  local  volume 
fraction  occupied  by  gas. 
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Consider  now  the  gas-phase  species-mass  conservation.  The  integer  index  m  repre¬ 
sents  the  particular  species.  The  mass  fraction  Ym  is  described  by: 

9-  9  ,  9  /  _  3  Ym  \ 

( pY,„ )  +  —  (pujYm)  -  —  ypD—j  =  Mm  +  pwm  (3) 

where 

M  —  ^  ^  ^  ^  £mM  ^  ^  =  0 

m  m  m 

The  mass  diffusivity  is  assumed  above  to  be  the  same  for  all  species.  Other  options  can 
be  considered  (Sirignano,  2010).  em  is  the  fractional  vaporization  rate  for  species  m  and, 
for  a  quasi-steady  gas  phase,  becomes  a  species  mass-flux  fraction.  Obviously,  sm  =  1 . 
Summation  over  all  components  in  Eq.  (3)  yields  the  continuity  equation  (1).  Therefore, 
if  we  have  N  different  species,  only  /V  —  I  species-conservation  equations  need  be  solved 
together  with  Eq.  (1). 


2.2.  Momentum  Conservation 

Now,  let  us  consider  the  gas-phase  momentum  equation  constructed  in  a  simple  form 
with  neglect  of  body  forces: 

3  9  ,  .  dp  dtij 

—  ( pu, )  +  —  (pujUi)  +0- - 0  —  —  Mun  -  FDi  (4) 

3 1  3  Xj  3  Xi  a.Xj 

where 


Xij  =  p 


(  9u/ 
V  3-9 


3  u;  2  3  Uj\ 

—  ~  -9,7  — 

3  Xi  3  1  dxj ) 


Equation  (4)  includes  momentum  sources  and  sinks  due  to  droplet-vapor  mass  sources, 
reaction  to  droplet  drag,  and  body  forces  on  the  gas.  The  drag  and  lift  forces  FDi  in  Eq.  (4) 
can  be  related  to  the  relative  droplet-gas  velocity  and  the  droplet  radius  through  the  use 
of  drag  and  lift  coefficients.  The  equations  are  written  for  a  laminar  flow  but  turbulence 
modeling  can  be  included  in  various  ways.  The  simplest  way  would  be  to  use  an  eddy 
viscosity  p,  in  place  of  p  above. 

The  gas-phase  momentum  equation  may  be  rewritten  in  a  form  where  all  effects  of 
viscosity  and  mass  and  momentum  exchanges  appear  as  terms  on  the  right  side  of  the 
equation  included  together  as  a  term  /,  giving  impulse  per  unit  volume: 

3  9  ,  _  ,  dp 

Tt  v“d + sXj {puju,) +ur':  (5) 


dp 


.  dr  a 


It  =  (1  -  e)  +  e  +  MUU  -  FDi 


dx. 


dxj 


(6) 


The  liquid-phase  momentum  equation  can  be  written  as: 
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J~r  (, pm,i )  +  (. PiUijUu )  =  —Muii  +  Fm  +  p  (1  -  0) 

The  last  term  in  Eq.  (7)  implies  that  the  acceleration  that  would  have  been  given  to  the  gas 
(if  it  were  to  exist  in  the  fractional  volume  occupied  by  liquid),  because  of  the  pressure 
and  the  viscous  stresses  transferred  from  the  neighboring  gas,  is  transmitted  as  a  force  on 
the  droplets.  The  neglected  additions  due  to  droplet  interactions  to  the  last  term  in  Eq.  (7) 
can  be  shown  to  be  of  the  order  of  (1  —  O)2 .  Note  that  the  reaction  to  this  force  is  already 
implied  in  the  gas  momentum  equation  (5)  and  need  not  be  explicitly  represented. 


diij  duj 

—  T  ti ;  — 
dt  J  dx. 


(7) 


2.3.  Energy  Conservation 

The  perfect  gas  law  is  given  as: 


Op  =  pRT  pe  —  ph  —  Op 


(8) 


The  analysis  could  utilize  a  cubic  form  of  the  gas  law  that  would  apply  better  at  high 
pressures.  However,  it  will  not  change  our  major  conclusions. 

Then,  the  energy  equation  can  be  written  as: 


9  9 

Tt m  +  ^ 


3 

dXj 


<!>  +  p  wmQm  —  M Leff  +  M  hs 

m 


(9) 


Leff  is  defined  as  the  ratio  of  the  conductive  heat  flux  from  gas  to  liquid  surface  to  the 
vaporization  mass  flux.  For  the  case  where  no  heat  passes  to  liquid  interior  (constant-liquid- 
temperature  case),  Leff  =  L,  the  latent  heat  of  vaporization.  Note  that. 


h=  f  cpdT'  =  [ 

JTref  JZ 


T 

Tref 


Ymcpm  (t') 


dr 


and 


dp  _  dp  dp 
dt  dt  2  dxj 


(10) 


For  low  Mach  number,  the  viscous  dissipation  <J>  can  be  neglected. 

We  reorganize  the  energy  equation  (9)  to  place  the  viscous  term,  terms  related  to 
conductive  and  mass  transport  of  energy,  and  terms  related  to  energy  exchange  between  the 
phases  into  one  source-sink  term  identified  as  s.  Also,  we  define  the  energy  conversion  rate 
term  to  be: 


E=p 


m 


m 


(ID 
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9 

dt 


(P/7)  + 


9 

9*7 


(pujh) 


dp  dp 

- Uj  — 

dt  dxj 


E  = 


£ 


£ 


dp  9 

{e  _i)4  + $  +  _ 


dt 


dxj 


9 

dXj 


—  M  Lejp  T  M  h\ 


(12) 


The  liquid-phase  temperature  will  generally  vary  spatially  and  temporally  within  the 
liquid  droplet.  A  Navier-Stokes  solver  or  some  approximate  algorithms  can  be  used  to 
determine  the  temperature  field  in  the  droplet,  including  the  surface  temperature.  In  the 
special  case  of  a  uniform  but  time-varying  liquid  temperature  in  the  droplet,  an  equation  for 
the  thermal  energy  contained  in  the  droplet  can  be  useful.  If  e /  is  the  liquid  internal  energy 
per  unit  mass,  then  pei  is  the  liquid  internal  energy  per  unit  volume  of  mixture.  In  the  case 
in  which  a  spacial  variation  of  temperature  occurs  in  the  droplet,  ei  could  be  considered  as 
the  average  over  the  droplet.  However,  an  equation  for  c’i  would  not  be  so  useful  here  since 
the  difference  between  the  average  value  and  the  surface  value  is  not  specified  but  yet  the 
results  are  most  sensitive  to  the  surface  temperature.  Viscous  dissipation  can  be  neglected 
in  the  liquid-phase  energy  equations.  The  liquid  energy  equation  can  be  written  as: 

9  _  9  r  -  -|  .  r 

—  [piei]  +  —  I Piuijei]  =  M  [Leff  -L-  ets\  (13) 


3.  WAVE  DYNAMICS 

Equations  (1),  (5),  and  (12)  can  be  re-stated  together  with  Eq.  (8)  to  form  the  basis  for 
the  development  of  a  wave  equation.  The  superscript  bar  is  omitted  here  for  convenience  in 
further  analysis. 


dp  9  ,  ,  9  9  ,  ,  dp 

-  +  -  («)  =  M  -  +  -  (w„)  +  -=h 

9  9  ,  ,  dp 

p  =  PRT  —  ( ph )  +  —  (pujh)  -  - E  =£ 

dt  dXj  dxj 


(14) 


The  development  of  a  wave  equation  begins  by  subtracting  the  divergence  of  the 
momentum  equation  from  the  time  derivative  of  the  continuity  equation  above.  This  yields 

d2p  d2P  d2(puiUj )  dM  dij 

— - - - —  =  - - - —A - -  (15) 

dt 2  dXjdXj  dxjdxj  dt  dxj 

Neglect  of  the  variation  of  the  gas  constant  R  due  to  the  multicomponent  nature  of 
the  fluid,  assumption  of  constant  specific  heats  cp  and  cv  with  h  =  cpT  and  y  —  cp/cv,  and 
differentiation  of  the  perfect  gas  equation  gives 


dp  y  dp  (y  —  1)  p  dh 
dt  a2  dt  a2  dt 


Use  of  the  combined  First  and  Second  Laws  of  Thermodynamics  to  write: 
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dh  dp  ds 

p —  =  —  T  pT — 
dXj  dxi  dxi 

and  substitution  for  dh/dx,  in  the  energy  equation  (12)  using  the  continuity  equation  (1) 
leads  to 


dh  dp  3i 

P^~  =  -X7~  pUjT-+E  +  e-hM  (17) 

dt  dt  dXj 

Combine  Eqs.  (16)  and  (17)  to  eliminate  enthalpy  and  differentiate  again  with 
respect  to  time  to  obtain  a  second  derivative  of  density  with  respect  to  time.  Eliminate 
by  substitution  that  second  derivative  from  Eq.  (15).  Note  that,  for  a  perfect  gas, 
(y  —  1)  h  =  a2. 


d2p 

W 


,  d2p 
dxjdxj 


dp  da2 
dt  dt 


_  SE 
dxidxj  y  dt 


s3 


(18) 


where  the  3D  source  term  S3  is  given  by 


s3  —  (/  —  i) 


ds  ■  dh  d  ( pTujds/dxj ) 
dt  dt  dt 


—  a 


2  d  ij 

dXj 


(19) 


This  equation  may  be  solved  simultaneously  with  Eq.  (5)  to  solve  for  pressure  p  and  veloc¬ 
ity  components  Other  inputs  are  needed  for  coupling  with  liquid  phase  behavior  and 
energy  release  from  combustion  processes. 

The  left-hand  side  of  Eq.  (18)  represents  the  wave  operator  in  three  dimensions. 
A  mild  nonlinearity  appears  through  the  coefficient  a2.  The  first  and  second  terms  on  the 
right-hand  side  are  strongly  nonlinear  terms  that  are  conservative  and  do  not  drive  or  damp 
the  oscillation.  However,  they  will  affect  the  wave  shape.  The  third  and  fourth  terms  on  the 
right  represent  the  influence  of  the  chemical  energy  conversion  rate  E,  viscous  and  transport 
effects  embedded  in  the  rates  /,■  and  s,  impact  of  volume  fraction  0,  and  exchanges  of  mass, 
momentum,  and  energy  between  the  phases  embedded  in  the  rates  M,  and  s,  respec¬ 
tively.  These  terms  can  be  strong  drivers  or  strong  dampers  of  the  nonlinear  oscillation; 
consequently,  they  will  be  discussed  further  below. 

Entropy  gradients  in  the  flow  can  be  neglected  for  the  purpose  of  developing  a  model 
equation.  Thus,  one  term  in  the  definition  given  by  Eq.  (19)  can  be  neglected.  One  can 
assume  that  fine-scale  mixing  eliminates  these  entropy  gradients.  The  length  scales  for 
transverse  gradients  of  entropy,  other  scalar  properties  and  vorticity  are  of  the  order  of 
the  injector  diameter,  the  order  of  spacing  between  adjacent  injectors,  or  smaller.  These 
dimensions  are  smaller  than  the  common  wavelengths  of  oscillations  in  the  combustion 
chamber.  Also,  these  properties  advect  and  diffuse  but  are  not  propagated  by  acoustic 
waves.  Turbulent  mixing  will  uniformize  these  quantities  rapidly  while  acoustical  pressure 
and  velocity  oscillations  will  not  be  vitiated  by  turbulence.  These  comments  would  not  per¬ 
tain  to  entropy  generation  if  the  acoustic  waves  form  shock  waves  or  detonations,  which  are 
possibilities  for  longitudinal  oscillations  and,  in  an  annular  chamber,  for  transverse  oscil¬ 
lations.  In  that  case,  the  entropy  generation  (i.e.,  shock  dissipation)  can  be  significant  in 
determining  the  limit-cycle  oscillation  amplitude. 
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In  evaluating  driving  and  damping  mechanisms  for  the  wave  equation  (18),  realize 
that  a  hypothetical  first-time-derivative-of-pressure  term  appearing  on  the  right  side  with  a 
positive  coefficient  would  be  a  driving  term  through  which  energy  is  added  to  the  oscilla¬ 
tion.  With  a  negative  coefficient  on  the  right  side,  the  term  would  provide  damping  for  the 
oscillations.  Consequently,  the  question  is  whether  E,  M,  and  s  are  in-phase  or  out-of-phase 
with  the  oscillating  pressure.  Thus,  if  the  rate  at  which  energy  is  added  locally  via  oxidation 
or  transport  is  in-phase  (out-of-phase)  with  pressure,  driving  (damping)  of  the  oscillation  is 
occurring  at  that  location.  If  the  divergence  of  the  impulse  /,  is  in-phase  (out-of-phase)  with 
the  pressure  first  time  derivative,  damping  (driving)  of  the  oscillation  appears.  “In-phase” 
or  “out-of-phase”  each  implies  a  band  so  that  phase  angle  can  vary  by  ±90°. 

Equation  (18)  is  coupled  with  the  velocity;  thus,  it  should  be  solved  simultaneously 
with  Eq.  (5).  The  system  has  higher  derivatives  appearing  through  the  viscous  and  transport 
terms,  which  are  included  in  source  terms  as  presented.  These  higher  derivatives  create  an 
elliptical  system  of  equations  if  they  are  important  terms.  Typically,  however,  transport  and 
viscosity  manifest  their  impacts  on  a  much  smaller  length  scale  than  the  acoustic  wave¬ 
length.  Therefore,  the  phenomenon  remains  hyperbolic  rather  than  elliptical  for  practical 
purposes.  One  could  set  the  viscous  and  transport  terms  to  zero,  yielding  the  following 
definitions  of  the  inviscid  sources  £/  and  /,  / : 

e,  =  (0  -  1)  ^ 

k  k 

(20) 

/,/  S  (1  -  G)  ^  +  Tn(k)m(t)ujf  -  FDl 
dx<  * 

Equation  (18)  will  still  be  coupled  with  Eq.  (5)  to  solve  for  velocity  and  pressure; 
however,  for  consistency,  the  viscous  terms  in  the  momentum  equation  should  be  neglected 
to  solve  for  the  wave  behavior  on  the  scale  of  the  acoustic  wavelength  (or  equivalently 
on  the  scale  of  the  combustion  chamber  size).  The  aerodynamic  force  per  volume  for  the 
condensed  phase  Foi  includes  both  lift  and  drag;  exceptions  are  made  to  retain  this  term 
in  the  inviscid  limit  because  it  affects  droplet  motion  and  position.  Equation  (18)  now  is 
strictly  in  hyperbolic  form.  The  input  for  E  can  involve  an  analysis  on  a  finer  length  scale, 
accounting  for  transport  and  viscous  terms.  For  a  single-phase  flow,  the  system  is  much 
simpler  with  the  source  terms  M,  I,j,  and  £/  becoming  identically  zero.  Nevertheless,  the 
terms  giving  the  highest  derivatives  remain  the  same  for  both  the  single-phase  equation  and 
the  two-phase  equation,  reflecting  the  similarity  of  the  wave  propagation  in  both  cases. 

In  the  above  formulation  of  the  equations  for  the  wave  dynamics,  selected  consider¬ 
ation  of  turbulence  has  been  advocated.  Under  the  assumption  that  turbulent  length  scales 
are  small  compared  to  acoustical  wavelengths,  the  affect  on  the  dynamics  is  neglected. 
For  the  shorter  kinematic  (i.e.,  entropy,  temperature,  and  vorticity)  waves,  turbulence  is 
assumed  to  help  uniformize  those  quantities  and  reduce  the  importance  of  those  waves. 
For  the  many  flames  that  have  shorter  characteristic  lengths,  the  impact  of  turbulence  can 
be  important  and  must  be  evaluated.  For  example,  consider  a  combustion  chamber  with 
many  injectors,  each  of  a  size  scale  that  is  much  smaller  than  the  chamber  size.  If  mixing 
is  fast  and  chemical  kinetics  is  controlling,  the  effect  of  the  small-scale  turbulence  is  not 
too  important.  However,  if  mixing  is  rate  controlling,  the  small  scales  of  turbulence  can  be 
very  important. 
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3.1.  Models  for  Source  Terms 

There  is  a  need  to  close  the  conservation  equations  by  describing  the  various  source 
terms  that  appear:  com,  M,  /,-,  and  s.  The  chemical  kinetic  rates  in  a  high-temperature,  high- 
pressure  rocket  environment  are  commonly  much  faster  than  mixing  and  vaporization  rates. 
Thus,  great  accuracy  in  their  determination  is  generally  not  required  because  they  are  not 
rate  controlling  and  do  not  significantly  affect  time  lags.  For  that  reason,  a  one-step  chem¬ 
ical  reaction  model  often  suffices.  Westbrook  and  Dryer  (1984)  provides  useful  one-step 
models  for  com  in  the  case  of  hydrocarbon  oxidation.  A  typical  rate  law  for  burning  a 
hydrocarbon  CxHy  would  be  of  the  form  &>cxh,  =  Apa+b^lY^.  H  T^exp  [— Ea/  (RuT)\. 

For  the  modeling  of  M  for  spray  flows,  knowledge  of  the  droplet  size  distribution 
or  average  droplet  size  produced  in  the  atomization  process  is  needed;  the  vaporization 
rate  and  lifetime  of  the  individual  droplet  will  depend  on  its  initial  size  and  M  at  3c,  t 
will  depend  on  the  vaporization  rates  of  the  droplets  in  that  neighborhood  at  that  instant. 
Then,  a  vaporization  model  is  needed  for  the  slower  vaporizing  propellant,  which  is  the 
hydrocarbon  fuel  in  liquid-hydrocarbon/oxygen  engines  but  becomes  the  liquid  oxygen 
with  hydrogen/oxygen  engines.  Pioneering  works  on  the  vaporization  and  burning  fuel 
droplets  are  described  by  Godsave  (1953),  Spalding  (1953),  and  Williams  (1958,  1959, 
1960,  1985).  Generally,  the  early  theory  focused  on  the  burning  of  isolated  droplets  with 
spherically  symmetric,  quasi-steady  gas  phase  and  steady  liquid  temperature.  More  recent 
models  add  the  effects  of  transient  liquid-phase  heat  transfer,  which  is  typically  the  slowest 
process  in  droplet  heating,  and  vaporization  in  high  temperature  environments  (Sirignano, 
2010),  internal  liquid  circulation  and  convective  liquid  heating,  and  gas-film  convective  heat 
transfer.  The  most-often-used  model  having  those  attributes  was  developed  by  Abramzon 
and  Sirignano  (1989).  An  extension  of  that  model  to  address  multi-component  fuels  was 
developed  by  Continillo  and  Sirignano  (1988).  It  is  desirable  to  have  extensions  that  would 
account  for  interactions  of  the  droplets  with  neighboring  droplets  and  with  the  smaller  tur¬ 
bulent  eddies.  We  know  that  these  interactions  modify  Nusselt  number,  Sherwood  number, 
and  drag  coefficient  from  the  values  for  isolated  droplets.  Consequently,  vaporization  rates 
and  drag  forces  are  modified.  Sirignano  (2014)  reviews  recent  progress  in  those  directions. 
Related  issues  will  be  discussed  in  the  next  section. 


3.2.  Boundary  Conditions 

Wall  conditions.  Equation  (4)  shows  that  the  total  normal  stress  is  zero  at  a  wall 
where  the  normal  velocity  of  each  phase  must  go  to  zero.  For  the  inviscid  case,  this  means 
both  normal  velocity  and  normal  pressure  gradient  are  zero  at  the  wall;  tangential  velocity 
may  be  non-zero.  For  the  viscous  case,  normal  velocity  and  normal  pressure  gradient  can 
be  set  to  zero  also  because  normal  viscous  stress  should  be  negligible;  tangential  velocity 
is  also  zero.  If  a  wall  has  an  acoustic  liner,  the  admittance  for  that  liner  may  be  used  as  a 
boundary  condition  (Sirignano,  1972;  Tang  and  Sirignano,  1973;  Tang  et  al.,  1973). 

Injector  or  burning  surface.  For  a  liquid-propellant  rocket  engine,  portions  of 
an  injector  face  will  essentially  be  a  wall  with  wall-type  boundary  conditions  on  the  nor¬ 
mal  vectors.  Other  portions  will  be  orifice  exits  where  jet  flows  occur.  Here,  traditional 
inflow  conditions  can  be  placed  on  mass  flow  (or  velocity),  temperature,  and  composition. 
If  mass  inflow  is  controlled,  the  boundary  conditions  can  be  placed  on  mass  flux  with  den¬ 
sity  and  velocity  allowed  to  adjust  with  pressure  oscillation.  If  the  injector  experiences 
internal  oscillations,  a  coupled  analysis  of  injector  and  chamber  flow  might  be  needed  with 
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boundary  conditions  set  upstream  at  a  plenum  (Popov  et  al.,  2014;  Sirignano  and  Popov, 
2013).  At  the  gasifying  surface  of  a  solid  propellant  in  a  solid-propellant  or  hybrid  rocket 
engine,  the  mass  flux  per  unit  area  of  the  propellant  (equal  to  the  product  of  the  regression 
rate  and  solid  density)  must  be  analyzed  by  coupling  the  gas-phase  mixing  and  reaction 
layer  with  the  solid-phase  thermal  layer  (Krier  et  al.,  1968;  Sirignano,  1968). 

Choked  nozzle  flow.  The  nozzle  provides  an  important  damping  mechanism  and 
modifier  of  natural  frequencies.  The  nozzle  has  an  acoustical  impact  between  those  of 
the  open-end  chamber  and  the  closed-end  chamber.  Like  the  open-end,  acoustical  energy 
continually  flows  out.  On  the  other  hand,  the  convergent  walls  provide  some  reflection  of 
waves.  The  modifications  of  effective  chamber  size  by  the  addition  of  the  convergent  noz¬ 
zle  affects  the  natural  resonant  frequencies  as  well,  generally  reducing  the  magnitude  as  the 
nozzle  volume  increases. 

Early  work  on  the  boundary  condition  at  the  entrance  to  the  convergent  choked  nozzle 
for  linear  longitudinal-mode  combustion-chamber  oscillations  was  done  by  Tsien  (1952) 
and  Crocco  and  Cheng  (1953,  1956).  Extensions  to  3D  oscillations  and  nonlinear  the¬ 
ory  was  performed  by  Crocco  and  co-workers  (Crocco  and  Sirignano,  1967,  1966;  Zinn 
and  Crocco,  1968).  The  linear  theory  used  admittance  coefficients,  which  related  pressure 
oscillations  in  the  nozzle  entrance  plane  to  oscillations  of  velocity  components  and  entropy 
(or  temperature)  at  the  same  location.  These  coefficients  were  obtained  by  integration  by 
Crocco  and  Sirignano  (1967)  of  the  equations  governing  the  oscillations  in  the  convergent 
portion  of  the  nozzle.  For  a  choked  nozzle,  acoustic  signals  will  not  propagate  upstream 
from  the  throat;  hence,  the  behavior  of  the  flow  in  the  divergent  portion  of  the  nozzle  has 
no  consequence  on  the  chamber  instability.  In  the  limit  of  a  short  nozzle,  the  wavelength 
of  the  oscillation  becomes  much  longer  than  the  convergent  length;  thus,  a  quasi-steady 
nozzle  flow  can  be  assumed.  For  longitudinal  oscillations,  that  means  the  chamber  length  is 
much  greater  than  the  convergent  nozzle  length  and  the  Mach  number  at  the  nozzle  entrance 
remains  constant  under  oscillation  although  pressure  and  velocity  fluctuate. 

The  short-nozzle  boundary  assumption  applies  for  transverse-mode  and  3D  oscilla¬ 
tions  if  the  length  of  the  convergent  portion  of  the  nozzle  is  of  negligible  length  compared 
to  both  the  chamber  length  and  circumference  and  if  the  exit  plane  has  many  small  closely- 
spaced  equally  sized  and  shaped  nozzle  holes  so  that  the  angle  of  convergence  is  not 
too  large.  Then,  the  relationship  developed  by  Crocco  and  Sirignano  (1966)  applies.  For 
isentropic  nozzle  flow  of  a  perfect  gas  with  constant  specific  heats. 


1 

M~x 


(■ M;  +  M2y ) 


(y+l)2(r-l) 


(y+l)/2(y-l) 


(21) 


where  a  is  the  speed  of  sound  at  the  entrance  to  the  nozzle  capture  zone  and  the  two 
components  of  Mach  number  at  that  entrance  are  Mx  =  u/a  and  My  =  v/a.  A,  and  A,  are 
the  nozzle  flow  capture  area  and  throat  area.  The  capture  area  is  determined  by  follow¬ 
ing  streamlines  upstream  for  a  short  distance  from  the  nozzle  hole.  The  nozzle  holes  are 
considered  to  be  sufficiently  densely  packed  so  that  the  nozzle  entrance  area  and  capture 
area  differ  only  slightly.  Furthermore,  distances  are  sufficiently  smaller  than  wavelengths 
so  that  quasi-steady  flow  is  assumed  and  streamlines  may  be  defined.  For  zero-valued 
transverse-velocity  component  (i.e.,  longitudinal-mode  oscillation  or  steady  state),  My  —  0 
and  therefore  Mx  =  u/a  is  constant,  which  provides  a  simple  boundary  condition.  With  a 
transverse  component  to  the  oscillation,  both  Mx  and  My  can  oscillate.  Therefore,  Eq.  (21) 
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relates  the  two  velocity  components  u(t,L,Y)  and  v(t,L,y )  with  the  thermodynamic  vari¬ 
able  a(t,L,y )  at  the  chamber  exit.  Another  form  of  the  same  relation  is  informative  and  is 
provided  below: 


,1/2 


l  +  [(y-D/2]  (A/j  +  My  ) 
(y  +  D/2 


-,(y+l)/[2(y— 1)] 


Ac  m(RTc)1/2 

=  :u(RTt)-yl=  \  (22) 

A,  A,pc 


where  /h,  Pc,  and  T,  are  the  individual  nozzle  mass  flux,  capture-flow  static  pressure,  and 
capture-flow  static  temperature.  Note  that  the  quantity  on  the  far  right  side  of  Eq.  (22) 
is  constant  for  steady- state  or  longitudinal  oscillations  but  pc,  Tc,  and  m  may  still  oscil¬ 
late  there.  Obviously,  they  can  oscillate  also  for  transverse  modes  where  Mx  and  My  also 
oscillate. 

Using  perturbation  theory,  Zinn  and  Crocco  (1968)  extended  the  use  of  3D  nozzle 
admittance  coefficients  to  third  order  in  a  perturbation  series  of  pressure  amplitude. 


4.  MECHANISMS  AND  CHARACTERISTIC  COMBUSTION  TIMES 

The  combustion  process  generally  responds  to  fluctuations  and  oscillations  in  density 
and  temperature  (which  relate  to  pressure)  and  velocity.  Gasification  rates,  mixing  rates,  and 
chemical  rates  can  vary  as  these  quantities  fluctuate.  Thereby,  the  rate  E  in  Eq.  (18)  depends 
upon  the  histories  of  the  pressure  p  and  other  variables.  Consequently,  an  oscillation  in 
E  might  lag  the  oscillation  in  p.  The  classical  Rayleigh  criterion  for  optimal  driving  of 
the  oscillation  by  the  energy  addition  E  is  met  when  E  and  p  are  exactly  in  phase  (or 
equivalently  when  E  lags  p  by  a  time  equal  to  the  period  of  oscillation  multiplied  by  any 
positive  integer).  Some  reduced  amount  of  driving  occurs  when  E  differs  from  one  of  the 
optimal  lag  values  by  less  than  one-quarter  of  the  time  period.  The  oscillation  is  damped 
when  it  lags  by  an  amount  that  differs  from  every  optimal  value  by  more  than  one-quarter 
of  the  time  period.  Substantial  analysis  is  required  to  determine  the  time  lag  associated  with 
combustion  under  these  oscillatory  conditions. 

Combustion  can  be  viewed  and  well  approximated  as  a  sequence  of  processes  for 
the  reactants  with  each  process  coming  to  completion  for  a  given  infinitesimal  element  of 
mass  before  the  next  process:  e.g.,  injection  and  atomization,  vaporization,  mixing,  and 
exothermic  chemical  reaction.  The  overall  time  duration  r  for  N  sequential  processes  is 
the  sum  of  the  time  durations  of  all  processes.  The  rate  r  of  a  process  can  be  taken  as  the 
reciprocal  of  its  duration.  Thereby,  the  reciprocal  of  the  overall  rate  ra  becomes  the  sum  of 
the  reciprocal  rates  of  the  individual  processes: 


r  = 


N  N 


S>=E 


i 

n 


1 

rB 


(23) 


If  one  process  i  —  *  becomes  an  order  of  magnitude  larger  in  its  duration  than  any 
other,  we  may  approximate  ra  =  r*;  i.e.,  the  slowest  rate  becomes  controlling.  Of  course, 
if  the  overall  duration  r  of  the  combustion  process  becomes  significant  in  magnitude  com¬ 
pared  to  the  period  of  oscillation,  the  combustion  process  is  not  quasi-steady  and  a  history 
(i.e.,  time-lag)  effect  exists.  The  rate  E  in  Eq.  (18)  has  units  of  energy  per  unit  time  per  unit 
volume  and  differs  from  the  r ,•  values;  however,  the  rate  E  (t,  x )  will  depend  on  the  values 
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of  \'i  over  the  duration  of  the  combustion  process  prior  to  time  t  for  the  element  of  mass  that 
completes  combustion  at  time  t  and  point  x . 

Combustion  processes  introduce  many  length  and  time  scales.  Those  length  scales 
generally  are  smaller  than  the  acoustic  wavelength  and  some  of  the  flow  structures.  Some 
of  the  combustion  time  scales  can  be  of  the  order  of  a  wave  travel  time  or  period  of  oscil¬ 
lation.  In  the  following  subsections,  the  various  descriptions  of  combustion  processes  are 
discussed.  The  Sensitive-Time-Lag  approach  was  the  early  attempt  to  bypass  a  detailed 
description  of  combustion  and  is  discussed  first.  The  other  subsections  discuss  specific 
combustion  processes  and  their  possible  impacts  on  combustion  instability. 


4.1.  Sensitive  Time-Lag  Theory 

During  the  1950s,  when  our  knowledge  of  unsteady  combustion  processes  was  rather 
poor,  Crocco  and  Cheng  (1953)  proposed  the  heuristic  approach  named  the  Sensitive  Time- 
Lag  Theory.  Previously,  a  constant  time  lag  had  been  used  to  explain  the  delayed  response 
of  injected  liquid-propellant  mass  flux  into  a  combustion  chamber,  which  experienced  a 
varying  chamber  pressure.  The  new  theory  differed  because  the  time  lag  itself  varied  under 
oscillation  of  thermodynamic  properties  in  the  combustion  chamber.  In  its  first  version,  the 
combustion  process  rate  was  related  only  to  pressure  p. 

The  theory  assumed  that  the  energy  release  rate  E  at  time  t  required  a  certain  history 
prior  to  the  instant  of  energy  release  at  t;  specifically,  the  pressure  history  had  to  satisfy 
the  condition  that  the  integral  /r_r(r)  p  (/')”  df  —  C  where  n,  r,  and  C  are,  respectively, 
the  constant  (positive)  interaction  index,  the  instantaneous  value  of  the  time  lag,  and  a 
constant  independent  of  pressure.  By  a  shortening  (lengthening)  of  the  time  lag  due  to  a 
positive  (negative)  pressure  fluctuation,  the  mass  burning  rate  became  instantaneously  faster 
(slower)  than  the  injection  rate  of  mass.  The  values  of  the  interaction  index  and  steady- 
state  time  lag  f  were  intended  to  be  determined  empirically  from  choice  of  propellants  and 
injector  design. 

Using  perturbation  theory,  p  —  p  +  p' ,  r  =  f  +  r'  and  E  —  E  +  E'  linear  theory 
shows  that  the  time  derivative  of  the  time  lag  dr  /dt  =  dr' /dt  —  —n  [ p'(t )  —  p’(t  —  r )] . 
Furthermore,  it  follows  that: 


8E  _  3 E!  _  dr 
dt  dt  dt 


dr' 

~dt 


=  n  [p'(t)  —  p' (t  —  r)] 


(24) 


This  presentation  is  somewhat  simplified  by  the  assumption  that  the  mass  undergo¬ 
ing  the  combustion  process  during  the  time  lag  does  not  change  its  position  significantly 
during  that  duration.  For  a  more  general  analysis,  see  Crocco  and  Cheng  (1956).  It  can  be 
seen  that  if  the  time  lag  f  is  the  product  of  one-half  the  period  of  oscillation  and  an  odd 
positive  integer,  the  energy  rate  E  will  be  perfectly  in  phase  with  the  pressure.  If  f  differs 
by  less  than  a  quarter  of  an  oscillation  period  from  one  of  those  optimal  magnitudes,  an 
in-phase  component  of  E  will  still  be  present  supporting  the  oscillation  in  accordance  with 
the  Rayleigh  criterion. 

The  theory  met  with  some  success  in  characterizing  and  predicting  instability.  For 
the  transverse  (i.e.,  3D  oscillation  modes),  the  rate  of  combustion  and  subsequent  time  lag 
needed  to  be  coupled  with  both  pressure  and  gas  velocity  (Reardon  et  al.,  1964).  In  the 
transverse  oscillation,  velocity  had  a  stronger  effect  on  atomization,  vaporization,  and  mix¬ 
ing.  The  time-lag  theory  was  extended  to  nonlinear  analyses  using  a  perturbation  series 


Downloaded  by  [The  UC  Irvine  Libraries]  at  16:29  29  December  2014 


DRIVING  MECHANISMS  FOR  COMBUSTION  INSTABILITY 


175 


in  amplitude  (Crocco  and  Mitchell,  1969;  Mitchell  et  al.,  1969;  Sirignano,  1964;  Zinn, 
1968).  Zinn  and  Powell  (1971)  later  used  the  time-lag  theory  with  the  Galerkin  method  for 
nonlinear  oscillations. 

The  theory  is  strictly  violated  if,  in  order  to  match  experimental  data,  f  and/or  n 
must  be  considered  as  functions  of  the  frequency  of  oscillation.  This  need  to  assume  a 
frequency  dependence  has  happened  in  some  situations.  A  more  general  way  to  view  the 
Sensitive  Time-Lag  Theory  is  as  a  two-parameter  system  where  each  of  the  parameters 
n,  f  can  be  functions  of  propellent  selection,  injector  design,  and  oscillation  frequency. 
Then,  it  becomes  analogous  to  a  gain-phase  representation  for  the  admittance  E'  /p'  as 
a  complex  number.  In  fact,  n  and  f  can  easily  be  related  to  gain,  phase,  and  frequency. 
Others  later  legitimately  used  gain  and  phase  for  liquid-rocket  instability  analysis  (Culick, 
2006).  As  this  author  knows  from  personal  communications,  Professor  Crocco  viewed  the 
Sensitive  Time-Lag  Theory  (also  known  as  the  n,  r  theory)  as  a  heuristic  attempt  to  ana¬ 
lyze  combustion  instability  until  superior  knowledge  of  unsteady  combustion  processes  was 
developed. 

4.2.  Premixed  Combustible  Gaseous  Propellants  or  Rapidly  Mixed 
Propellants 

In  cases  where  the  propellants  are  prevaporized  and  premixed  before  injection  or 
rapidly  mixed  upon  injection,  the  duration  for  the  combustion  processes  can  be  very  much 
shorter  than  the  typical  period  of  oscillation  in  a  chamber.  For  example,  the  characteris¬ 
tic  residence  time  for  flow  through  a  premixed  flame  can  be  O(l0~4sec)  while  oscillation 
periods  in  combustors  with  dimensions  of  several  tens  of  centimeters  or  greater  will 
have  periods  of  <9(10~3.?ec)  or  larger.  Thus,  a  reasonable  approximation  is  that  the  rate 
E  responds  to  the  instantaneous  pressure  or  temperature  without  a  lag.  For  the  premixed 
flame,  two  rates  enter  Eq.  (23):  heating  or  mixing  rate  rM  and  chemical  rate  rR.  Since, 
in  the  quasi-steady  flame,  chemical  rate  determines  heating  rate  in  proportion,  the  overall 
rate  (and  the  flame  speed)  becomes  proportional  to  the  square  root  of  the  product 
This  also  determines  the  overall  rate  E.  If  the  combustion  zone  is  viewed  as  a  well-stirred 
reactor  where  the  mixing  time  is  negligible  and  chemical  kinetic  rates  are  controlling, 
the  chemical  rate  rR  determines  approximately  the  overall  energy  release  rate  per  unit 
volume  E. 

These  assumptions  fit  a  certain  experimental  gas-rocket  motor  (Bowman,  1967; 
Bowman  et  al.,  1965),  which  was  analyzed  using  a  nonlinear  perturbation  approach  based 
on  a  ID  unsteady  characteristic-coordinate  method  (Sirignano  and  Crocco,  1964).  The 
results  from  experiment  and  theory  agreed  very  well.  That  is,  for  combustible  mixtures  with 
high  flame  temperatures,  the  region  with  near-stoichiometric  mixture  ratio  was  stable  while 
the  lean  and  rich  regions  were  unstable  (see  Figures  1  and  2).  As  the  combustible  mixture 
is  diluted,  the  flame  temperature  lowers  and  the  stability  limits  approach  closer  to  the  sto¬ 
ichiometric  conditions  for  hydrogen  fuel  in  Figure  1 .  For  methane  and  air  in  Figure  2,  the 
flame  temperature  is  sufficiently  low  that  the  stoichiometric  and  near-stoichiometric  region 
is  unstable.  However,  enrichment  of  the  air  with  oxygen  yields  higher  flame  temperatures 
and  thus  leads  to  separation  into  two  zones  of  instability.  In  particular,  one  instability  zone 
is  for  fuel-rich  mixtures  and  the  other  is  for  fuel-lean  mixtures  with  a  stable  zone  near 
stoichiometric  conditions.  Periodic  longitudinal-mode  oscillations  were  observed  with  a 
shock  wave  traveling  back  and  forth  with  reflections  at  the  injector  face  and  entrance  to  a 
short  nozzle;  near-sawtooth  pressure  profile  oscillations  were  measured  and  predicted.  The 
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Figure  1  Gas  rocket  instability  domain  as  a  function  of  chamber  length  and  mixture  ratio.  (Reprinted  from 
Bowman  et  al.,  1965,  with  permission  from  AIAA) 
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Figure  2  Gas  rocket  instability  domain  as  a  function  of  chamber  length  and  mixture  ratio.  (Reprinted  from 
Bowman  et  al..  1965,  with  permission  from  AIAA) 


amplitude  of  the  oscillation  was  proportional  to  the  mean-flow  Mach  number  in  the  cham¬ 
ber  at  a  fixed  mixture  ratio  and  grew  as  the  mixture  became  more  lean  (for  a  lean  mixture) 
or  more  rich  (for  a  rich  mixture).  The  flame  temperatures  at  the  rich  and  lean  stability  limits 
were  identical  at  a  value  less  than  the  stoichiometric  adiabatic  flame  temperature. 

The  appearance  of  the  identical  value  of  temperature  at  both  rich  and  lean  was 
explained  using  a  one-step  chemical  kinetic  model  by  Sirignano  and  Crocco  (1964).  Their 
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theory  used  the  inviscid  equations  in  ID  form  and  considered  only  the  single  phase,  i.e., 
gas.  Therefore,  9  —  1,  e  —  0;  /,  =  0;  M  =  0  in  Eqs.  (4)  and  (18).  Using  the  characteristic 
coordinate  form  of  the  equations,  it  was  possible  to  capture  the  discontinuous  shock  wave. 
Entropy  waves  were  neglected  and,  since  entropy  jump  across  the  shock  is  third  order  in 
pressure  amplitude,  that  higher-order  effect  was  neglected.  If  kinetics  were  rate  controlling, 
E  ~  e~EkR“T ,  where  EA ,  Ru,  and  T  are  the  activation  energy,  universal  gas  constant,  and 
flame  temperature,  respectively.  From  perturbation  theory  and  the  assumption  of  a  poly¬ 
tropic  relation  between  temperature  and  pressure  (accurate  to  second  order  in  amplitude), 
it  follows  that,  for  a  well-stirred  reactor  model  of  the  gas-rocket  combustor, 


E! 


Ea  T’  „-ear„t  ^  Ea  ^P' 
RUTT  RUT  p 


(25) 


Therefore,  for  a  given  pressure  perturbation,  the  fractional  increase  in  burning  rate 
E'/E  becomes  larger  as  the  steady-state  flame  temperature  T  becomes  smaller,  i.e.,  as 
the  mixture  ratio  moves  further  from  the  stoichiometric  value  in  either  direction.  The 
mean  burning  rate  E  ~  M  is  the  mean  flow  Mach  number.  Also,  the  nozzle  admittance 
coefficient  is  proportional  to  M.  Consequently,  the  nonlinear  wave  amplitude  becomes 
proportional  to  M. 

In  this  situation  where  the  characteristic  combustion  time  is  negligibly  small  com¬ 
pared  to  the  period  of  oscillation,  the  energy  release  rate  E  is  essentially  instantaneously 
responsive  to  and  in  phase  with  the  time-varying  pressure  p.  Note  that  a  very  similar  result 
appears  with  a  quasi-steady  premixed-flame  model  of  the  gas-rocket  combustor.  The  only 
difference  is  that  the  square-root  dependence  makes  Ea/(2RuT)  replace  the  nondimensional 
factor  Ea/(RuT),  which  appears  in  the  well-stirred  reactor  model. 


4.3.  Mixing-Controlled  Combustion 

In  some  liquid-propellant  rocket  applications,  the  propellants  are  gaseous  as  they 
enter  the  combustion  chamber.  They  might  have  been  heated  by  prior  use  as  a  wall  coolant 
as  they  flow  towards  the  injectors.  Or  they  might  have  flowed  through  a  separate  burner  and 
been  used  to  drive  a  turbo-pump  before  injection  into  the  main  combustor  in  a  vitiated  and 
heated  form.  Consequently,  the  two  relevant  rates  are  for  mixing  and  exothermic  chemical 
reaction,  rw  and  /-/,• .  A  model  for  transverse  combustion  instability  in  this  type  of  combustor 
has  recently  been  created  and  used  by  Sirignano  and  Popov  (2013)  and  Popov  et  al.  (2014). 
The  problem  can  be  approached  as  a  multi-scale  problem. 

On  the  scale  of  the  wavelength,  the  wave  dynamics  can  be  considered  as  non-heat 
conducting,  non-diffusive,  and  inviscid.  Also,  we  have  a  single  gaseous  phase.  Thus,  9—1, 
e  =  0;  /,  =  0;  M  =  0;  in  Eqs.  (4)  and  (18).  On  the  contrary,  for  the  scale  of  the  injector 
ports,  which  relate  to  the  combustion  scales,  terms  associated  with  viscosity,  heat  conduc¬ 
tion,  and  mass  diffusion  were  retained  in  the  analysis  of  the  flames.  In  particular,  a  separate 
analysis  on  a  finer  scale  coupled  Eqs.  (1),  (3),  (5),  and  (12).  That  is,  a  turbulent,  axisymmet- 
ric,  transient  jet-flame  model  was  created  for  each  injector  to  indicate  spatial  and  temporal 
variations  in  temperature,  species  mass  fractions,  and  chemical  reaction  rates  in  response 
to  the  local  pressure  oscillations.  The  value  for  E  in  Eq.  (18)  was  obtained  from  the  N 
jet-flame  models  for  the  N  co-axial  injectors. 

Figure  3  shows  the  magnitude  of  the  in-phase  response  of  E'  for  one  isolated  co-axial 
methane-oxygen  injector  with  imposition  of  a  given  amplitude  magnitude  of  the  sinusoidal 
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Figure  3  Oscillation  amplitude  of  in-phase  component  of  E  for  a  given  sinusoidal  oscillation  of  p.  The  volume- 
integrated  value  of  E  for  an  injector  is  presented  in  kilowatt  units.  [©  William  A.  Sirignano.  From  Sirignano  and 
Popov  (2013).  Reproduced  by  permission  of  William  A.  Sirignano.  Permission  to  reuse  must  be  obtained  from 
the  rightsholder.] 

oscillation  of  p' .  The  contour  plot  shows  the  amplitude  of  the  volume  integral  of  E  con¬ 
tributed  by  that  single  coaxial  methane-oxygen  coaxial  injector  as  a  function  of  the  two 
characteristic  times  normalized  by  the  period  of  oscillation:  fxM  and  frR  where  /  is  the 
oscillation  frequency.  Each  straight  line  in  the  figure  considers  a  fixed  ratio  of  the  charac¬ 
teristic  combustion  times,  r mPr  with  varying/  The  cross  markings  indicate  locations  of 
resonant  transverse-mode  oscillations  for  a  given  28-cm-diameter,  ten-injector  combustion 
chamber.  They  correlate  with  regions  of  high  response  for  E.  One-step  chemical  kinetics 
and  turbulent  jet  mixing  models  were  used  in  the  calculations  by  Sirignano  and  Popov 
(2013);  the  line  slopes  indicate  that  one  path  with  the  smaller  slope  has  a  longer  mixing 
time  while  the  other  path  with  the  steeper  slope  has  a  longer  chemical  time.  Consequently, 
the  first  line  corresponds  to  mixing-rate  control  while  the  other  applies  to  kinetic-rate  con¬ 
trol.  The  oscillation  of  E  lags  the  pressure  p  indicating  that  at  least  one  of  the  characteristic 
combustion  times  is  sufficiently  long  to  produce  the  time-lag  effect.  The  line  with  the  lower 
value  of  the  slope  corresponds  to  actual  experimental  observations  for  methane  oxidation. 
The  case  with  the  larger  slope  was  artificially  chosen  to  demonstrate  the  dependence. 

At  the  high  temperatures  and  pressures  in  the  combustion  chamber,  the  kinetics 
will  be  fast  and  mixing  will  become  rate  controlling.  Turbulent  diffusivities  for  heat  and 
mass  and  a  turbulent  viscosity  are  chosen,  which  depend  on  the  jet  velocity  at  the  exit 
of  the  injector  and  the  injector  radius.  The  jet  velocity  and,  therefore,  the  diffusivities  and 
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viscosity  will  oscillate  with  pressure  in  the  two  cases  studied:  (1)  injector  mass  flux  remains 
constant  with  pressure  oscillation  or  (2)  the  flow  through  the  injector  is  acoustically  coupled 
to  combustion  chamber  oscillation. 

4.4.  Vaporization-Controlled  Combustion 

In  the  case  where  liquid  fuel  (and/or  liquid  oxygen)  is  injected  into  the  combus¬ 
tion  chamber,  two  other  characteristic  combustion  times  are  added.  In  addition  to  a  gas 
mixing  time  and  a  chemical  reaction  time,  a  time  for  liquid  stream  breakup  into  droplets 
and  a  time  for  droplet  vaporization  are  present.  The  atomization  time  is  commonly  of 
O  ( 1 0  5  —  1 0  4  sec),  which  means  that  it  usually  is  fast  enough  compared  to  the  oscil¬ 
lation  period  so  that  it  can  be  taken  as  instantaneous.  It  usually  is  modified  most  from  the 
nonoscillatory  behavior  by  transverse  velocity  oscillations  and  changes  would  be  in  phase 
with  that  velocity.  Thus,  for  a  transverse  spinning  or  traveling  wave,  the  atomization  pro¬ 
cess  oscillation  will  be  in  phase  with  pressure  while  it  is  90°  out  of  phase  for  a  tangential  or 
radial  standing  mode.  The  fluctuation  in  the  atomization  process  is  very  important  because 
it  affects  the  droplet-size  distribution  and,  therefore,  indirectly  has  substantial  impact  on 
combustion  time  lag. 

For  hydrocarbon  fuels  burning  with  oxygen  or  air,  the  vaporization  time  is  com¬ 
monly  longer  than  the  chemical  time  and  mixing  time.  Therefore,  it  is  rate  controlling  and 
determines  the  time  lag  in  oscillatory  combustion.  Early  works  by  Priem  and  Heidmann 
(1960)  and  Heidmann  and  Wieber  (1965)  considered  implicitly  a  time  lag  in  the  heating 
of  the  liquid  droplet  interior,  using  a  quasi-steady  gas-phase  assumption.  However,  they 
assumed  that  the  temperature  remained  uniform  through  the  liquid  interior  although  time 
varying.  This  would  increase  the  impact  of  the  thermal  inertia  and  underestimate  fluctua¬ 
tions  in  surface  temperature  and  vaporization  rate  during  oscillation.  In  analyses  by  Strahle 
(1965a,  1965b,  1965c,  1967)  and  Williams  (1965),  the  emphasis  was  placed  on  gas-phase 
unsteadiness  while  liquid-phase  temperature  did  not  oscillate.  Flat-plate,  stagnation-point, 
and  wake-flame  models  were  used.  The  examination  of  a  time  lag  due  to  liquid  heat¬ 
ing  with  both  spatial  and  temporal  variations  in  the  liquid-phase  was  first  done  by  T’ien 
and  Sirignano  (1971)  with  the  emphasis  on  the  rocket  combustion  instability  problem;  a 
flat-plate  model  was  used.  The  heating  time  of  the  liquid  is  the  slowest  process  and,  there¬ 
fore,  rate-controlling  for  the  vaporization  time.  Consequently,  the  liquid-phase  unsteadiness 
determines  frequency  range  where  vaporization  rate  is  most  responsive  to  fluctuations  in 
the  ambient  gas.  The  most  advanced  droplet  modeling  is  built  on  this  premise  (Sirignano, 
2010). 

For  combustion  instability  cases  where  vaporization  is  rate  controlling,  the  frequency 
domain  where  instability  is  most  probable  will  align  with  the  characteristic  time  for  heat¬ 
ing  of  the  droplet  liquid  interior.  (Exceptions  can  occur  at  high  pressures  in  the  near-critical 
domain,  which  is  discussed  in  the  next  subsection.)  One  study  of  longitudinal-mode  insta¬ 
bility  in  a  liquid-fueled  ramjet  combustor  by  Bhatia  and  Sirignano  (1991)  shows  some 
interesting  and  relevant  results  for  rockets  as  well  as  ramjets.  They  consider  a  ID  analysis 
of  a  combustion  chamber  at  elevated  pressure  with  inflowing  decane  droplets  and  air  and 
a  short,  choked  exit  nozzle.  Configurations  with  various  chamber  lengths,  average  initial 
droplet  size,  and  mixture  ratios  were  examined.  Thereby,  both  the  characteristic  combustion 
time  and  the  natural  longitudinal  frequency  were  varied  widely.  They  used  a  vaporization 
model  that  accounted  for  transient  heating  of  the  droplet  liquid  interior  and  convective 
heating  through  a  gas-film  boundary  layer  and  a  liquid  internal  circulation  due  to  relative 
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Figure  4  Oscillation  in  spray  combustor  with  choked  nozzle.  Stability  limits  for  two  overall  equivalence  ratios. 
Numbers  in  parentheses  are  ratios  of  oscillation  period  to  droplet  heating  time.  [©  William  A.  Sirignano.  From 
Bhatia  and  Sirignano  (1991).  Reproduced  by  permission  of  William  A.  Sirignano.  Permission  to  reuse  must  be 
obtained  from  the  rightsholder.] 


gas-droplet  motion  (Abramzon  and  Sirignano,  1989).  One-step  chemical  kinetics  were  used 
following  Westbrook  and  Dryer  (1984).  The  droplet  vaporization  time  is  controlled  by  the 
time  to  heat  the  liquid  interior  and  in  this  way  depends  on  initial  droplet  size.  For  vaporiza¬ 
tion  control,  we  expect  vaporization  time  and  combustion  time  to  vary  with  initial  droplet 
radius  to  a  power  between  one  and  two  (Sirignano,  2010). 

Figure  4  shows  the  correlation  between  oscillation  frequency  (or  period)  and  charac¬ 
teristic  combustion  time  lag.  The  unstable  region  centers  around  a  certain  range  of  time 
ratios.  For  the  leaner  mixture,  the  zone  of  instability  becomes  more  narrow,  which  is 
expected  because  the  energy  per  unit  mass  added  to  the  gas  through  combustion  decreases 
with  equivalence  ratio.  Note  that  these  results  differ  from  the  findings  in  subsection  4.2 
since  chemical-kinetic-rate  control  and  mixing/ vaporization-rate  control  produce  different 
dependencies  for  the  rate.  For  very  small  droplet  size,  the  two  results  are  expected  to  come 
closer,  which  is  seen  to  some  extent.  As  the  droplet  size  becomes  smaller,  the  combustion 
time  lag  becomes  shorter  and  the  instability  limit  depends  less  on  the  frequency  (or  equiv¬ 
alently  the  chamber  length).  Note  that  finding  about  frequency  dependence  is  consistent 
with  the  experimental  and  theoretical  results  for  the  kinetics-controlled  unstable  combustor 
(Bowman  et  ah,  1965;  Sirignano  and  Crocco,  1964)  where  the  limit  became  virtually  inde¬ 
pendent  of  frequency.  The  time-ratio  for  maximum  instability  of  about  0.15  is  consistent 
with  the  calculations  of  Tong  and  Sirignano  (1989)  when  adjustments  are  made  for  different 
normalization  schemes. 

There  are  various  other  physical  phenomena  with  new  time  and  length  scales  that  can 
affect  vaporization  rates.  Turbulence  can  interact  with  droplets.  Smaller  scales  of  turbulence 
can  modify  transport  rates  substantially  through  modification  of  Nusselt  and  Sherwood 
numbers.  Larger  scales  of  turbulence  can  modify  ambient  conditions  and  move  droplets 
through  drag  forces.  In  a  dense  spray,  transport  properties  can  be  significantly  reduced 
from  the  values  for  an  isolated  droplet.  These  effects  are  reviewed  by  Sirignano  (2014)  and 
Sirignano  (2010)  and  will  not  be  discussed  in  detail  here. 
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4.5.  Transcritical  and  Supercritical  Combustion 

Development  of  aerospace  propulsion  engines  is  generally  in  the  direction  of  increas¬ 
ing  combustion  chamber  pressure.  Thereby,  injection  and  combustion  of  propellants 
at  near-critical  and  supercritical  thermodynamic  conditions  are  relevant.  There  are  key 
challenges  associated  with  combustion  at  near-critical  and  supercritical  conditions  The  dis¬ 
tinction  between  liquids  and  gases  disappears  at  high  pressures  above  the  thermodynamic 
critical  point,  which  has  a  strong  nonlinear  dependence  on  the  composition.  This  introduces 
some  crucial  phenomena  that  are  neglected  when  the  compositional  distinction  between 
the  original  liquid  and  its  surrounding  gases  in  the  combustor  were  neglected.  Also,  the 
reduced  surface  tension  can  cause  a  new  mechanism  to  be  the  rate-controlling  factor  for 
energy  conversion.  Introductions  of  the  major  scientific  issues  for  transport  and  thermo¬ 
dynamics  in  this  new  combustor  environment  are  given  by  Yang  (2000),  Zong  and  Yang 
(2006),  Schmitt  et  al.  (2011),  Sirignano  and  Delplanque  (1999),  and  Sirignano  (2010). 

Transitions  in  the  propellant  flow  between  subcritical  conditions  and  supercritical 
conditions  can  occur  in  several  ways.  Two  or  more  initially  supercritical  propellant  flows 
might  be  mixed  to  yield  a  mixture  that  is  subcritical  at  the  same  pressure.  A  flow  ini¬ 
tially  at  supercritical  pressure  but  at  subcritical  temperature  can  be  heated  by  combustion 
to  achieve  supercritical  temperature.  Propellant  flows,  which  are  initially  at  supercritical 
pressure,  might  be  expanded  to  subcritical  pressure.  These  situations  can  create  transcritical 
behavior  in  a  spatial  sense  and/or  a  temporal  sense. 

As  a  subcritical  flow  enters  the  near-critical  domain,  some  interesting  phenomena 
may  occur.  Decreasing  and  ultimately  disappearing  values  of  the  coefficient  of  surface 
tension  and  the  energy  of  vaporization  must  be  considered.  There  is  a  need  for  accurate 
equations  of  state.  Consequently,  a  more  sophisticated  analysis  of  the  thermodynamics  is 
required  than  is  normally  used  for  combustion  and  liquid  injection  at  lower  pressures.  The 
rate-controlling  mechanisms  for  combustion  can  change  as  the  critical  point  is  approached 
or  exceeded.  For  example,  at  low  surface  tension  values,  the  secondary  atomization  of 
“parent”  droplets  and  vaporization  of  resulting  smaller  droplets  might  be  faster  than  the 
vaporization  rate  of  the  parent  droplet.  Or  the  breakup  of  the  injected  stream  could  result  in 
a  very  different  distribution  of  droplet  size.  Another  possibility  is  that,  with  reduced  energy 
of  vaporization,  mixing  of  vapors  with  surrounding  gas  might  be  slower  than  the  vaporiza¬ 
tion  rate.  Depending  on  the  propellant  combination,  the  role  as  the  liquid  propellant  with 
the  slower  vaporization  rate  could  change  between  fuel  and  oxidizer  as  the  critical  point  for 
one  of  the  propellants  is  approached.  Thereby,  it  is  necessary  to  consider  a  range  of  possible 
transitions,  giving  several  interpretations  to  the  description  of  transcritical  behavior. 

High-pressure  and  supercritical  ambient  conditions  have  a  considerable  influence  on 
the  mechanisms  controlling  engine  behavior  and  performance.  Most  of  these  effects  are 
related  to  droplet  behavior.  When  liquid  is  injected  into  a  combustion  chamber  that  is  filled 
with  a  gas  at  supercritical  thermodynamic  conditions,  all  aspects  of  the  combustion  pro¬ 
cess  from  atomization  to  chemical  reaction  can  be  expected  to  depart  significantly  from  the 
better-known  subcritical  patterns.  Many  practical  applications  involve  the  introduction  of 
the  spray  into  an  environment  where  the  ambient  pressure  is  supercritical  for  the  liquid  but 
the  liquid  starts  with  a  subcritical  temperature  below  the  ambient  gas  temperature.  In  this 
case,  there  is  a  distinction  between  the  phases  in  spite  of  the  supercritical  pressure;  dis¬ 
continuities  in  density  and  composition  occur  across  the  interface  between  the  droplets  in 
the  spray  and  the  surrounding  gas.  Typically,  the  ambient  gas  is  a  different  species  from 
the  liquid.  The  case  where  the  liquid  is  introduced  into  an  environment  that  consists  solely 
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of  its  own  vapor  is  of  very  limited  interest.  Generally,  heat  is  supplied  from  the  higher 
temperature  gas  to  vaporize  the  liquid.  Heat  transfer  takes  a  finite,  albeit  very  short,  time. 
While  the  liquid  is  heating,  some  vaporization  occurs.  The  liquid  temperature  at  the  inter¬ 
face  can  eventually  rise  to  the  critical  temperature  for  the  given  pressure.  Once  that  surface 
temperature  reaches  the  critical  value,  there  is  a  continuous  variation  of  density  and  other 
properties  across  the  “interface.”  Quotation  marks  are  used  because  the  lack  of  any  dis¬ 
continuity  there  removes  its  right  to  be  called  a  true  interface.  Anyway,  this  “interface” 
becomes  a  surface  along  which  the  critical  temperature  exists  with  liquid  on  one  side  (for 
subcritical  temperature)  and  the  supercritical  fluid  on  the  other  side.  With  time  and  contin¬ 
ued  heating,  this  surface  propagates  into  the  liquid  until  all  of  the  liquid  reaches  a  critical 
temperature. 

Proper  algorithms  are  needed  to  formulate  computational  models,  including  subgrid 
models,  to  address  these  transcritical  situations  where  propellants  or  fuel  pass  through 
phase  transitions  related  to  the  thermodynamic  critical  point.  Models  for  vaporization  of 
hydrocarbon  fuels  in  an  oxidizing  gaseous  environment  have  been  developed  by  Hsiao 
et  al.  (2011),  Zong  and  Yang  (2006),  and  Hsieh  et  al.  (1991).  For  oxygen  droplets  vaporiz¬ 
ing  in  a  hydrogen  gas  environment,  see  Delplanque  and  Sirignano  (1993)  and  Yang  and  Lin 
(1994).  Delplanque  and  Sirignano  (1995)  considered  vaporization  at  transcritical  conditions 
with  droplets  moving  in  a  convective  environment;  Delplanque  and  Sirignano  (1994)  con¬ 
sidered  the  effects  of  liquid  stripping  from  the  droplet  surface  at  reduced  surface  tension. 
Delplanque  and  Sirignano  (1996)  analyzed  these  effects  in  an  unstable  combustor. 

Consider  a  spherically  symmetric,  constant-pressure  situation  in  which  Fick’s  law 
governs  mass  diffusion.  The  gas  solubility  in  the  liquid  becomes  important  near  the  critical 
point  so  that  even  if  the  liquid  phase  is  initially  monocomponent,  it  is  necessary  to  consider 
multicomponent  behavior  in  the  liquid  phase.  The  liquid  density  must  also  be  considered  as 
variable  rather  than  constant.  Therefore,  the  same  unsteady  forms  of  the  continuity,  species, 
and  energy  equations  are  used  in  both  the  liquid  and  the  gas  phases.  Note,  however,  that 
the  energy  of  vaporization  will  decrease  as  the  critical  point  is  approached;  now,  it  must  be 
considered  to  be  strongly  dependent  on  the  thermodynamic  state.  The  thermal,  mechanical, 
and  chemical  equilibria  at  the  interface  are  expressed  by  the  continuity  across  the  interface 
of  the  temperature,  pressure,  and  chemical  potential,  respectively. 

Typical  models  (Delplanque  and  Sirignano,  1993)  include  a  detailed  computation  of 
the  high-pressure  phase  equilibria  based  on  a  cubic  equation  of  state.  A  prevalent  cubic 
equation  of  state  used  in  this  range  of  pressures  and  temperatures  by  the  spray  combustion 
community  has  been  the  Redlich-Kwong  equation  of  state: 


RT  a 

(v  —  b)  T°-5v(v  +  b) 


(26) 


where  v  is  the  specific  volume.  This  empirical  cubic  equation  has  only  two  parameters,  a 
and  b. 

The  enthalpy  of  vaporization  to  be  used  in  the  energy-balance  condition  at  the  inter¬ 
face  is  the  energy  per  unit  mass  (or  per  mole  if  preferred)  required  for  vaporizing  at  the 
given  temperature  and  pressure  and  into  the  particular  surrounding  gaseous  mixture.  On  the 
other  hand,  the  latent  heat  used  at  conditions  well  below  initial  values  is  the  energy  per  unit 
mass  required  for  vaporizing  the  liquid  into  an  environment  composed  of  its  own  vapor. 
The  enthalpy  of  vaporization  for  each  species  can  be  determined  as  a  function  of  interface 
temperature,  mole  fractions  on  both  sides  of  the  interface,  and  the  molecular  weight. 
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Another  challenging  issue  inherent  in  the  simulation  of  transcritical-phase  processes 
is  the  evaluation  of  transport  properties.  Some  transport  properties  (e.g.,  thermal  conduc¬ 
tivity)  are  expected  to  diverge  at  the  critical  transition.  To  quantify  this  singular  behavior,  a 
given  transport  property  is  considered  to  be  the  sum  of  a  low-density  value,  an  excess  value 
due  to  high-pressure  effects,  and  a  critical  enhancement,  including  the  singular  effects  at  the 
critical  transition.  While  these  transport-property  singularities  are  important  to  our  under¬ 
standing  of  critical  phenomena,  their  macroscopic  effects  on  droplet  behavior  in  conditions 
relevant  to  actual  processes  (e.g.,  convective  droplet  heating  and  vaporization)  might  not  be 
so  pertinent. 

The  predictions  of  current  models  are  qualitatively  consistent.  After  the  introduction 
of  a  droplet  into  a  hot,  supercritical,  quiescent  environment,  it  is  heated  by  conduction,  and 
its  diameter  increases  because  the  liquid  density  decreases  as  the  temperature  rises.  Density 
inside  the  droplet  is  nonuniform  and  internal  circulatory  liquid  convection  can  occur  under 
shear  forces  produced  by  relative  gas-droplet  motion.  The  droplet  surface  temperature  rises 
until  it  reaches  the  computed  critical  mixture  value.  During  this  phase,  the  mixture  compo¬ 
sition  on  either  side  of  the  liquid-gas  interface  is  imposed  by  the  chemical  equilibrium  and 
mass  diffusion  that  occurs  in  the  droplet. 

See  Figure  5  from  the  analysis  by  Delplanque  and  Sirignano  (1993),  which  relates  to 
the  vaporization  in  LOX/FL  liquid-propellant  rocket  motors.  It  shows  regimes  with  distinct 
phases  for  the  oxygen  liquid  and  hydrogen  gas.  Pr  is  the  pressure  divided  by  the  critical 
pressure  for  pure  oxygen.  At  pressures  above  the  critical  pressure  (e.g.,  Pr  —  2  through  7  in 
the  figure)  but  temperatures  below  the  critical  temperature  (about  154  K),  it  is  still  possi¬ 
ble  to  obtain  a  phase  equilibrium  with,  of  course,  distinction  between  the  phases.  When 
the  liquid  exists  with  the  ambient  gas  differing  from  the  pure  vapor  of  the  liquid,  some 
mass  exchange  occurs;  the  vapor  of  the  liquid  enters  the  gas  phase  and  some  of  the  gas 
molecules  enter  the  liquid.  This  exchange  becomes  more  important  as  the  critical  point  is 
approached.  The  figure  shows  that  as  Pr  increases,  the  equilibrium  has  a  decreasing  frac¬ 
tion  of  oxygen  and  an  increasing  fraction  of  hydrogen  in  the  liquid  at  the  interface.  That  is, 
more  hydrogen  has  dissolved.  The  temperature  value  above  which  the  phases  are  no  longer 
distinct  will  decrease  with  increasing  pressure.  The  energy  of  vaporization  is  non-zero  in 
this  domain  but  decreases  with  increasing  temperature  until  it  reaches  zero  at  the  temper¬ 
ature  value  where  phase  distinction  disappears.  The  figure  shows  that  for  Pr  =  1  or  less, 
the  liquid  is  nearly  pure  oxygen  while  the  gas  at  the  liquid  interface  might  have  a  signif¬ 
icant  fraction  of  the  vapor  from  the  liquid.  The  vapor  fraction  goes  to  unity  as  the  liquid 
temperature  goes  to  the  saturation  value.  This  saturation  temperature  increases  with  pres¬ 
sure,  reaching  the  critical  temperature  as  the  critical  pressure  is  reached.  Above  that  critical 
temperature  value,  the  distinction  between  phases  is  lost.  In  an  unpublished  work,  Yang 
and  co-workers  have  made  similar  calculations  for  liquid  dodecane  C12H26  surrounded  by 
oxygen  gas. 

Consider  a  droplet  of  liquid  component  A  in  gaseous  component  B  at  pressure  pa. 
The  liquid  initial  temperature  is  Te  and  the  initial  ambient  temperature  is  Ta  >  7/.  For  con¬ 
ditions  well  below  the  critical  conditions,  temperature  varies  continuously  throughout  the 
surrounding  gas  and  liquid  interior  and  is  continuous  across  the  liquid-gas  interface.  A  neg¬ 
ligible  amount  of  the  ambient  gas  dissolves  in  the  liquid;  composition  and  densities  are 
discontinuous  across  the  interface  but  piecewise  continuous  in  the  gas  and  in  the  liquid. 
As  the  critical  conditions  are  approached,  ambient  gas  dissolves  in  the  liquid  and  the  mag¬ 
nitudes  of  the  interface  discontinuities  in  density  and  in  composition  decrease.  Still,  the 
critical  temperature  and  the  critical  composition  do  not  occur  at  the  same  point  in  space 
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Figure  5  Computed  phase  equilibrium  of  the  oxygen/hydrogen  system.  [Reprinted  from  International  Journal 
of  Heat  and  Mass  Transfer ,  vol.  36(2),  J.-R  Delplanque  and  W.A.  Sirignano,  “Numerical  study  of  the  transient 
vaporization  of  an  oxygen  droplet  at  sub-  and  super-critical  conditions,”  pp.  303-314,  1993,  with  permission  from 
Elsevier.] 


and  time.  At  the  point  when  and  where  the  discontinuity  first  disappears,  the  temperature, 
composition,  and  density  assume  their  critical  values  simultaneously.  After  that  time,  the 
critical  isotherm  and  the  critical  mass  fraction  isopleth  must  coincide.  This  critical  sur¬ 
face  that  has  replaced  the  interface  will  regress  as  further  heating  and  mixture  occur,  until 
it  reaches  the  droplet  center.  Therefore,  the  phenomena  of  mixing  and  vaporization  can 
involve  situations  in  which  both  a  subcritical  spacial  domain  and  a  supercritical  spacial 
domain  can  exist  simultaneously.  This  situation  is  described  as  transcritical. 

Practical  environments,  such  as  those  found  in  engines,  are  characterized  by  signif¬ 
icant  relative  velocity  between  the  gas  and  the  droplet  with  subsequent  strong  convection. 
The  first  effect  is  that  heat  and  mass  transfer  are  enhanced  by  the  convection.  With  near- 
critical  and  supercritical  environments,  the  surface-tension  coefficient  of  a  droplet  decreases 
to  zero  as  the  interface  temperature  approaches  the  critical  conditions.  Hence,  the  second 
effect  is  that  droplet  deformation  and  secondary  atomization  can  be  initiated  by  smaller 
values  of  the  droplet-gas  relative  velocity.  The  aerodynamic  consequence  of  droplet  motion 
is  that  the  fore  and  the  aft  pressures  on  the  surface  become  greater  than  the  pressures 
on  the  side.  At  reduced  surface  tension,  there  is  a  tendency  therefore  for  the  droplet 
to  deform  in  an  axisymmetric  manner  to  the  shape  of  a  lens.  The  surface-tension  force 
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will  resist  this  deformation  since  it  increases  the  surface  area.  For  small  values  of  Weber 
number  We  =  piU2Ls/as,  and  Bond  number  Bo  =  asp[L2s / a s,  there  is  some  vibration  but  no 
significant  deformation  or  breakup,  pi,  Us,  as,  Ls,  and  as  are  the  liquid  stream  density,  veloc¬ 
ity,  acceleration,  characteristic  length  dimension,  and  surface  tension,  respectively.  Above 
We  =  5,  aerodynamic  forces  have  some  effect  on  the  droplet  shape.  A  critical  value  of  We 
occurs  in  the  range  10-20,  above  which  continuous  deformation  of  the  droplet  occurs;  the 
droplet  has  a  convex  side  and  a  concave  side  and  takes  the  shape  of  a  bag  or  an  umbrella. 
Viscosity  does  not  play  a  significant  role  in  this  deformation.  When  We  is  above  the  criti¬ 
cal  value,  the  shear  on  the  droplet  surface  will  cause  stripping  of  liquid  from  the  surface. 
The  critical  value  for  the  Bond  number  is  11.22  according  to  Harper  et  al.  (1972);  above 
that  value,  surface  waves  grow  exponentially.  The  first  unstable  mode  appears  at  and  above 
Bo  =  1 1.22.  Other  unstable  modes  will  appear  in  sequence  as  Bo  is  continually  increased. 
However,  they  remain  small  enough  in  magnitude  until  Bo  —  O  (104)  so  that  the  aerody¬ 
namic  forces  dominate.  Experimental  data  for  shock-wave  interaction  with  a  water  droplet 
from  Ranger  and  Nicholls  (1972)  indicates  that  stripping  occurs  above  Bo  =  102,  filling  the 
near  wake  with  a  mist. 

Delplanque  and  Sirignano  (1993)  showed  for  droplet  vaporization  in  a  supercritical 
convective  environment  (with  neglect  of  secondary  atomization),  based  on  the  Abramzon 
and  Sirignano  (1989)  film  model,  that  a  LOX  droplet  injected  into  a  rocket  engine  is  likely 
to  reach  the  critical  state  before  it  disappears,  much  sooner  than  in  a  quiescent  atmosphere. 
However,  they  showed  that,  because  of  the  behavior  of  the  surface-tension  coefficient  at 
near-critical  conditions,  a  LOX  droplet  in  a  rocket  engine  is  likely  during  its  lifetime  to 
undergo  secondary  atomization  in  the  stripping  regime  (mass  removal  from  its  surface  by 
aerodynamic  shearing)  before  the  droplet  interface  reaches  the  critical  mixing  conditions. 
Results  obtained  with  this  model  confirmed  that  the  stripping  rate  is  much  larger  than  the 
gasification  rate.  The  predicted  droplet  lifetime  was  found  to  be  reduced  by  at  least  one 
order  of  magnitude  when  stripping  occurred.  An  important  consequence  is  that,  in  most 
cases,  the  droplet  disappears  before  the  interface  can  reach  the  critical  mixing  conditions. 

Now,  it  can  be  seen  how  this  result  can  affect  the  predicted  overall  performance  of 
propulsion  systems  and,  in  particular,  the  likelihood  of  combustion  instability.  The  open- 
loop  response  of  LOX  droplets  to  prescribed  oscillatory  ambient  conditions  consistent  with 
liquid  rocket  engines  was  investigated  by  Delplanque  and  Sirignano  (1996)  who  used  the 
supercritical  droplet-combustion  models  described  above  both  for  isolated  droplets  and 
droplet  arrays.  This  study  evaluated  the  longitudinal-mode  stability  of  the  combustion 
chamber  assuming  concentrated  combustion  at  the  injector  end,  short  nozzle,  and  isen- 
tropic  flow  downstream  of  the  combustion  zone,  following  the  work  of  Crocco  and  Cheng 
(1956).  A  response  factor  G  was  computed  to  quantify  the  Rayleigh  criterion,  which  states 
that  an  initially  small-pressure  perturbation  will  grow  if  the  considered  process  adds  energy 
in  phase  (or  with  a  small  enough  phase  lag)  with  pressure: 


The  primes  denote  fluctuations  with  respect  to  the  nonoscillatory  values.  Delplanque  and 
Sirignano  (1996)  note  that  an  underlying  assumption  to  this  definition  of  G  is  that  the 
gasification  rate  provides  a  good  approximation  of  the  energy  release  rate  E. 

Figure  6  indicates  that,  at  some  frequency,  the  response  factor,  determined  under  the 
modeling  assumptions  by  the  droplet-gasification  process,  becomes  large  enough  to  drive 
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Figure  6  Response  factor  for  an  isolated  LOX  droplet  with  and  without  stripping.  T oo  =  1000  K,  =100  atm, 
A U  =  20  m/s.  [©  William  A.  Sirignano.  From  Delplanque  and  Sirignano  (1996).  Reproduced  by  permission  of 
William  A.  Sirignano.  Permission  to  reuse  must  be  obtained  from  the  rightsholder.] 


longitudinal-mode  combustion  instability  in  a  hydrogen-oxygen  rocket  engine.  This  con¬ 
clusion  applies  whether  the  model  includes  droplet  stripping  or  not.  However,  the  unstable 
frequency  domain  for  the  stripping  model  is  substantially  higher.  Obviously,  the  frequency 
at  which  the  peak  response  factor  occurs  is  mainly  correlated  to  the  droplet  lifetime  through 
the  assumptions.  Therefore,  since  secondary  atomization  in  the  stripping  mode  results  in 
a  reduction  in  droplet  size  and  a  one-order-of-magnitude  reduction  in  droplet  lifetime,  it 
causes  a  substantial  corresponding  shift  in  the  peak  frequency,  as  shown  in  the  figure. 
Consequently,  when  stripping  occurs,  the  peak  frequency  is  significantly  larger  than  the 
acoustic  frequencies  of  the  common  modes  for  standard  cryogenic  rocket  engine  chambers. 

Delplanque  and  Sirignano  (1996)  argued  that,  since  in  these  engines  droplets  with 
low  surface  tension  are  likely  to  undergo  secondary  atomization  in  the  stripping  regime 
for  most  of  their  lifetime,  this  phenomenon  could  explain  the  observed  better  stability  of 
hydrogen/oxygen  rocket  engines  compared  with  that  of  storable  propellant  engines  (see 
Harrje  and  Reardon,  1972).  Although  their  analysis  applied  strictly  to  the  longitudinal 
mode,  the  qualitative  implication  for  the  transverse  mode  is  even  greater  because  both  pri¬ 
mary  and  secondary  atomization  processes  with  transverse  modes  could  be  more  significant 
on  droplet-size  reductions. 

Estimates  by  Delplanque  and  Sirignano  (1996)  of  the  influence  of  neighboring 
droplets  on  the  droplet  response  to  an  oscillatory  field  obtained  with  the  droplet-stream 
model  described  above  indicate  that  the  isolated  droplet  configuration  underestimates  the 
driving  potential  of  the  gasification  process.  In  a  dense  spray,  steady-state  vaporization  rate 
is  reduced  compared  to  vaporization  rates  in  a  dilute  spray.  Here,  then,  we  have  a  situation 
similar  qualitatively  to  the  findings  of  the  gas-rocket  researches  by  Sirignano  and  Crocco 
(1964)  and  Bowman  et  al.  (1965);  instability  is  more  likely  as  mean  energy  conversion 
rate  is  decreased.  That  is,  the  fractional  increase  in  energy  release  rate  for  a  given  pressure 
perturbation  increases  as  mean  energy  release  rate  decreases. 
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4.6.  Solid-Propellant  Burning 

Although  the  emphasis  in  this  article  is  on  liquid  fuels  and  propellants,  brief  men¬ 
tion  can  be  made  of  time  lags  existing  in  solid  propellant  burning.  The  intent  is  to  show 
the  potential  for  fundamental  similarities  between  solid  burning,  liquid  burning,  and  the 
burning  of  gaseous  propellants.  While  the  condensed  phase  now  is  solid,  it  still  pos¬ 
sesses  a  characteristic  time  for  heating.  Commonly,  gas-phase  processes  are  more  rapid 
and  can  be  considered  as  unsteady.  Models  using  an  unsteady  solid-phase  heating  cou¬ 
pled  with  a  quasi-steady  gas  phase  have  been  presented  by  Krier  et  al.  (1968),  Denison 
and  Baum  (1961),  and  Culick  (1967).  There  have  also  been  many  approaches  where  a 
two-parameter  model,  e.g.,  gain  and  phase  of  response,  has  been  used  to  represent  combus¬ 
tion  processes  (Culick,  1976).  These  earlier  models  used  a  quasi-steady  gas-phase  model. 
Some  more  recent  efforts  treat  more  general  conditions;  for  example,  see  Roh  et  al.  (1995) 
and  Jackson  (2012)  for  models  of  homogeneous  and  heterogeneous  propellant  modeling, 
respectively. 

The  model  of  Krier  et  al.  (1968)  (KTSS)  used  an  empirical  correlation  to  relate 
the  quasi-steady  gas-flame  behavior  to  the  oscillating  pressure.  However,  it  allowed  the 
solid  surface  temperature  to  fluctuate.  Essentially,  the  pressure  value  primarily  affected  the 
heat  flux  from  the  flame  back  towards  the  solid-gas  interface.  The  equation  for  unsteady 
heat  diffusion  in  the  solid  was  solved.  With  the  frame  of  reference  fixed  to  the  regressing 
interface,  a  ID  convective-diffusive  equation  resulted.  The  regression  rate  was  caused  by 
temperature-dependent  pyrolysis  to  give  a  closed  system  of  equations.  Sirignano  (1968) 
used  the  KTSS  model  to  describe  longitudinal  combustion  instability  in  an  end-burning 
solid  rocket  motor  with  a  short  (i.e.,  quasi-steady)  nozzle.  The  fluctuating  gaseous  veloc¬ 
ity  at  the  solid  surface  was  related  via  a  history  integral  to  the  pressure  fluctuation  at  the 
surface.  Essentially,  a  time  lag  appeared  implicitly  in  the  formulation  through  a  kernel  in 
the  history  integral;  the  characteristic  time  for  heat  transfer  in  the  solid  was  given  by  cy(f)~ 
where  a  and  r  are  the  solid-phase  thermal  diffusivity  and  average  surface  regression  rate, 
respectively. 


5.  DETERMINATION  OF  LIMIT-CYCLE  AMPLITUDE  AND  TRIGGERING 
THRESHOLD 

It  is  interesting  to  examine  what  factors  control  the  amplitude  of  the  limit  cycle 
and  the  magnitude  of  the  triggering  threshold.  Here,  “limit  cycle”  means  the  stable  limit 
cycle,  which  is  approached  as  time  goes  to  positive  infinity,  while  “triggering  threshold” 
means  the  unstable  limit  cycle  that  is  theoretically  approached  as  time  goes  to  negative 
infinity.  Some  older  results  from  perturbation  theory  and  some  more  modern  results  from 
computational  fluid  dynamics  will  be  discussed.  Longitudinal-mode  and  transverse-mode 
oscillations  will  be  examined,  with  and  without  shock  wave  formation.  We  can  examine 
both  old  results  from  perturbation  theory  and  new  results  from  computational  fluid  dynam¬ 
ics  (CFD)  methods.  Fewer  assumptions  are  required  for  CFD  but  those  results  are  less 
powerful  in  identification  of  the  key  mechanisms  and  the  parameter  dependencies. 

Our  perturbation  approaches  follow  the  coordinate  perturbation  approach  initiated  by 
Henri  Poincare  (Minorsky,  1962)  and  expanded  by  Lighthill  and  Kuo  to  the  method  now 
known  as  the  PLK  method  or  method  of  strained  coordinates  (Crocco,  1972;  Kevorkian  and 
Cole,  1996). 
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5.1.  Nonlinear  Shock  Wave  Oscillations 

Consider  the  first  cases  with  shock  formation  that  were  studied  in  the  1960s  using 
perturbation  theory.  Sirignano  and  Crocco  (1964)  and  Sirignano  (1964)  analyzed  nonlinear 
longitudinal-mode  rocket  motor  oscillations  with  combustion  concentrated  at  the  injector; 
no  time  lag  or  history  effect  in  the  combustion  response;  and  a  short,  quasi-steady  choked 
exit  nozzle.  Sirignano  (1968)  considered  a  longitudinal-mode  oscillation  for  an  end-burning 
solid-rocket  motor  with  combustion  concentrated  at  the  solid-propellant  surface;  a  history 
effect  on  the  combustion  response  through  a  history  integral  reflecting  the  solid-phase 
heating  process;  and  a  short,  quasi-steady  choked  exit  nozzle.  Longitudinal-mode  rocket 
motor  oscillations  with  combustion  concentrated  at  the  injector;  a  time  lag  in  the  combus¬ 
tion  response;  and  a  short,  quasi-steady  choked  exit  nozzle  were  examined  by  Mitchell 
et  al.  (1969).  Two  cases  were  studied  by  Crocco  and  Mitchell  (1969):  (i)  longitudinal-mode 
rocket  motor  oscillations  with  combustion  distributed  arbitrarily  through  the  combustor;  a 
time  lag  in  the  combustion  response  through  the  use  of  the  Sensitive  Time-Lag  Theory;  and 
a  short,  quasi-steady  choked  exit  nozzle  and  (ii)  tangential-mode  rocket  motor  oscillations 
in  an  annular  combustor  with  combustion  distributed  arbitrarily  through  the  combustor;  a 
time  lag  in  the  combustion  response  through  the  use  of  the  Sensitive  Time-Lag  Theory;  and 
a  multi-orifice  exit  with  many  short,  quasi-steady  choked  nozzles. 

These  perturbation  theories  sought  the  limit-cycle  behavior  using  first-  and  second- 
order  perturbation.  In  accordance  with  typical  analyses  in  nonlinear  mechanics,  the 
complete  description  of  the  first-order  terms  could  only  be  obtained  through  examination 
of  second-order  terms.  That  is,  the  first-order  result  is  very  different  from  the  result  of  lin¬ 
ear  perturbation  theory.  The  nonlinear  theory  predicts  a  sawtooth  wave  profile  for  pressure 
with  shock  discontinuities  while  linear  theory  would  predict  continuous,  sinusoidal  wave¬ 
forms.  Linear  theory  cannot  predict  limit-cycle  amplitude.  A  good  estimate  of  amplitude 
and  a  more  exact  determination  of  frequency  comes  from  the  second-order  theory.  To  first 
order,  these  above-cited  longitudinal-mode  nonlinear  theories  obtain  first-order  solutions 
for  velocity  perturbation  m,  speed-of-sound  perturbation  a\,  and  pressure  perturbation  p\ 
in  the  forms: 


mi  =  f(0  -x)  —f  (9  +  x) 

«i  =  [f  (0  -  x)  +f  (0  +  *)]  (28) 

P\  =  ^  [f  (9  ~  x )  +/  (9  +  x)] 

where  the  function  f  has  velocity  units,  p  and  a  are  steady-state  values  for  pressure  and 
sound  speed,  6  is  time  normalized  by  one-half  of  the  oscillation  period,  and  x  is  cham¬ 
ber  axial  position  measured  from  the  injector  and  normalized  by  chamber  length  L.  The 
frequency  and  period  of  oscillation  are  not  known  a  priori.  Thus,  the  transformation  to 
6  involves  the  introductions  of  a  new  strained  coordinate  and  a  perturbation  series  in  an 
amplitude  parameter  for  the  period  of  oscillation.  Thus,  0  <  9  <  2  and  0  <  x  <  1.  For  the 
transverse  mode  in  the  annular  chamber,  x  should  be  replaced  by  a  nondimensional  cir¬ 
cumferential  position  y  and  the  axial  velocity  perturbation  u\  should  be  replaced  by  the 
tangential  velocity  perturbation  vi.  Also,  in  that  configuration,  a  traveling  (spinning)  wave 
represented  by  either  f  (9  —  y)  or  f  (0  +  y)  or  the  standing  wave  given  by  a  sum  of  the 
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two  functions  can  appear.  The  first-order  analysis  determines  the  forms  given  in  Eq.  (28); 
however,  the  determination  of  the  specific  function  /  requires  a  second-order  analysis. 

The  periodic  function  f  (0)  is  found  in  all  of  these  cases  to  be  governed  by  a 
differential  equation  of  the  following  form: 


[f  -fn\  U  =  -A/  -  Bf  +  cr  +  DF  if)  =  H  (f) 


(29) 


(30) 


where  A,  B,  C,  and  D  are  positive  constants  and  the  functional  F  (f)  is  an  integral  of  /. 
Sirignano  and  Crocco  (1964)  had  C  =  D  =  0,  i.e.,  no  time  lag  or  integral  and  B  <<  A. 
With  B  =  0,  the  median  value  at  the  shock/,,,  =  0  and  the  solution  for  /'  (0)  is  a  linear 
function  with  identical  discontinuities  at  0  and  2  reflecting  the  periodicity.  With  a  small 
value  of  B,  mild  exponential  curvature  occurs  between  the  discontinuities  but  the  shape 
is  still  essentially  a  “sawtooth”  form.  Sirignano  (1968)  had  B  =  C  =  0  with  a  history 
integral  F  if )  =  v  (0  —  9')f  (0')  d9'  where  v  is  the  kernel  resulting  from  solution  of 
the  diffusive-convective  equation  in  the  solid  propellant.  Mitchell  et  al.  (1969)  had  B  = 
D  =  0  while  Crocco  and  Mitchell  (1969)  had  B  —  0  with  the  functional  F  (f)  appearing 
as  a  (ID)  volume  integral  of  combustion  sources. 

The  left  side  of  Eq.  (29)  results  only  from  the  nonlinear  gasdynamics  description  of 
the  chamber  flow;  combustion  processes  and  nozzle  boundary  conditions  do  not  affect  it. 
Of  the  four  terms  on  the  right  side  of  the  first  equality  in  Eq.  (29),  the  last  three  result 
only  from  the  coupling  with  the  combustion  process.  A  portion  of  the  first  term  can  also 
come  from  the  combustion  process  while  the  remainder  of  the  first  term  is  the  effect  of  the 
nozzle  boundary  condition.  The  details  behind  the  modeling  and  the  determination  of  the 
particular  values  of  the  coefficients  A,  B,  C,  and  D  can  be  found  in  the  four  references  cited 
in  the  previous  paragraph.  The  Mach  number  at  the  entrance  of  the  short  nozzle  remains 
constant;  thereby,  the  velocity  perturbation  remains  proportional  to  the  sound-speed  per¬ 
turbation,  giving  a  linear  term  in  the  function/  The  combustion  source  terms  also  appear 
to  linear  order  albeit  in  the  second-order  balancing  of  terms.  The  combustion  terms  appear 
representing  velocity  fluctuations  at  the  injector  end  for  combustion  concentrated  there.  For 
the  distributed  combustion  case,  they  appear  representing  fluctuations  in  the  divergence  of 
the  velocity  throughout  the  combustor  volume.  Note  that  the  time-lag  effect  caused  an  infi¬ 
nite  slope  in  /  (albeit  with  a  continuous  variation)  at  one  value  of  the  argument  (other  than 
the  shock  at  0  —  0  or  2)  when  r  differed  from  one-half  of  the  oscillation  period  (Mitchell 
et  al.,  1969).  The  history  integral  produces  smoother  profiles  (Sirignano,  1968)  and  is  more 
acceptable  on  physical  grounds. 

The  linear  stability  limit  is  defined  by  neglecting  the  nonlinear  terms  on  the  left  side 
of  Eq.  (29)  and  setting  the  left  side  to  zero.  At  the  stability  limit,  the  amplitude  of  the 
oscillation  goes  to  zero.  At  the  stability  limit,  driving  terms  from  combustion  are  exactly  in 
balance  with  the  nozzle  damping.  With  displacement  in  parameter  space  from  the  stability 
limit,  the  amplitude  becomes  finite  and  is  determined  by  the  solution  of  the  full  nonlinear 
equation.  Therefore,  away  from  the  stability  limit,  there  is  an  imbalance  between  the  com¬ 
bustion  driving  terms  and  the  nozzle  damping  terms.  When  the  former  exceeds  the  latter,  a 
finite-amplitude  oscillation  results;  the  left  side  of  Eq.  (29)  represents  that  imbalance. 
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Figure  7  Amplitudes  for  limit  cycle  and  triggering  threshold  for  longitudinal-mode  analysis  with  shock  waves 
using  the  n,  r  theory.  (Reprinted  with  the  permission  of  Taylor  &  Francis  from  Mitchell  et  al.,  1969.) 


In  the  case  where  C  =  D  =  0,  Sirignano  and  Crocco  (1964)  obtained  analytical 
solutions  to  Eq.  (29).  Numerical  solution  is  required  if  the  time  lag,  time  history  integral,  or 
spacial  integral  appears.  Figure  7  from  Mitchell  et  al.  (1969)  shows  amplitude  as  a  function 
of  normal  displacement  in  n,  r  parameter  space  from  the  linear  stability  limit.  The  curves 
result  from  the  numerical  solution  of  Eq.  (29)  for  B  —  D  =  0.  Three  domains  exist:  uncon¬ 
ditionally  unstable  (right  of  linear  stability  limit);  conditionally  stable  or  bi-stable  (near  left 
of  linear  stability  limit);  and  unconditionally  stable  (far  left).  In  the  conditionally  stable 
region,  two  solutions  are  found;  the  lower  amplitude  describes  the  unstable  limit  cycle, 
which  can  be  regarded  as  the  triggering  threshold.  Disturbances  of  lower  amplitude  decay 
while  larger  disturbances  will  grow  to  the  upper  value,  which  describes  the  stable  limit 
cycle.  The  stable  limit  cycle  and  a  portion  of  the  unstable  limit  cycle  are  solutions  with 
shock  waves.  The  region  near  the  linear  stability  limit  gives  continuous  solutions  that  are 
consistent  with  the  results  of  Sirignano  (1964).  Any  disturbance  with  amplitude  lower  than 
the  limit-cycle  amplitude  will  grow  in  the  unconditionally  unstable  region.  Amplitudes 
larger  than  the  limit-cycle  value  will  decay  to  that  value  but  no  more.  All  disturbances  will 
decay  in  the  unconditionally  stable  region. 

There  are  several  conclusions  that  are  obvious  from  the  above-described  analysis, 
(i)  Equation  (29)  has  the  same  form  and  can  use  the  same  general  numerical  procedure  for 
solution  whether  or  not  time-lag  or  history  integrals  are  included,  (ii)  The  results  of  Mitchell 
et  al.  (1969)  as  shown  in  Figure  7  and  Crocco  and  Mitchell  (1969)  clearly  demonstrate  the 
solution  also  includes  a  stable  limit  cycle  whenever  an  unstable  limit  cycle  is  produced. 
A  stable  limit  cycle  occurs  in  unconditionally  unstable  domains  without  the  appearance 
of  an  unstable  limit  cycle  but  unstable  limit  cycles  never  appeared  alone  in  those  studies, 
(iii)  Those  studies  from  Mitchell’s  dissertation  also  predicted,  as  shown  in  the  figure,  a 
continuous  parabolic  portion  of  the  unstable  limit  cycle  that  matches  the  description  given 
by  Sirignano  (1964)  and  Zinn  (1968).  Note  that  these  three  points  are  totally  misrepresented 
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in  Chapter  7  of  Culick  (2006),  which  does  well  describing  literature  of  the  1970s  and  later 
but  poorly  describing  the  pioneering  work  of  the  1960s  on  nonlinear  combustion  instability. 
The  misunderstanding  about  Point  (ii)  was  sustained  by  Wicker  et  al.  (1996). 

Integration  of  Eq.  (29)  over  the  oscillation  period  yields  the  first  equality  below: 

1  r2 

~  [if  (2)  —fm)2  —  if  (0)  — /m)2]  =  /  H(f)de  =  0  (31) 

^  Jo 

The  second  equality  results  because  the  magnitudes  of/  (2)  —fm  and  /  (0)  —fn  are  identical 
although  their  signs  are  opposite.  Now,  multiply  Eq.  (29)  by  the  quantity  f  (6)  —fm  +fin 
and  integrate  over  the  period.  Using  the  results  of  Eq.  (31),  it  follows  that: 

1  C2 

-  [<f  (2)  -  fm )3  -  (f  (0)  -  fm )3]  =  /  fH(f)dB 
3  Jo 


or 

\  (f  (0)  -  fn?  =  de  =  [-  [Af  +  Bf  -  Cff  -  Df  F  (f)]  cie  (32) 

j  Jo  Jo 

A  new  result  can  be  shown  through  the  use  of  Eq.  (32).  In  particular,  the  right  side  of 
that  equation  can  be  shown  to  be  proportional  to  the  acoustic  forcing  per  cycle  from  the 
combination  of  combustion  and  nozzle  outflow  while  the  left  side  can  be  shown  to  be  pro¬ 
portional  to  the  energy  dissipation  per  cycle  in  the  shock  wave.  This  is  a  remarkable  result 
because  the  original  second-order  analysis  maintained  isentropic  flow  through  the  shock; 
i.e.,  entropy  gain  is  proportional  to  the  cube  of  pressure  change  or  velocity  change  across 
the  shock  and  thereby  third  order  in  the  the  perturbation  series.  This  result  is  consistent 
with  a  finding  by  Crocco  (1972)  that  the  power  required  to  drive  at  resonance  a  piston  at 
one  end  of  a  closed  tube  (filled  with  an  inviscid  compressible  gas)  balances  the  dissipation 
rate  due  to  the  shock  wave. 

As  noted  by  Liepmann  and  Roshko  (1957),  the  entropy  change  As  across  a  shock  is 
of  third  order  in  terms  of  the  pressure  jump  A p  and  is  approximated  by: 


As  ^  y  +  1  I"  Ap 

~R  ~  12y2  [~y 


(33) 


Note  that  within  the  accuracy  of  the  approximation,  it  is  allowed  to  substitute  the  mean  pres¬ 
sure  for  the  pressure  in  front  of  the  shock.  The  pressure  jump  A p  ~  yp  [/'  (0)  —  /  (2)]  /a  = 
2yp  [/  (0)  —  /„]  /a.  Therefore,  the  energy  dissipation  through  the  shock  occurs  at  the 

rate  pUsT As  &  [2 y  (y  +  1) p/  (3fi2)]  [/  (0)  —  f„f,  where  within  the  accepted  error  the 
shock  speed  Us  is  taken  as  a.  The  energy  dissipated  by  the  shock  over  a  cycle  is  then 
[4 Ly  ( y  +  Y)p/  (3fl3)]  [/  (0)  —  /„]3.  Neglecting  higher-order  terms  in  M,  the  period  of  the 
cycle  is  2 L/a. 

The  velocity  at  the  nozzle  entrance  will  be  of  the  order  of  the  mean- 
flow  Mach  number  M.  Thereby,  the  velocity  and  pressure  fluctuations  at  the  noz¬ 
zle  entrance  are  u\  =  0;  U2  —  Mai  =  [(y  —  1)  /2]  M  \f  (6  —  1)  +/  (6  +  1)];  and  p\  = 
\yp/  (a)]  \f  (9  —  1)  +f(9  +  1)].  The  product  of  p\  and  «2  here  gives  the  acoustic 
energy  flux  per  unit  area  (Culick,  2006)  at  the  nozzle.  A  positive  amount  implies  that 
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energy  is  flowing  out  of  the  chamber.  The  integral  of  the  product  over  a  cycle  yields 

2 MLy  (Y  -\)[p /a1]  f~ HO?  dd. 

For  the  concentrated  combustion  at  the  injector  end  (or  end-burning  solid  surface), 
the  right  side  of  Eq.  (29)  is 

H  (f)  =  —Af  -  Bf2  +  Cf  +  DF  (f)  =  U2  '[nmzle — U2^ame  =  O  ( M )  (34) 

Y  +  1 

Now,  the  pressure  fluctuation  is  identical  (except  for  phase)  at  the  two  ends.  So,  multipli¬ 
cation  by  the  pressure  fluctuation  p\  at  the  injector  end  followed  by  integration  over  the 
period  T  of  the  cycle  yields: 


2y  (j/  +  l) 


2 

f(6)H(fmd0 


I  \p  1  ^2  I  nozzle  Pi  M2  \flanie\dt 

Jo 


(35) 


Thus,  multiplication  of  both  sides  of  Eq.  (32)  by  the  factor  2y  (y  +  1)  ( Lp/d 2)  results  in 
a  new  equation  with  the  dissipated  energy  by  the  shock  over  the  cycle  on  the  left  side  and 
the  net  acoustic  flux  integrated  over  a  cycle  on  the  right  side  of  the  equation.  Consequently, 
when  acoustic  flux  due  to  combustion  adds  energy  to  the  chamber  volume  at  a  rate  greater 
than  the  nozzle  efflux,  the  difference  is  dissipated  in  the  shock  wave  in  order  to  establish  a 
limit  cycle.  Essentially,  Eq.  (32)  determines  the  amplitude  of  the  limit  cycle  at  an  amount 
that  maintains  the  necessary  balance  between  the  acoustic  influx  and  the  shock  dissipation. 
While  we  have  considered  acoustic  energy  addition  or  subtraction  only  at  the  ends  of  the 
combustor,  a  double  integration  over  the  combustor  volume  and  over  the  cycle  time  of  the 
product  of  the  pressure  fluctuation  with  the  combustion-driven  divergence  of  the  velocity 
fluctuation  can  also  be  added  into  this  energy  balance. 

Realize  that  the  coefficients  A,  B,  C,  and  D  in  Eq.  (29)  are  each  ()( M )  while  /  itself 
is  of  the  order  of  the  amplitude  of  the  fluctuation.  That  amplitude  can  be  considered  to  be 
O  (e).  Therefore,  the  left  side  of  the  equation,  which  is  quadratic,  is  O  (e2)  while  the  right 
side,  which  is  primarily  linear,  is  O  (eM).  The  balance  implies  that  at  the  limit  cycle,  a  dis¬ 
tinguished  limit  is  established  and  the  amplitude  parameter  e  =  M.  This  result  is  consistent 
with  the  analysis  of  Sirignano  and  Crocco  (1964)  and  the  experiments  of  Bowman  et  al. 
(1965). 


5.2.  Nonlinear  Continuous  Wave  Oscillations 

Continuous  nonlinear  wave  oscillations  were  studied  by  Sirignano  (1964)  for  the  lon¬ 
gitudinal  mode  and  Zinn  (1968)  for  the  transverse  modes.  Both  works  at  Princeton  used  the 
n,  r  theory  and  concentrated  combustion  at  the  injector  end.  Each  analysis  required  a  per¬ 
turbation  series  up  through  third  order  in  the  amplitude  parameter  e  in  order  to  approximate 
the  limit-cycle  amplitude.  Let  us  examine  the  need  for  a  higher-order  analysis  than  required 
for  cases  with  shock  waves.  The  character  of  the  major  results  are  shown  in  Figure  8. 

The  linear  unstable  domain  is  shaded  in  the  upper  sub-figures.  The  lowest  value 
of  n  on  the  stability  limit  occurs  with  a  time  lag  equal  to  one  half  of  the  period  of 
oscillation.  There,  the  negative  sign  in  front  of  the  lagged  term  of  Eq.  (24)  means  that 
both  the  instantaneous  term  and  lagged  term  for  energy  addition  are  in  phase  with  the 
pressure.  Some  portions  of  the  linear  stability  limit  curve  are  adjacent  to  conditionally 
stable  domains  (lower  left  sub-figure)  while  other  portions  are  immediately  adjacent  to 
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Figure  8  Schematic  of  perturbation  results  in  n,  r.  [©  William  A.  Sirignano.  From  Sirignano  and  Popov  (2013). 
Reproduced  by  permission  of  William  A.  Sirignano.  Permission  to  reuse  must  be  obtained  from  the  rightsholder.] 


unconditionally  stable  domains  (lower  right  sub-figure).  On  the  lower  left,  the  unstable  limit 
cycle  (triggering  threshold)  is  shown,  while  on  the  lower  right  a  stable  limit  cycle  is  shown. 
Both  curves  are  parabolas.  That  is,  the  amplitude  parameter  e  grows  as  the  square  root  of  the 
normal  displacement  from  the  linear  stability  limit  in  the  n,  r  plane.  Essentially,  the  devel¬ 
opment  through  third  order  in  the  perturbation  series  was  needed  to  obtained  the  parabolic 
curves.  These  two  analyses  predicted  either  a  stable  limit  cycle  or  an  unstable  limit  cycle 
in  the  neighborhood  of  any  point  on  the  linear  stability  curve  in  parameter  space.  The 
expected  higher-amplitude,  stable  limit  cycle  that  accompanies  a  lower-amplitude,  unstable 
limit  cycle  is  not  predicted  with  a  third-order  analysis.  Presumably,  a  higher-order  analy¬ 
sis  would  have  predicted  the  two  amplitude  solutions  in  the  conditionally  stable  domain; 
however,  the  perturbation  expansions  of  both  Sirignano  (1964)  and  Zinn  (1968)  terminated 
at  third  order.  Note  the  reassuring  result  though  about  the  agreement  among  Mitchell  et  al. 
(1969),  Sirignano,  and  Zinn  about  the  parabolic  shape  of  the  nonlinear  curve  describing  a 
continuous  limit  cycle.  There  are  certain  implications  of  these  perturbation  analyses  that 
have  not  yet  been  discussed.  We  will  return  to  this  point  later  in  this  subsection. 

Let  us  first  examine  some  recent  CFD  results,  which  will  complete  the  understand¬ 
ing  of  triggered  transverse-mode  combustion  instability.  In  particular,  we  will  focus  on 
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transverse  instabilities  in  a  combustion  chamber  with  gaseous  propellants  following  the 
analysis  of  Sirignano  and  Popov  (2013).  The  chamber  exit  is  a  multi-orifice  plate  with  many 
short,  choked  nozzles.  The  work  has  been  extended  by  Popov  et  al.  (2014)  to  quantify  the 
uncertainty  with  the  triggering  event  in  practical  combustors.  A  2D  model  is  developed  by 
integrating  Eqs.  (18)  and  (5)  over  the  primary  flow  direction,  X3,  after  modification  for  an 
inviscid  flow  with  gaseous  propellants.  A  cylindrical  combustion  chamber  is  considered 
with  the  injector  at  X3  =  0  and  the  nozzle  entrance  at  X3  =  L.  Variations  of  the  pressure, 
velocity,  and  other  variables  in  the  xj  direction  will  be  smaller  than  variations  in  other 
directions. 

Define  the  2D  average  values:  p  —  (1/L)  /QL pdxg,,  p  =  (l/L)  pdx-j,  a  = 
(1  /L)  Jq  cidxi,  and  u  =  (1  /L)  f^ud-Ti.  Now,  Eq.  (18)  is  integrated  overx'i,  neglecting  the 
difference  between  products  of  averages  and  averages  of  products.  The  pressure  variation 
in  the  X3  direction  may  be  assumed  to  be  minor  for  many  transverse  oscillations.  The  major 
variation  of  pressure  will  be  in  the  transverse  direction,  as  indicated  by  experimental  find¬ 
ings  of  Harrje  and  Reardon  (1972)  and  theoretical  results  of  Reardon  et  al.  (1964)  and 
Zinn  (1968).  For  a  pure  transverse  wave  behavior,  there  is  not  any  acoustical  oscillation 
in  the  X3  direction;  so,  only  advection  can  be  expected  to  produce  variations  in  that  flow 
direction.  These  variations  tend  to  be  slow  exponential  variations  according  to  the  theory. 
Then,  pX3= 0  ~  pX}=L  ~  P-  The  average  designation  (i.e.,  superscript  tilde)  for  pressure  can 
be  eliminated;  we  set  p  —  p.  The  average  designation  is  also  removed  for  other  variables. 
Entropy  waves  and  other  kinematic  waves  are  neglected. 

The  2D  wave  equation  should  be  recast  in  cylindrical  polar  coordinates  because  of 
the  combustion  chamber  shape,  r  and  6  will  represent  radial  distance  from  the  chamber 
centerline  and  azimuthal  position,  respectively.  The  pressure  and  velocity  are  normalized 
by  the  steady-state  pressure  and  sound  speed,  respectively.  The  velocity  components  are  ur 
and  ug.  The  resulting  equations  may  be  written  as: 


t P-r 

dt2  C‘ 


ra2 


2„1 


dzp  13  p  1  3  ~p 
dr 2  +  r  dr  r2  d 62 


=  R(p,  Ur,  Ug)  +  S  (p,  Ur,  Ug) 


3  E  dp 

R  (p,  ur,  ug)  =  (y  -  1)  - - Ap  2r  — 

ot  ot 


S  ( p,U,;Ug )  =  Cl 


■  y- 1 

P  Y 


d2p  1  dp  1  d2p 
dr2  r  dr  r2  dO2 


(y  — Di  (dP 
Y  P\dt 


(36) 

(37) 


y- 1 
YP  y 


pyu; 
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3  \PYK 
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dug  C2  dp  dug  1  due 

~dt~  +  V  d0  ~  ~Urlfr  ~  U°^ldd 


UyWQ 

r 


dO 


(40) 


In  the  above  equations,  no  acoustic  coupling  with  the  injection  system  has  been  considered. 
The  model  of  coaxial  injection,  turbulent  mixing,  and  chemical  reaction  discussed  earlier  in 
subsection  4.3  has  been  used  to  couple  the  above  equations  for  the  wave  dynamics  with  the 
jet  flame  at  the  exit  of  each  injector  port.  This  model  introduces  physics  and  chemistry  with 
characteristic  times  that  will  not  be  short  compared  to  the  period  of  acoustic  oscillation. 
Therefore,  time  delays  and  a  history  effect  are  introduced.  Consider  a  solid  circular  wall  at 
radius  r  —  R\  that  is,  no  acoustic  lining  is  present.  The  normal  velocity  at  the  wall  will  be 
zero;  thus,  the  following  boundary  conditions  apply  to  the  system  of  Eqs.  (36),  (39),  and 
(40): 


ur  (t,  R,  9)  =  0 


dp 

dr 


C t,R,e ) 


1 

pYU2g 


C^R 


(41) 


Ci,  C2,  and  C3  are  known  constants. 

Typical  results  from  a  calculation  of  Sirignano  and  Popov  (2013)  and  Popov  et  al. 
(2014)  are  shown  in  Figure  9.  The  initial  amplitude  of  a  disturbance  is  shown  by  the  hollow 
circles  while  the  black  circles  indicate  the  amplitude  after  12  cycles  of  oscillation.  Below 
the  threshold  disturbance  of  20  atm,  the  disturbance  decays  in  time  towards  the  steady 
state.  Above  that  threshold,  it  grows  towards  a  limit-cycle  amplitude  of  154  atm.  Near 
the  threshold,  the  growth  or  decay  is  slower;  sample  calculations  up  to  120  cycles  show 
the  same  outcome  though.  Clearly,  the  operating  conditions  (mean-flow  Mach  number, 
mean  chamber  pressure,  mixture  ratio)  for  this  case  place  it  within  a  conditionally  stable 
(bistable)  domain.  When  operating  conditions  are  modified  sufficiently  in  certain  directions 
both  unconditionally  unstable  and  unconditionally  stable  domains  are  found  immediately 
adjacent  in  parameter  space,  a  qualitatively  similar  situation  to  the  portrait  of  Figure  7. 
However,  in  this  case,  no  shock  waves  resulted.  Depending  on  the  operating  conditions 
and  the  nature  of  the  triggering  disturbance,  either  traveling  (spinning)  waves  or  standing 
waves  could  occur.  The  traveling  wave  shapes  limit  cycles  found  could  be  composed  of  a 
basic  resonant  mode  plus  superimposed  harmonics  of  that  mode.  In  that  case,  the  pressure 
wave  shape  did  not  wobble  but  was  reasonably  steady  in  a  certain  rotating  frame  of  refer¬ 
ence.  Note  that,  for  transverse  oscillations,  the  resonant  mode  frequencies  are  not  integer 
multiples  of  the  fundamental  resonant  mode  (unlike  the  longitudinal  mode  situation).  This 
explains  why  shock  waves  are  unlikely  to  form  in  transverse  mode  oscillations  in  a  circular 
cylinder.  (Annular  chambers  can  cause  exception  here.)  A  second  type  of  limit  cycle  found 
in  these  computations  for  other  operating  conditions  could  involve  the  superposition  of  sev¬ 
eral  resonant  modes.  In  fact,  in  one  case,  a  subharmonic  mode  was  added  with  a  frequency 
equal  to  the  difference  between  the  frequencies  of  the  first  and  second  tangential  modes, 
which  were  also  present.  In  this  second  type  of  situation,  the  superimposed  frequencies  are 
not  commensurate  and  a  temporally  wobbly  pressure  waveform  is  observed  in  any  rotating 
frame. 

The  results  of  Sirignano  and  Popov  (2013)  and  Popov  et  al.  (2014)  identify  several 
difficulties  with  a  Galerkin  method  or  any  reduced  basis  method  that  identifies  a  priori  the 
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Figure  9  Oscillation  pressure  amplitude  at  12  cycle  times  vs.  triggering  pressure  amplitude.  [Reprinted  from  RR 
Popov,  A.  Sideris,  and  W.A.  Sirignano,  “Stochastic  modeling  of  transverse  wave  instability  in  a  liquid  propellant 
rocket  engine,”  J.  Fluid  Mech.,  vol.  745,  pp.  62-91,  2014.] 


resonant  modes  that  will  sum  to  give  an  accurate  solution.  It  is  unclear  which  modes  and 
how  many  modes  should  be  represented.  In  addition  to  or  instead  of  the  resonant  modes, 
harmonics  of  primary  modes  can  appear.  Also,  subharmonics  can  be  generated. 

The  CFD  results  of  Figure  9  obviously  present  more  information  about  the  dynamic 
behavior  than  has  been  gained  from  perturbation  theory.  Perturbation  theory  can,  in  prin¬ 
ciple,  handle  transient  predictions  with  the  emergence  of  multiscale  methods  (Kevorkian 
and  Cole,  1996)  but  those  techniques  were  not  used  for  partial  differential  equations  in 
the  1960s.  They  can  handle  superposition  of  different  resonant  modes.  However,  like  clas¬ 
sical  Galerkin  methods  and  unlike  CFD,  the  weakness  is  that  the  modes  must  be  known 
in  advance.  Nevertheless,  there  is  some  more  insight  to  be  gained  from  perturbation  the¬ 
ory.  Equations  (36),  (39),  and  (40)  have  been  written  so  that  the  left  side  has  only  linear 
terms.  The  nozzle  boundary  condition  in  the  functional  R  ( p,ur,ug )  provides  a  term  with 
a  first  time  derivative  of  pressure,  which  is  a  damping  function  for  the  oscillation.  Some 
of  the  energy  in  the  oscillation  will  be  lost  by  nozzle  outflow.  The  term  within  R  (p,  ur,  ug) 
having  the  time  derivative  of  the  energy  source  E  can  be  described  as  the  forcing  func¬ 
tion  for  the  oscillation.  A  combustion  model  based  on  turbulent  jet  diffusion  flames  at  the 
injectors  relates  E  back  to  pressure,  temperature,  and  velocity.  Every  term  in  the  functional 
S  (p,  ur,  ug)  is  second  order  or  higher  in  the  perturbation  series;  those  terms  in  S  are  not  dis¬ 
sipative  or  forcing  functions  but  they  can  have  strong  influence  on  the  amplitude,  and  wave 
shape  for  the  oscillation.  Consequently,  there  is  no  major  dissipative  mechanism  other  than 
the  nozzle  outflow,  unlike  the  cases  with  shock  wave  oscillations.  Key  factors  are  that  every 
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term  on  the  left  side  is  O  (e)  or  higher;  every  term  in  R  is  O  (eM)  or  higher;  and  every  term 
in  S  is  O  (e2)  or  higher. 

Perturbation  analysis  showed  that  the  nondimensional  amplitude  e  of  limit-cycle 
oscillations  with  shock  waves  were  of  the  order  of  the  mean-flow  Mach  number  M.  We  can 
show  now  that,  for  continuous  wave  oscillations,  the  amplitude  parameter  e  =  O 


This  relation  was  implicit  in  the  results  of  Sirignano  (1964)  and  Zinn  (1968)  but  were  not 
identified.  For  simplicity,  let  us  consider  a  case  where  the  first  tangential  traveling  mode  is 
excited  (although  the  argument  and  conclusion  is  not  limited  to  a  specific  mode).  The  multi¬ 
scale  perturbation  method  with  coordinate  straining  will  be  used.  Expand  the  variables  in 
a  perturbation  series,  e.g.,  p  —  p  +  ep\  (0,  p,  r )  +  e2p2  (0,  p,  r )  +  e2pi  (0,  p,r)  +  O  (e4) ; 
0  =  cot  —  9)\  co  =  a>o  +  ea>\  +  e2a> 2  +  O  (e3)  ;  and  p  =  cr  (e)  t,  where  u>  and  p  are  the  fre¬ 
quency  and  a  “slow”  time,  a  goes  to  zero  as  s  goes  to  zero;  in  fact,  it  will  be  found  to  go 
faster. 

Consider  that,  to  first  order,  one  obtains  p \  =  [A  (p)  cos<j)  +  B  (p)  sincp]  J\  (inr), 
where  J 1  is  a  Bessel  function  of  the  first  kind  and  first  order  while  sn  is  the  lowest  eigen¬ 
value  of  that  function.  The  amplitudes  A  and  B  are  allowed  to  vary  slowly  with  time  to 
capture  the  transient  behavior  while  0  carries  the  fast  time  of  the  oscillation.  The  use  of 
two  time  variables  produces  terms  of  O  (err  (e))  and  higher,  which  can  be  added  to  the 
right  side  of  the  governing  partial  differential  equations;  substitution  into  R  gives  terms  of 
O  (eM)  and  higher;  and  substitution  into  S  gives  terms  of  O  (e2),  O  (e3),  and  higher.  The 
types  of  terms  appearing  on  the  right  side  of  the  wave  equation  are  listed  below.  Each  term 
would  be  multiplied  by  some  function  of  radius  r ,  which  is  not  being  detailed  here.  Those 
multiplying  functions  can  be  expanded  in  a  Fourier-Bessel  series;  the  J\  (.s  1  1  r)  term  in  the 
series  for  expansions  of  the  coefficients  of  cos  0  and  sin  0  will  be  of  special  interest. 


O  (e2)  :  A2  ;  A2  cos  20  ;  AB  sin  20  ;  B2  ;  B2  cos  20 
O  (eM)  :  A  cos  0  ;  A  sin  0  ;  B  cos  0  ;  B  sin  0 


dA  dB 

—  sin  0  ;  —  cos  0 
dp  dp 


O  (ecr  (e))  : 


(42) 


O  (e3)  :  j43cos0  ;  A3  cos  30  ;  A2Bsin0  ;  A2Bsin30 
AB2  cos  0  ;  AB2  cos  30  ;  B2  sin  0  ;  B2  sin  30 


After  substitution  and  eigenfunction  expansion,  the  terms  J 1  ( v  1  ]  r)  cos  0  and  J \  (inr)  sin0 
cannot  be  allowed  to  remain  on  the  right  side  of  the  higher-order  wave  equations.  They  are 
homogeneous  solutions  to  the  left  side  and  would  prevent  a  uniformly  valid  perturbation 
series  from  developing.  These  terms  must  be  collected  into  two  groups  and  each  group  must 
be  set  to  zero.  This  is  accomplished  by  selecting  a  =  e2  —  M  so  that  all  cos  0  and  sin0 
terms  on  the  right  side  appear  at  O  (e3).  The  appearance  of  nonoscillatory  terms  means  that 
the  average  pressure  is  changed  by  the  nonlinear  dynamics.  The  types  of  terms  appearing 
here  were  also  found  by  Zinn  (1968)  for  tangential-mode  combustion  instability  and  by 
Maslen  and  Moore  (1956)  in  their  classical  work  on  nonreacting  transverse  waves.  Maslen 
and  Moore  (1956)  also  examined  the  effects  of  wall  friction  and  found  that  a  steady  acoustic 
streaming  motion  appeared  to  second  order  due  to  the  imposed  torque. 
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In  setting  those  two  right-side  global  coefficients  to  zero,  two  coupled  first-order 
ordinary  differential  equations  for  A  (ij)  and  B  ( r] )  result: 

clA  dB 

—  =f(A,B)  —  —  g  (A,  B)  (43) 

dr/  dr) 

With  appropriate  initial  conditions,  these  equations  describe  the  growth  or  decay  of  the 
instability  with  the  slow  time  Of  course,  both  slow  time  and  fast  time  are  converted 
back  to  a  single  time  variable.  Since  the  functions  /  and  g  are  cubic  in  A  and  B,  one  or 
two  sets  of  values  of  those  amplitudes  (other  than  the  trivial  A  —  B  —  0)  can  produce  zero 
values  for  the  derivatives.  These  values  would  mark  the  unstable  limit  cycle  (i.e.,  triggering 
threshold)  and  the  stable  limit  cycle.  Without  shock  dissipation,  the  acoustic  energy  flux  at 
the  boundaries  must  balance  globally  in  the  limit-cycle  condition;  it  is  expected  therefore 
that  O  (e2M)  terms  and  O  (e4)  terms  would  balance  each  other. 

Major  results  here  are  that  the  nondimensional  limit-cycle  amplitude  e  is  of  the  order 
of  \[M  and  the  nondimensional  (using  chamber  radius  and  mean  sound  speed)  transient 
time  for  development  of  the  high  amplitude  oscillation  will  be  of  the  order  of  1  /  M. 
Equivalently,  the  dimensional  transient-time  order  of  magnitude  is  the  chamber  radius 
divided  by  the  mean  velocity.  Since  there  are  no  shock  waves  for  dissipation  here,  higher 
amplitude  waves  result:  i.e.,  ~J~M  >  M  for  subsonic  mean  flow.  In  fact,  the  amplitudes  for 
transverse  continuous  waves  are  known  to  be  several-fold  larger  than  longitudinal  waves, 
which  can  form  shocks  (Harrje  and  Reardon,  1972).  Note  that  Popov  et  al.  (2014)  report 
a  155  atm  peak-to-peak  limit-cycle  amplitude  with  a  200  atm  mean  pressure  for  a  mean 
flow  M  =  0.100.  Then,  e  =  0.387  and  s/M  =  0.316,  which  are  of  the  same  order  of  mag¬ 
nitude.  Also,  a  rise  above  the  original  200  atm  mean  pressure  is  calculated  for  the  midpoint 
pressure  between  the  maximum  and  minimum  values  in  the  limit  cycle.  The  transient  time 
for  limit-cycle  development  (an  e-folding  time)  of  1  /M  relates  to  roughly  three  cycles  of 
oscillation  in  that  same  calculation,  which  agrees  with  the  finding  in  the  calculation.  The 
Mach  number  of  the  mean  flow  is  representative  of  the  strengths  of  forcing  by  combus¬ 
tion  and  damping  by  nozzle  in  the  chosen  examples  here.  Different  parameters  can  become 
representative  of  those  critical  strengths  in  other  configurations. 

5.3.  General  Observations 

With  regard  to  the  ordering  of  the  terms  in  an  asymptotically  correct  manner,  we  have 
assumed  for  convenience  that  the  same  order  applies  to  both  the  stable-limit-cycle  ampli¬ 
tude  and  the  unstable-limit-cycle  amplitude.  An  interesting  possibility  worthy  of  future 
examination  is  that  different  ordering  occurs.  For  example,  different  powers  of  M  might  be 
appropriate  for  the  two  types  of  limit  cycles.  This  could  explain  why  two  distinct  solutions 
were  not  found  in  third-order  analyses  (Sirignano,  1964;  Zinn,  1968). 

The  characteristic  times  for  combustion  will  affect  the  likelihood  of  instability  and 
the  amplitude  of  oscillations.  The  combustion  times  have  this  role  because  they  affect  the 
magnitude  of  the  rate  E,  which  comes  in  phase  with  pressure.  However,  the  transient  time 
for  the  oscillation  to  develop  is  determined  largely  by  the  gasdynamics  and  is  only  weakly 
dependent  on  the  combustion  times. 

The  balance  of  terms  in  determining  limit-cycle  amplitude  to  lowest  order  of  accuracy 
has  involved  linear  combustion  and  nozzle  flow  terms  matched  against  nonlinear  gasdy- 
namic  terms  for  both  cases  with  shocks  and  without  shocks  and  for  both  longitudinal  and 
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transverse  modes.  These  linear  terms  are  the  lowest-order  approximations  to  the  forcing  and 
damping  of  the  oscillation.  Nonlinear  forcing  and  damping  terms  should  appear  to  higher 
order.  Of  course,  in  CFD  computations  at  UCI  (Popov  et  al.,  2014;  Sirignano  and  Popov, 
2013),  the  full  nonlinear  combustion  and  nozzle  effects  have  been  considered.  In  cases 
where  linear  representation  serves  for  a  first  approximation,  the  qualitative  differences  are 
small  between  the  results  using  an  ad  hoc  two-parameter  combustion  model  (Crocco  and 
Mitchell,  1969;  Mitchell  et  al.,  1969;  Sirignano,  1964;  Zinn,  1968)  and  the  results  using 
a  physics-based  description  (Popov  et  al.,  2014;  Sirignano,  1968;  Sirignano  and  Crocco, 
1964;  Sirignano  and  Popov,  2013);  essentially  two  parameters  can  do  reasonably  well 
describing  the  ratio  of  the  E  perturbation  to  the  p  perturbation  to  lowest  order. 

Culick  (2006)  describes  second-order  and  third-order  perturbation  analyses  at 
Caltech  (Awad  and  Culick,  1986;  Yang  and  Culick,  1990;  Yang  et  al.,  1990),  which  never 
predicted  triggering  action.  This  is  not  inconsistent  with  the  above-described  results,  which 
indicated  that  three  types  of  stability  zones  could  be  predicted  by  any  model  that  predicted 
the  possibility  of  triggering.  That  is,  by  variation  of  operating  parameters,  the  models  of 
Sirignano  (1964),  Zinn  (1968),  Mitchell  et  al.  (1969),  and  Sirignano  and  Popov  (2013) 
predicted  a  neighboring  domain  of  unconditional  stability  and  a  neighboring  domain  of 
unconditional  instability  for  any  bistable  domain  where  triggering  occurs.  Thus,  causes  for 
not  predicting  triggering  could  be  due  to  a  wrong  choice  of  operational  parameters,  a  poor 
model,  or  choice  of  a  combustor  configuration  not  subjected  to  bistable  operation.  Culick 
(2006)  suggests  that  nonlinear  gasdynamics  by  itself  is  insufficient  to  develop  triggering 
possibilities,  i.e.,  bistable  domains;  it  is  further  suggested  that  nonlinearity  in  the  combus¬ 
tion  description  is  needed  to  establish  the  needed  limit  cycle.  Certainly,  that  suggestion  is 
not  consistent  with  the  above-described  Princeton  asymptotic  theory  from  the  1960s  or  the 
recent  CFD  findings  at  UCI.  For  a  solid-rocket  engine,  triggering  of  combustion  instability 
was  predicted  by  Wicker  et  al.  (1996). 

Unstable  and  stable  limit  cycles  have  been  predicted  to  exist  together  with  balance  of 
acoustic  energy  addition  via  combustion  by  the  contribution  of  nonlinear  gasdynamic  terms. 
It  must  be  understood  that,  for  cases  without  shock  waves,  the  nonlinear  gasdynamics  bring 
balance,  not  by  direct  consequence  within  the  combustor  volume,  but  rather  by  influence 
on  the  acoustic  energy  efflux  through  the  nozzle.  In  a  test  (Sirignano  and  Popov,  2013)  with 
an  artificial  example  where  £  is  a  polynomial  in  p  with  no  history  effect  or  time  lag,  the 
bistable  behavior  is  predicted.  A  bistable  case  was  found  using  a  relation  E(p)  where  both 
E  and  dE/dp  were  strongly  monotonically  increasing,  positive  functions  of  p.  This  implied 
that  balance  with  a  stable  limit  cycle  could  only  occur  if  the  gasdynamic  terms  grew  more 
strongly  with  increasing  pressure  than  the  E  combustion  term. 

Limited  experimental  results  exist  for  comparison  with  computations.  An  interesting 
program  at  Purdue  University  (Shipley  et  al.,  2013)  involves  a  rectangular  cross-section 
combustion  chamber  with  transverse  oscillations.  For  this  geometry,  shock  waves  might 
travel  in  the  transverse  direction.  In  fact,  Figure  8  of  that  paper  showing  oscillatory  pressure 
profiles  indicates  the  classical  result  with  shocks  of  steep  wavefronts  with  different  steep 
fronts  for  travel  in  each  direction.  New  analyses  will  have  to  reflect  this  different  geometry 
if  comparisons  are  to  be  made.  The  experimental  design  also  allows  for  study  of  the  effect 
of  transverse  velocity  on  the  coaxial  jet  flame  from  each  injector  during  oscillation.  A  good 
computational  analysis  of  this  velocity  coupling  is  needed. 

The  effect  of  entropy  variation  in  the  wave  phenomenon  described  by  Eq.  (18)  is 
generally  neglected.  For  the  inviscid,  non-heat-conducting  case,  this  leads  to  the  existence 
of  a  velocity  potential  for  the  acoustical  perturbations,  i.e.,  no  vorticity  is  associated  with  the 
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oscillation.  However,  some  damping  of  the  oscillation  can  be  expected  from  the  presence 
of  that  entropy  term.  A  rough  estimate  based  on  a  relation  of  entropy  gain  with  temperature 
would  yield  that  the  expected  magnitude  of  that  entropy  term  in  the  wave  equation  is  less 
than  the  energy  addition  rate  due  to  combustion  by  a  multiplicative  factor  of  (y  —  1)  /y . 
Therefore,  unless  proven  otherwise  by  a  more  exact  analysis,  the  neglect  of  that  term  should 
be  done  with  caution. 

6.  CONCLUDING  REMARKS 

Combustion  instability  can  occur  in  an  engine  with  spray  flow  resulting  from  injec¬ 
tion  of  liquid  propellants.  The  presence  of  the  second  phase  modifies  the  wave  dynamics 
but  a  wave  equation  can  still  be  constructed  describing  the  nonlinear  acoustics.  The  wave 
equation  contains  terms  reflecting  the  exchanges  of  mass,  moment,  and  energy  between 
the  phases;  however,  the  highest  derivatives  in  the  equation  are  identical  to  those  for  the 
single-phase  wave  equation. 

The  combustion  instability  phenomena  present  a  multi-scale  problem.  Various  length 
and  time  scales  result  from  acoustics;  kinematic  waves;  and  the  processes  for  injection, 
vaporization,  mixing,  and  oxidation.  The  Sensitive-Time-Lag  Theory  and  other  heuristic 
approaches  allow  the  bypass  of  treatment  of  the  smaller  scales  associated  with  combustion. 
Mathematical  and  computational  approaches  that  address  all  of  the  physically  important 
scales  are  desired  for  the  future  and  are  beginning  to  appear. 

Combustion  instability  becomes  more  likely  when  a  change  in  operational  parameters 
causes  the  fractional  perturbation  in  the  energy  release  rate  A  E/E  to  increase  for  a  given 
fractional  change  in  pressure  A  p/p.  The  chemical-kinetic-controlled  combustion  shows 
this  non-intuitive  effect  for  the  gas  rocket  engine  where  near-stoichiometric  operation  can 
be  more  stable  than  off-stoichiometric  operation.  This  behavior  has  implications  for  lean- 
combustion  systems. 

Ubiquitous  examples  exist  where  the  most  unstable  domain  has  a  controlling  charac¬ 
teristic  time  that  aligns  well  with  the  resonant  frequency;  see  the  results  of  Figures  3  and  4. 
Cases  of  poor  alignment  can  explain  stable  operation.  See  Figure  6  and  the  explanation  for 
stable  operation  of  H2  —  CL  systems. 

Bistable  operational  domains  are  shown  to  be  present  in  some  systems,  making  non¬ 
linear  triggering  of  an  instability  a  possibility.  In  these  domains,  both  a  stable  limit  cycle 
and  an  unstable  limit  cycle  (triggering  threshold)  exist.  The  bistable  region  typically  lies 
between  an  unconditionally  stable  zone  and  an  unconditionally  unstable  zone  in  operational 
parameter  space. 

For  oscillations  with  shock  waves,  the  associated  dissipation  keeps  the  nondimen- 
sional  limit-cycle  amplitude  to  the  order  of  the  mean-flow  Mach  number  M.  A  perturbation 
analysis  up  to  second  order  in  amplitude  is  sufficient  here  for  the  lowest  approximation  to 
amplitude.  Comparison  with  an  experiment  verified  this  asymptotic  ordering.  For  continu¬ 
ous  waves,  larger  amplitudes  of  the  order  of  \[M  appear  with  a  nondimensional  transient 
development  time  of  the  order  of  1/M.  A  third-order  analysis  is  required  to  estimate 
the  amplitude.  In  a  limited  comparison  with  CFD  results,  support  for  this  ordering  was 
found.  For  the  cases  discussed,  the  Mach  number  of  the  mean  flow  was  representative  of 
the  strengths  of  forcing  by  combustion  and  damping  by  nozzle.  In  other  cases,  different 
parameters  can  become  representative  of  those  critical  strengths. 

For  longitudinal  and  transverse  modes  of  oscillation  with  and  without  shock  waves, 
the  primary  balance  in  determining  limit  cycles  comes  between  linear  terms  representing 
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forcing  by  combustion  and  damping  by  nozzle  and  nonlinear  gasdynamic  terms.  For  higher- 
order  refinement  of  the  description,  nonlinear  forcing  and  damping  terms  can  become 
relevant. 

Some  important  problems  remain  related  to  driving  mechanisms  for  combustion 
instability;  a  few  examples  can  be  briefly  presented,  (i)  The  interactions  of  the  acoustic 
oscillation  with  the  turbulent  structures  needs  to  be  understood  better.  When  is  the  cou¬ 
pling  well  represented  as  one-way?  That  is,  when  does  the  acoustic  field  influence  the 
turbulence  without  the  turbulence  significantly  affecting  the  acoustics?  We  allow  here  for 
indirect  influence  through  the  combustion  process;  i.e.,  acoustics  affect  turbulence,  which 
then  influences  the  combustion  driving  mechanism,  (ii)  More  studies  are  needed  about  the 
driving  mechanisms  for  continuous  operation  at  very  high  pressures  and  also  for  intermit¬ 
tent  high  pressure  operation  during  peak  portions  of  the  acoustic  oscillation  period.  It  must 
be  determined  when  two  phases  can  exist,  which  cannot  be  determined  a  priori  by  com¬ 
paring  the  critical  pressure  and  temperature  for  each  propellant  to  the  operating  conditions. 
Studies  of  instantaneous  and  local  mixture  critical  values  are  needed,  (iii)  The  response  of 
the  combustion  processes  to  transverse  waves  can  be  very  important  but  is  not  well  under¬ 
stood.  In  summary,  challenging  opportunities  for  research  related  to  combustion  instability 
driving  mechanisms  remain  to  be  addressed  further. 
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NOMENCLATURE 


A 

At,  Ac 

A,  B,  C,  D 

a 

as 

a,b 

Bo 

cp 

cv 

D 

E 

Ea 

e 

F 

Fm 

f 

G 

H 

h 

n 

n 

P 

Q 


pre-exponential  factor 

cross-sectional  area  of  nozzle  throat  and  capture  flow 

constants  in  the  generic  nonlinear  differential  for /  (#) 

speed  of  sound 

acceleration  of  liquid  stream 

constants  in  cubic  equation  of  state 

Bond  number 

specific  heat  under  constant  pressure 
specific  heat  under  constant  volume 
mass  diffusivity 

energy  conversion  rate  per  unit  volume 

activation  energy 

specific  internal  energy 

functional  in  wave  function  equation 

aerodynamic  force  on  droplets  per  unit  mixture  volume 

wave  function 

response  factor 

collection  of  terms  in  Eq.  (29) 

specific  enthalpy 

droplet  number  density 

interaction  index  of  Sensitive-Time-Lag  Theory 
pressure 

heat  of  combustion 
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R 

R 

R 

Ru 

r,  n 

S 

s 

T 

T 

t 

U,  V,  if; 

Us 

V 

We 

Xi 

Ym 

P 

Pi 

P 

a 

os 

x 

tm,  r r 
<t> 

OOm 


specific  gas  constant 

combustion  chamber  radius 

source  term  in  wave  equation 

universal  gas  constant 

global  rate,  rate  of  process  i 

source  term  in  equation 

specific  entropy 

cycle  period 

temperature 

time 

velocity 

characteristic  velocity  of  liquid  stream 

specific  volume 

Weber  number 

Cartesian  coordinates 

mass  fraction  of  species  m 

density 

liquid  density 

mass  of  gas  per  unit  volume  in  two-phase  flow 
asymptotic  order  for  slow  time 
surface  tension  for  liquid  stream 
time  lag 

characteristic  times  for  mixing  and  chemical  reaction 
viscous  stress  tensor 
viscous  dissipation 
reaction  rate  for  species  m 


Superscripts 


perturbation  quantity 
steady-state  value 

r  time-lag  applied  to  argument  of  term 


Subscripts 


c 

i,  j,  x,  y,  r,  9 
m 


1,2,  3,  .  .  . 


critical  thermodynamic  quantity 
indices  for  vector  direction 
index  for  chemical  species 
order  of  perturbation  quantity 
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Abstract 

A  computational  analysis  of  transverse  acoustic  instability  is  presented 
for  an  experimental  combustion  chamber  with  rectangular  cross-section. 
The  analysis  is  shown  to  be  efficient  and  accurate.  The  governing  equa¬ 
tions  are  solved  on  multiple,  coupled  grids,  which  are  two-dimensional  in 
the  combustion  chamber  and  nozzle,  and  one-dimensional  in  the  injector 
port.  Thus,  they  allow  for  a  fast  simulation,  even  in  a  serial  run.  Due 
to  the  lengthscale  difference,  the  jet  flame  behavior  at  the  injectors,  in¬ 
cluding  effects  of  turbulence  can  be  decoupled  from  the  acoustic  effects, 
and  solved  on  a  local  grid  for  each  jet  flame  emerging  from  an  injec¬ 
tor.  Wave  propagation  through  the  injector  feed  ports  is  evaluated  on 
additional,  one-dimensional  grids  for  each  injector  port.  The  overall  algo¬ 
rithm  is  used  to  simulate  the  Purdue  seven-injector  rocket  engine;  good 
quantitative  agreement  between  simulations  and  experiment  is  achieved. 
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Consistently  with  experimental  results,  the  simulations  predict  that  the 
experimental  setup  is  unconditionally  unstable,  with  small  perturbations 
growing  to  a  limit  cycle  whose  shape  is  a  first  transverse  acoustic  mode 
of  the  chamber. 

a  Speed  of  sound,  m/s 

cp  Specific  heat  at  constant  pressure,  J/°K  kg 

D  Mass  diffusivity,  m2/s 

Cx,  Cv  Rapid-distortion  strain  of  velocity  field 

Sij  Velocity  field  strain  tensor 

lm  mixing  length 

E  Energy  release  rate,  J /kg  s 

L  Chamber  thickness,  m 

r  Radial  position,  m 

Rc  Chamber  wall  radius  of  curvature,  m 

p  Pressure,  newton  m'2 

t  Time,  s 

T  Temperature,  K 

Yj  Mass  fraction  of  species  i 


Greek  symbols 


a,  j3 
7 
V 
1ST 

p 

W,; 


Schwab-Zel’dovich  variables 
Ratio  of  specific  heats 

Local  radial  coordinate  for  the  injector  grids 
Turbulent  kinematic  viscosity,  m2/s 
Density,  kgm  m'3 
Reaction  rate  of  species  i,  s"1 
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1  Introduction 

We  address  the  problem  of  liquid  propellant  rocket  engine  (LPRE)  combustion 
instability,  which  is  a  well-known  and  undesirable  phenomenon  in  rocket  opera¬ 
tion.  The  high  energy  release  by  combustion  can,  in  certain  conditions,  reinforce 
acoustic  oscillations,  causing  them  to  grow  to  destructive  amplitudes.  LPRE 
combustion  instability  provides  a  very  interesting  nonlinear  dynamics  problem 
as  shown  by  both  theory  and  experiment:  [1,  2,  3]. 

There  are  two  general  types  of  acoustical  combustion  instability:  “driven” 
instability  and  “self-excited”  instability  as  noted  by  Culick  [4]  who  describes 
evidence  in  some  solid-propellant  rockets  of  the  driven  type  where  noise  or 
vortex  shedding  causes  kinematic  waves  (i.e. ,  waves  carried  with  the  moving 
gas)  of  vorticity  or  entropy  to  travel  to  some  point  where  an  acoustical  reflection 
occurs.  The  reflected  wave  causes  more  noise  or  vortex  shedding  after  travelling 
back  and  a  cyclic  character  results.  These  driven  types  do  not  rely  on  acoustical 
chamber  resonance  and  are  much  smaller  in  amplitude  since  the  energy  level  is 
limited  by  the  driving  energy.  The  frequency  of  oscillation  for  cases  where 
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vortex  shedding  is  a  factor  depends  on  two  velocities,  the  sound  speed  and  the 
subsonic,  kinematic  speed  of  the  vortex.  Consequently,  the  frequency  is  lower 
than  a  purely  acoustic  resonant  frequency.  Oscillations  of  this  type  are  found 
in  the  longitudinal  mode.  To  the  best  of  our  knowledge,  these  have  never  been 
observed  in  LPRE  operation  or  in  any  transverse-mode  instability  and,  when 
occurring  in  solid  rockets  or  ramjets,  the  amplitudes  are  much  lower  than  the 
values  of  concern  for  LPRE.  So,  they  will  not  be  addressed  in  this  research. 

Interest  in  propellant  combinations  of  hydrocarbon  fuel  and  oxygen,  stored 
as  liquids,  is  returning  in  the  LPRE  field.  The  analysis  and  results  here  will 
address  situations  where  the  hydrocarbon  and  oxidizer  propellants  are  injected 
co-axially  as  gasses.  These  propellants  will  have  elevated  temperatures  at  the 
injectors  because  they  have  been  used  prior  to  injection  either  for  partial  com¬ 
bustion  for  gas  generation  to  drive  a  turbo  pump  or  as  a  coolant  before  injection. 
In  particular,  the  inlet  temperature  and  the  mean  combustion-chamber  pressure 
were  carefully  chosen  to  place  the  mixture  in  the  supercritical  (but  near  perfect 
gas)  domain.  Therefore,  realism  is  maintained  here  when  the  chamber  flow  is 
treated  as  gaseous  and  the  perfect  gas  law  is  used. 

The  dynamic  coupling  of  the  injector  system  with  the  combustion  chamber  of 
a  liquid-propellant  rocket  engine  has  been  a  topic  of  interest  for  many  decades. 
Two  types  of  instabilities  are  known  to  occur.  The  chugging  instability  mode 
has  nearly  uniform  but  time- varying  pressure  in  the  combustion  chamber.  The 
combustion  chamber  acts  as  an  accumulator  or  capacitor  while  the  inflowing 
propellant  mass  flux  oscillates  because  the  oscillating  chamber  pressure  causes 
a  flux-controlling  oscillatory  pressure  drop  across  the  injector.  This  low  fre¬ 
quency  instability  was  characterized  by  Summerfield  [5].  The  second  type  of 
coupling  involves  a  high  frequency  oscillation  at  a  near-resonant  chamber  mode 
frequency.  Here,  the  resonant  frequency  has  been  modestly  adjusted  because 
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the  acoustic  system  involves  some  portion  of  the  internal  volume  of  the  injec¬ 
tor  as  well  as  the  combustion  chamber  and  convergent  nozzle  volumes.  Crocco 
and  Cheng  [6]  discuss  both  types  of  instability  for  one-dimensional  (longitu¬ 
dinal)  oscillations.  Interesting  discussions  of  coupled  injector-system  acoustics 
by  Nestlerode,  Fenwick,  and  Sack  and  by  Harrje  and  Reardon  can  be  found  in 
Chapter  3  of  the  well-known  NASA  SP-194  [1].  More  recent  overviews  and  anal¬ 
yses  are  provided  by  Hutt  and  Rocker  [7]  and  DeBenedictus  and  Ordonneau  [8] . 
Yang  et  al.  [9]  provide  several  interesting  articles  on  the  design  and  modelling 
of  rocket  injector  systems. 

The  disturbances  that  trigger  combustion  instability  can  result  from  fluid- 
mechanical  disruptions  in  the  propellant  injection  process,  shedding  in  the  com¬ 
bustion  chamber  of  large  rogue  vortices  that  eventually  flow  through  the  choked 
nozzle  [10],  extraordinary  excursions  in  local  burning  rates  [11,  12],  an  acceler¬ 
ation  of  the  entire  LPRE  engine  [11,  13],  or  a  synergism  amongst  such  events. 

In  this  paper,  an  analysis  is  presented  of  nonlinear,  transverse-mode  combus¬ 
tion  instability  in  a  rectangular  LPRE  combustion  chamber  with  a  long  nozzle 
whose  length  is  comparable  to  the  length  of  the  combustion  chamber.  Thus, 
the  present  study  builds  on  previous  analyses  [3,  12,  11].  A  particular  experi¬ 
mental  configuration,  the  seven-injector  rocket  engine  studied  by  the  Anderson 
group  at  Purdue  University  [14,  15,  16],  is  simulated.  The  Purdue  experimental 
group  studied  transverse  oscillations  in  a  rectangular  cross-section  combustion 
chamber. 

Although  the  rectangular  cross-section  combustion  chamber  is  not  practi¬ 
cal  for  high-pressure  operations,  it  has  long  been  a  useful  experimental  device 
with  easier  access  for  measurements  and  observations.  Reference  [1]  contains 
several  early  works  on  rectangular  cross-section  combustion  chambers.  Bracco 
and  Harrje  from  Princeton  University,  and  Coultas  and  Nestlerode  from  Rock- 
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etdyne  discuss  in  sub-sections  7.2.4  and  9. 2. 2. 4,  respectively,  the  use  of  square 
cross-sections  for  the  study  of  longitudinal  inodes.  Certain  observations  and 
measurements  were  made  easier  with  this  cross-section.  Coultas  and  Nestlerode 
in  sub-section  9. 2. 2. 5  discuss  their  two-dimensional  rocket  motor  which  takes 
a  rectangular,  diametrical  slice  of  an  actual  motor.  Sirignano  in  sub-section 
3.5.1  presents  a  generalized,  three-dimensional,  linear  theory  and  applies  it 
to  several  combustion  chamber  shapes  for  transverse  oscillations;  rectangular 
cross-sections  are  considered  there.  Levine  [17]  expounds  on  the  Rocketdyne 
experience  with  the  two-dimensional  motor.  With  various  practical  propellant 
combinations,  stable  and  unstable  operational  domains  were  found;  transverse 
oscillations  could  be  triggered. 

In  practice,  propellant  flow  through  the  injector  can  be  in  the  same  liq¬ 
uid  phase  as  the  stored  propellant,  in  a  gaseous  form  mixed  with  combustion 
products  because  of  upstream  flow  through  a  pre-burner  used  for  a  propellant 
turbo-pump,  or  in  gaseous  form  because  the  liquid  propellant  was  used  as  a 
combustion-chamber-wall  coolant  upstream.  We  consider  here  gaseous  co-axial 
flow  of  the  pure  propellants,  RP1,  ethane  and  H2O2 ,  based  on  the  last  scenario. 

The  remainder  of  this  paper  is  organized  as  follows:  the  experimental  setup 
for  the  seven- injector  rocket  engine  is  presented  in  section  2,  the  governing  equa¬ 
tions  of  the  pressure  wave  dynamics  are  given  in  section  3.  Section  4  presents  the 
calculation  of  heat  release  performed  on  local  cylindrical  grids  for  each  injector. 
Computational  results  are  given  in  section  5,  and  a  brief  discussion  on  the  com¬ 
putational  cost  of  this  procedure  is  provided  in  section  6.  Finally,  conclusions 
are  drawn  in  section  7. 
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2  Experimental  Configuration  and  Results 

The  Purdue  combustion  chamber  is  shown  in  Fig.  1.  Its  upstream  portion 
is  rectangular,  of  length  13.39c?n,  width  26.67cm  and  height  3.81cm.  This  is 
followed  by  a  straight  converging  nozzle  of  length  9.84cm  whose  throat  has  a 
cross-section  of  15.07cm  x  1.44cm. 

The  injector  plate  contains  seven  injectors  spaced  apart  evenly  in  the  trans¬ 
verse  direction,  with  a  distance  of  3.81cm  between  adjacent  injector  axes.  Each 
injector  consists  of  an  oxidizer  post  coaxial  with  a  surrounding  fuel  inlet,  with 
the  oxidizer  post  diameter  being  2.05cm  and  the  fuel  inlet  outer  diameter  being 
2.31cm,  with  an  inner  diameter  of  2.229cm.  For  the  central  study  injector,  the 
length  of  the  oxidizer  post  is  12.92c?n  and  the  length  of  the  fuel  inlet  is  2.79cm; 
for  the  driving  injectors,  the  length  of  the  oxidizer  post  is  17.04cm  and  the 
length  of  the  fuel  inlet  is  2.28cm. 

The  oxidizer  mixture  for  the  central  study  element  is  90%  hydrogen  peroxide 
which  is  partially-decomposed  at  the  beginning  of  the  oxidizer  post,  and  fully- 
decomposed  by  the  time  it  reaches  the  combustion  chamber  orifice.  Thus,  the 
inlet  mixture  in  the  combustion  flame  grids  is,  on  a  mass  basis,  58%  H2O  and 
42%  O2,  for  an  H2O  mass  flow  rate  of  0.106fcg/s  and  an  O2  mass  flow  rate 
of  0.07 6kg/s;  the  inlet  temperature  is  1029A7  The  fuel  mixture  for  the  study 
element  is  ethane  with  a  mass  flow  rate  of  0.025 kg/s  and  an  inlet  temperature 
of  319AT. 

The  oxidizer  mixture  for  the  driving  elements  element  is  again  58%  H20 
and  42%  O2 ,  with  an  H2O  mass  flow  rate  of  0.113 kg/s,  an  O2  mass  flow  rate 
of  0.083 kg/s,  and  an  inlet  temperature  of  1029AT.  The  fuel  mixture  for  the 
driving  elements  is  RP1  with  a  mass  flow  rate  of  0.033 kg/s  and  an  inlet  tem¬ 
perature  of  298.15A7  Decane  will  be  used  in  our  model  to  represent  the  RPl.  In 
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Figure  1:  Rectangular  combustion  chamber  and  nozzle  with  injectors. 

this  study,  we  simulate  several  of  the  experimental  configurations  studied  by  the 
Anderson  group,  in  particular  the  configurations  ”00X0X00”,  ’’OXXOXXO”, 
’’XOOOOOX”  and  ’’XOXOXOX”,  where  an  ”X”  indicates  an  injector  port  with 
only  oxidizer  inflow  (i.e.,  the  fuel  ports  for  that  injector  are  plugged),  and  ”0” 
indicates  an  injector  port  with  both  fuel  and  oxidizer.  In  all  of  these  configura¬ 
tions,  the  central  study  element  has  ethane  fuel  inflow,  and  the  difference  comes 
up  to  which  of  the  driving  elements  have  RP1  fuel  inflow. 

With  this  experimental  configuration,  a  spontaneous  instability  of  peak-to- 
peak  amplitude  of  620 kPa  is  measured,  with  a  mean  pressure  of  965 kPa.  The 
frequency  of  the  first  transverse  mode  component  of  the  instability  is  2032 Hz. 
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3  Basic  Equations  for  Wave  Dynamics 

The  equations  for  pressure  and  velocity  in  the  chamber  are  simplified  -  the  scale 
of  turbulent  motions  is  considered  to  be  much  smaller  than  the  acoustic  wave 
scale,  whose  lengthscale  is  comparable  to  the  lengthscale  of  the  combustion 
chamber.  Thus,  it  can  be  assumed  that  turbulence  and  molecular  diffusion  do 
not  have  a  significant  impact  on  the  large-scale  pressure  and  velocity  wave  fields, 
which  can  then  be  solved  in  inviscid  form. 

3.1  Three-dimensional  Wave  Equations 

Following  the  developments  in  [3],  the  large-scale  pressure  wave  equation  has 
the  form. 


d2p  2  92P  __  dp  da2  _  2d2{pujui) 

dt 2  a  dxjdxj  dt  dt  dt  dxidxj 

The  left-hand  side  of  the  equation  represents  the  wave  operator  in  three  di¬ 
mensions.  The  second  term  on  the  right  represents  the  influence  of  the  combus¬ 
tion  energy  release  on  the  acoustic  instability,  and  is  thus  an  integral  component 
of  the  study  of  rocket  engine  instability. 

The  large-scale  velocity  components  evolve  by 


duj 

~dt 


dui  C  dp 

1  dxj  p1!1  dxt 


=  0, 


(2) 


1/7 


where  C  =  and  the  assumption  is  made  that  pressure  dominates  over  the 
turbulent  and  molecular  viscosity  terms. 

These  equations,  applied  previously  to  a  cylindrical  chamber  [3,  12,  11],  were 
successful  in  identifying  three  domains  within  the  parameter  space:  uncondi- 
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tional  instability,  conditional  instability  and  unconditional  stability.  Transients 
and  limit  cycles  were  produced  for  several  different  instability  events. 

3.2  Reduction  to  a  Two-dimensional  Wave  Equation 

In  this  study,  we  use  the  fact  that  the  combustion  chamber  is  narrow  in  the 
height  dimension,  which  implies  that  the  solution  fields  vary  little  in  that  di¬ 
mension,  and  can  therefore  be  averaged  over  it.  The  chamber  height,  L(x ,  y),  is 
constant  over  the  initial  section  of  the  combustion  chamber  and  varies  linearly 
with  x  in  the  converging  nozzle  portion  of  the  chamber. 

Following  Sirignano  and  Popov  [3] ,  two-dimensional  averages  (here,  over  the 
height  dimension)  of  the  pressure  and  velocity  fields  p  =  (1/L(x,  y))  /0L('C’W'>  pdx 3, 

P=  (1  /L(x,y)  f0L(x’v)  pdx3,  a  =  (1/L(x,y))  f^(x’v)  adx3,andu  =  (1/L(x,y))  f^(x,v)  udx3. 
Integrating  Equation  (1)  over  x3  and  neglecting  the  difference  between  products 
of  averages  and  averages  of  products,  we  get 


d2p 


d2p  1  dL  dp 

dxjdxj  L  dx  1  dx  1 


dp  da2  ,  .  dE 


_2d2(pujUi)  _2  1  51/  d(puiUi) 

”*"a  dxidxj  a  L  dxi  dxi 


(3) 


where  *  =  1,2;  j  =  1,2.  The  last  terms  on  both  the  left-  and  right-hand  sides 
correspond  to  the  effect  which  the  variable  combustion  chamber  width  (in  the 
x3—  direction)  has  on  the  divergence  operators  in  eq.l.  The  above  equation 
contains  derivatives  of  L  only  in  the  X\  direction  because  L  does  not  vary  in  the 
X2  direction. 

Similarly,  the  averaged  version  of  equation  2  has  the  form: 


dUi  dui  l  dL  C  dp 

~dt  +  Ujd^j  +  ~L~dxi  {UiUl)  +  = 


(4) 
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These  equations  are  solved  on  an  orthogonal  curvilinear  coordinate  system, 
which  represents  a  conformal  map  of  the  present  hexagonal  domain  onto  a 
square.  The  curvilinear  form  of  eqs.  3  and  4,  with  the  associated  nomenclature, 
is  given  in  Appendix  A. 

At  the  walls  of  the  combustion  chamber,  the  boundary  conditions  on  the 
pressure  and  velocity  are 


dp  p^u\ 

tin  =  0  ;  —  = 


(5) 


dn  CRc 

with  un,ut  denoting  respectively  the  components  of  velocity  normal  and  tan¬ 
gential  to  the  wall  boundary,  and  Rc  denoting  the  wall  boundary’s  radius  of 
curvature.  At  the  downstream  end  of  the  convergent  nozzle,  a  Mach  number 
M  =  0.9  is  enforced,  and  the  short  nozzle  approximation  is  used  to  represent 
the  additional  convergence  to  a  choked  throat,  as  an  approximation  to  the  sonic 
condition  in  the  experiment. 


4  Determination  of  Heat  Release  Rate  E  with 
Co-axial  Injection 

We  seek  to  model  the  heat  release  rate  of  change,  which  is  an  integral 
component  to  the  acoustic  instability  pressure  wave  equation,  eq.l.  Following 
[3],  we  shall  denote  a  =  Yf  —  vYo,  where  Yp,  Yo  are  the  fuel  and  oxidizer  mass 
fractions,  and  v  is  their  stoichiometric  ratio.  Then,  a  is  a  conserved  scalar, 
which  we  will  determine  in  the  vicinity  of  each  injector,  on  a  axi-symmetric 
cylindrical  grid  with  the  assumption  that  the  injector  flow  field  is  mostly  in  the 
direction  co-axial  to  the  injector.  An  illustration  of  the  grids  used  for  the  jet 
flames  emerging  from  the  seven  injectors,  and  their  relation  to  the  combustion 
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Figure  2:  Cylindrical  jet  flame  grids  (blue)  and  ID  injector  port  grids  (green) 
situated  within  the  rocket  engine. 

chamber  grid  is  given  in  Fig. 2. 

With  the  variable  p  being  defined  by  /3  =  {Q/ ( cpT0))YF+T /T0—  (p/PoY1-1^1 , 
the  evolution  equations  for  the  variables  a,  p,  Yp  have  the  following  form: 


da 

da 

da 

-  D 

d2a 

1  da 

_| _ |_ 

d2a 

=  0, 

(6) 

~dt 

OX 

+  Uvdr] 

dr,2 

r,  dr, 

dx2  _ 

dp 

d/3 

I  q  1  __ 

dp 

-  D 

'  d2P 

1  dp 
_| _ 

d2p~ 

=  0 

(7) 

~dt 

OX 

+  Uv  dr, 

dr,2 

77  dr. 

dx2 

and 


dYF  dYF  dYF  „ 
+  Ux  — - h  U„  — - D 


dt 


dx 


dr. 


d2YF  IdYp  ,  d2YF 


=  wp, 


(8) 


dr]2  7]  dr]  dx 2 

where  x,  r)  are  respectively  the  axial  and  radial  coordinates  of  the  cylindrical 
injector  grids,  and  the  source  term  on  the  right-hand  side  of  Eq.  (8)  is  obtained 
from  a  Westbrook-Dryer  two-step  oxidation  mechanism  [18],  from  the  fuel  {C2HQ 
for  the  central  injector  element,  C10H22  for  the  driving  injector  elements)  to  CO, 
and  then  from  CO  to  CO2.  In  order  to  obtain  the  concentrations  of  both  the 
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injector  fuel  and  CO  from  the  fuel  mass  fraction,  it  is  assumed  that  oxidation 
of  CO  occurs  only  after  the  partial  oxidation  of  the  fuel  to  CO  has  reached  its 
completion. 

Building  on  [3],  the  source  term  in  Eq.  8  is  obtained  via  an  assumed-PDF 
model  for  a  and  /?,  so  that  the  means  of  a  and  /?  evolve  by  Eqs.  6,7  and  their 
subgrid  distributions  are  assumed  to  be  beta  functions,  which  are  standard 
PDFs  for  modeling  mixing  of  two  or  more  streams.  The  term  u>f  in  Eq.  8  is 
then  obtained  via  integration  over  the  sample  space  of  a  and  (3.  The  assumed 
PDF  model  has  been  used  with  great  success  for  the  simulation  of  turbulent 
non-premixed  flames  which  are  not  near  extinction  [19].  For  more  details,  the 
reader  is  referred  to  [19]. 

The  axial  and  radial  velocities  in  Eqs.  (6-8)  are  obtained  from  a  solution  of 
the  variable  density  Reynolds- Averaged  Navier-Stokes  axi-symmetric  equations: 


(9) 


(10) 


which  are  solved  on  each  jet  flame  grid,  where  pi(x,  rj ,  t )  is  a  local  hydrodynamic 
pressure  whose  mean  is  by  definition  0  and  which  has  considerably  lower  magni¬ 


tude  than  the  injector  pressure  p(t)  obtained  from  Eq.  (1).  The  density  in  Eqs. 


(10,11)  is  obtained  from  the  species  scalars  and  the  long-wavelength  pressure, 
p{t):  at  the  injector’s  location,  so  that  the  overall  procedure  for  solving  Eqs. 
(10,11)  is  elliptic. 
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The  turbulent  viscosity  vt  is  evaluated  based  on  a  mixing- length  model  [20] : 

,  _  _  \  (1/2) 

VT  =  lm  [2SijSijJ  ,  (11) 

where  S/j  is  the  strain  tensor  of  the  velocities  in  Eqs.  (10,11)  and  lm  is  the 
mixing  length,  defined  as 


lm(x ) 


3 

1  +  Cx[x )  +  Cri(x) 


r\/2(x). 


(12) 


In  the  above  formula,  r  1/2(2;)  is  the  radius  in  the  constant  x  plane  at  which 
the  velocity  magnitude  has  decreased  to  1/2  if  its  maximum  value,  and  Cx{ x), 
Crj  ( x )  are  the  values  of  strain  of  the  approximately  axi-symmetric  velocity  fields 
of  Eqs.  (10,11)  by  the  chamber  velocity  obtained  in  solution  to  Eq.(4).  Utilizing 
rapid  distortion  theory  [20],  the  fluctuating  velocity  field  evolves  and  is  driven 
by  the  mean  strain  when  the  time  scale  of  the  mean  strain  which  is  much  faster 
than  that  of  the  turbulence.  Hence,  Cx ,  Cv  evolve  by 


dCx(x) 

dt 

~  ~  \  (1/2) 

=  +  (!  -  Cx(x))  (2 SijSij) 

(13) 

dCrf  (x) 
dt 

c\~  (1  /2) 

=  C„( x)-^  +  (1  -  Cv(x))  (2 SijSij) 

(14) 

where  the  velocity  strain  terms  are  evaluated  at  the  point  in  the  com- 

bustion  chamber  grid  which  corresponds  to  the  point  at  a  distance  of  x  along 
the  injector  grid’s  centerline.  As  we  shall  see  in  section  5,  the  use  of  the  rapid- 
distortion  correction  improves  the  agreement  of  the  computational  results  with 
experiments:  without  it,  the  underprediction  of  the  oscillation  amplitude  is 
much  more  pronounced. 
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Finally,  following  Popov,  Sideris  and  Sirignano  [11],  the  pressure  and  velocity 
in  the  injector  posts  are  solved  via  the  set  of  one-dimensional  wave  equations: 


d2p  2  ®2P  2  d2  (pu2)  da2d(pu) 

dt2  a  dx2  a  dx 2  dt  dx 


(15) 


(16) 


They  are  solved  on  a  ID  grid  upstream  of  each  cylindrical  injector  grid 
(shown  in  Fig. 2).  In  this  model,  velocity  fluctuations  affect  the  energy  release 
rate  through  the  modification  of  the  eddy  diffusivity,  mixing  rate  and  the  rate 
of  propellant  inflow  into  the  combustion  chamber.  Pressure  fluctuations,  on 
the  other  hand,  affect  the  chemical  rate  and  drive  the  injector  port  velocity 
fluctuations. 

5  Results 

With  the  simulation  procedure  described  here,  it  was  found  that  the  seven- 
injector  combustion  chamber  is  unconditionally  unstable  for  all  experimental 
cases  with  the  exception  of  the  ’’XOXOXOX”  case.  For  the  rest  of  the  cases, 
arbitrarily  small  perturbations  growing  to  a  limit  cycle  whose  major  component 
is  the  first  transverse  mode  of  the  chamber  in  the  X2  direction. 

Figure  3  shows  a  contour  plot  of  the  pressure  field  in  a  fully-developed  limit 
cycle  oscillation  for  the  most  unstable  ”00X0X00”  case.  Two  different  pertur¬ 
bation  mechanisms  were  tested  -  the  first  consists  of  setting  an  initial  condition 
which  is  a  first  transverse  mode  pressure  wave  of  low  amplitude,  whereas  the 
second  consisted  of  the  imposition  on  the  combustion  chamber  of  a  reciprocating 
acceleration  in  the  transverse,  X2~ direction.  As  can  be  seen  in  Fig.  3,  both  dis¬ 
turbance  mechanisms  produced  the  same  instability  waveform,  which  indicates 
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Figure  3:  Pressure  contours  for  acoustic  limit  cycles  for  the  seven-injector  rocket 
engine.  Left:  a  limit  cycle  caused  by  an  incited  low-amplitude  pressure  wave. 
Right:  a  limit  cycle  caused  by  reciprocating  acceleration. 

that  for  this  setup  the  shape  of  the  limit  cycle  does  not  depend  on  the  initial 
condition. 

It  was  found  that  the  limit  cycle  does  not  produce  shocks;  upon  grid  refine¬ 
ment  the  pressure  gradients  in  the  transverse  direction  do  not  increase.  This 
is  consistent  with  the  experimental  findings  of  Shipley  et  al.  [16]  which  did 
not  discover  the  existence  of  shocks  in  the  experimentally-measured  instabil¬ 
ity.  For  the  ”00X0X00”  case,  a  contour  plot  of  the  temperature  field  for  the 
ethane  injector  is  given  in  figure  4.  As  can  be  seen  on  that  plot,  the  maximum 
flame  temperature  is  2890AT,  with  a  coflow  temperature  of  2660/i ,  which  is  in 
good  agreement  with  the  numerical  results  of  Shipley  et  al.  [16] ,  who  report  a 
maximum  temperature  of  approximately  2800AT  and  a  coflow  temperature  of 
approximately  2550AT. 

To  illustrate  the  time-dependent  nature  of  the  solution,  Figure  5  plots,  for 
the  ”00X0X00”  case,  the  calculated  pressure  over  4  cycle  periods  at  four 


16 


Review  copy-  Do  not  distribute 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 


Submitted  to  Journal  of  Propulsion  and  Power  for  Review 


-0.01 


0.01 


0 


1 2500 


2000 


1500 

1000 


0.05 


0.10 


Figure  4:  Temperature  contour  plots  for  the  center  injector  ("OOXOXOO” 
case). 

different  locations:  at  the  outlet  of  the  central  (study)  injector,  at  the  outlet  of 
one  of  the  outermost  driving  injectors,  at  the  center  of  the  nozzle  and  at  the  edge 
of  the  nozzle.  It  can  be  seen  that  the  leading  edge  of  the  pressure  wave  has  a 
sharper  gradient  than  its  trailing  edge,  but  the  gradient  is  still  finite.  Note  that, 
while  the  central  injector  falls  at  a  pressure  node  of  the  linear  first  transverse 
acoustic  mode,  there  is  still  some  pressure  oscillation  at  that  location,  due  to 
higher-order  effects.  We  also  note  that  the  pressure  oscillations  at  the  central 
injector  are  out  of  phase  with  the  larger  amplitude  oscillations  near  the  side 
wall. 

Figure  6  plots,  for  the  ”00X0X00”  case,  the  transverse  velocity  at  the 
central  and  outer  injector,  and  at  the  center  of  the  nozzle.  We  note  that  the 
transverse  velocity  is  greatest  at  the  central  injector,  which  falls  on  a  velocity 
anti-node  of  the  linear  first  transverse  mode.  Time  histories  of  the  net  heat 
releases  from  the  central  and  outer  driving  injector  are  given  on  Figure  7.  For 
the  driving  injector,  we  can  see  considerable  large  amplitude  oscillation  of  the 
heat  release  over  time.  It  is  this  variation  that  drives  the  transverse  acoustic 
instability.  The  stronger  response  of  the  heat  release  rate  near  the  outer  injector 
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Figure  5:  Pressure  as  a  function  of  time  at  four  different  points  in  the  domain 
(”OOXOXOO”  case). 

versus  the  inner  injector  implies  that  pressure  coupling,  either  directly  or  via 
wave  propagation  in  the  injectors,  is  stronger  than  velocity  coupling  of  the 
energy  release  rate. 

Additional  comparisons  with  experimental  data  can  be  made  with  respect 
to  the  frequency  and  amplitude  of  the  limit  cycle.  Figure  8  plots  the  eventual 
limit  cycle  magnitudes,  for  the  different  experimental  cases,  of  simulations  whose 
initial  condition  is  a  first  transverse  mode  wave  of  varying  initial  amplitude. 

As  can  be  seen  on  that  figure,  for  the  cases  ”00X0X00”,  ’’OXXOXXO” 
and  ’’XOOOOOX”  all  initial  perturbations,  down  to  a  magnitude  of  1  kPa  pro¬ 
duce  a  limit  cycle  whose  amplitude  is  constant  for  the  given  test  case.  For 
the  ’’XOXOXOX”  case,  an  initial  perturbation  of  amplitude  1  kPa  will  decay, 
whereas  perturbations  of  amplitude  2 kPa  will  grow  to  an  acoustic  limit  cycle. 
Thus,  our  simulation  procedure  predicts  that  the  first  three  cases  mentioned 
above  are  unconditionally  unstable,  which  is  in  agreement  with  the  experimen¬ 
ts 
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Figure  6:  Transverse  velocity  as  a  function  of  time  at  three  different  points  in 
the  domain  (”00X0X00”  case). 


Figure  7:  Net  heat  release,  as  a  function  of  time,  of  the  central  and  outermost 
driving  injectors  (”00X0X00”  case). 
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Figure  8:  Limit-cycle  amplitudes  for  simulations  whose  initial  condition  is  a 
first  transverse  mode  pressure  wave  of  varying  amplitude.  The  lines  indicate 
the  experimentally-observed  limit-cycle  amplitudes. 
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tal  data  (in  the  experiment,  the  instability  developed  spontaneously,  without 
the  need  for  forcing),  and  the  ’’XOXOXOX”  case  is  conditionally  conditionally 
unstable,  contrary  to  experimental  data. 

Despite  this  disagreement  for  the  ’’XOXOXOX”  case,  overall  the  present 
simulation  predicts  the  stability  characteristics  of  the  seven-injector  rocket  mo¬ 
tor  exceptionally  well.  The  limit-cycle  amplitudes  and  frequencies  for  the  four 
cases  (in  those  simulations  where  a  limit  cycle  was  observed)  are  given  in  Table 
1. 


Test  Case 

simulation 

limit- 

cycle 

ampl. 

(kPa) 

expt. 

limit- 

cycle 

ampl. 

(kPa) 

simulation 

freq.  (Hz) 

expt. 

freq. 

(Hz) 

relative  er¬ 
rors  (ampl. 

/  freq.) 

00X0X00 

580 

620 

1931 

2032 

6%/5% 

oxxoxxo 

398 

415 

1720 

1807 

4%/5% 

xooooox 

161 

175 

1766 

1855 

896/5% 

XOXOXOX 

65 

70 

1803 

1912 

7%/6% 

Table  1:  Comparison  between  computed  and  experimentally  observed  limit  cycle 
amplitudes  and  frequencies. 


As  can  be  seen  on  this  table,  the  present  computational  procedure  tends  to 
underpredict  both  the  amplitude  and  frequency  of  the  experimentally-observed 
limit  cycles.  In  terms  of  frequency,  the  numerical  results  are  consistenly  be¬ 
tween  5%  and  6%  lower  than  experiment.  The  relative  error  in  the  limit-cycle 
amplitude  varies  more,  with  the  maximum  being  8%  and  the  minimum  being 
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4%.  We  also  note  that  the  disagreement  in  amplitude  and  frequency  tends  to 
be  greater  in  the  more  stable  cases:  ’’XOOOOOX”  and  ’’XOXOXOX”.  Overall, 
however,  the  quantitative  agreement  is  strong  (6.25%  mean  relative  error  for 
amplitude,  5.25%  mean  relative  error  for  frequency)  for  a  simulation  procedure 
such  as  the  present,  optimized  for  low  computational  cost,  for  design  purposes. 

We  also  note  that  the  use  of  the  rapid-distortion  theory  (RDT)  model  en¬ 
capsulated  by  Eqs.  12  -  14  contributes  to  the  good  agreement  between  exper¬ 
iment  and  simulation:  without  RDT,  the  simulated  limit-cycle  amplitudes  are 
543 kPa,  379 kPa,  157 kPa  and  66 kPa  for  the  ”00X0X00”,  ’’OXXOXXO”, 
’’XOOOOOX”  and  ’’XOXOXOX”  cases,  respectively.  Thus,  especially  in  the 
cases  with  a  large  limit-cycle  amplitude,  the  underprediction  of  experimental 
results  would  be  considerably  more  pronounced  without  the  incorporation  of 
the  RDT  model. 

Finally,  we  note  that  the  stability  regime  of  the  combustion  chamber  can 
be  greatly  affected  by  modifying  the  injector  mass  flow  away  from  the  reported 
experimental  values.  As  shown  on  Table  2,  reducing  the  oxidizer  mass  flow  of  the 
outer  driving  injectors  of  the  ”00X0X00”  case,  to  70%  of  the  experimental 
values,  yields  a  conditionally  unstable  simulation:  a  limit  cycle  oscillation  of 
213fcPa  amplitude  is  predicted,  but  only  for  first  transverse  mode  perturbations 
whose  amplitude  is  98 kPa  or  greater.  Further  reducing  the  oxidizer  mass  flow 
rate,  to  50%  of  the  experimental  values,  leads  to  an  unconditionally  stable 
regime. 
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Test  case  stability  regime 

H20  mass 

02  mass 

limit  cycle 

flow  rate 

flow  rate 

amplitude 

Unconditionally  unstable 

0.113  %/s 

0.083 %/s 

580 kPa 

Conditionally  unstable 

0.079 %/s 

0.058%/s 

213  kPa 

Unconditionally  stable 

0.0565 %/s 

0.0415%/s 

0  kPa 

Table  2:  Effects  of  oxidizer  mass  flow  variation  on  the  stability  characteristics 


of  the  OOXOXOO  case. 

6  Computational  Cost 

The  main  advantage  of  the  present  computational  procedure  over  existing  nu¬ 
merical  algorithms  is  in  its  very  low  computational  cost.  Due  to  the  fact  that 
the  governing  equations  were  simplified  to  a  form  which  could  be  solved  on  cou¬ 
pled  sets  of  2D  and  ID  grids,  each  of  the  simulations  run  for  this  study  took 
approximately  1000s  in  serial  implementation.  Combined  with  the  reasonable 
prediction  of  the  combustion  chamber’s  stability  characteristics,  this  makes  the 
present  computational  procedure  a  useful  tool  in  exploring  the  stability  charac¬ 
teristics  of  a  given  rocket  engine,  and  developing  design  strategies  for  stability, 
from  both  a  passive  and  active  control  viewpoint. 

7  Conclusions 

The  computational  procedure,  previously  developed  in  Sirignano  and  Popov  [3] 
and  Popov,  Sideris  and  Sirignano  [11]  for  the  simulation  of  transverse  combus¬ 
tion  instabilities  in  a  cylindrical  rocket  motor,  has  been  extended  for  use  in 
rectangular,  long-nozzle  rocket  motors.  The  theoretical  extensions  include  the 
use  of  rapid-distortion  theory,  coupling  of  diffusivity  with  transverse  velocity, 
an  assumed-PDF  flamelet  model  which  estimates  subgrid  mixing,  and  unsteady 
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nozzle  flow.  The  algorithm  was  applied  to  the  Purdue  seven-injector  rocket 
engine  experiment  and  it  was  discovered  that  three  of  the  configurations  were 
unconditionally  unstable,  with  even  small  perturbations  growing  to  an  instabil¬ 
ity.  One  other  configuration  was  conditionally  unstable. 

The  shape  of  the  limit  cycle,  which  is  a  first  transverse  mode,  is  independent 
of  the  destabilizing  event.  Reasonable  quantitative  agreement  between  the  com¬ 
putational  model  and  experimental  results  was  achieved,  with  a  mean  relative 
error  (across  the  four  test  cases)  of  5.25%  in  the  frequency  of  the  limit  cycle, 
and  a  mean  relative  error  of  6.25%  in  the  limit  cycle  amplitude.  Finally,  it  is 
determined  that  pressure  oscillations  have  a  stronger  effect  on  the  energy  release 
rate  than  oscillations  of  the  transverse  velocity. 
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Appendix  A:  Differential  Equations  for  Pressure 
and  Velocity  in  Curvilinear  Coordinates 

Here,  we  present  the  form  of  eqs.  3  and  4  which  is  solved  on  the  combustion 
chamber  pressure  and  velocity  orthogonal  curvilinear  grid.  We  shall  use  the 
variables  q 1 ,  q 2  to  denote  the  coordinates  of  the  curvilinear  grid.  Then,  using 
hi  to  denote  the  Lame  coefficients,  with  J  =  /iih.2,  using  g.j,j  and  glJ  to  denote 
respectively  the  covariant  and  contravariant  metric  tensors,  and  Lb  to  denote 
the  Christoffel  symbols  of  the  second  kind,  we  have  that  the  curvilinear  form  of 
eq.  3  is 


d2p 

-h2 

1  9  1 

j  f  N 

1  dLg^_ 

1  dp' 

W 

jW  ' 

L  dq 1  h{i) 

hU)  d9\ 

dp  da2  .  dE 

=  ssr+(lM)¥ 


nl  3 

+a  1W 


dpiimUj  1 

Qqk  ^  kmPulUj  1  kjPumUl 

dpUmUj 


rnk  ij 

9  9 


j 

\i) 


2  1  dL  gi 
+a  — 


L  dqi  h{i) 


dqk 


rkmPUlUj  -  T^pUmUi 


(17) 


where  in  the  above  equation  indices  with  braces,  such  as  (z),  are  not  summed 
over.  Similarly,  the  curvilinear  form  of  eq.  4  is 


dui 

~dt 
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+ 
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(18) 


The  two-dimensional  coordinates  are  equivalently  the  solutions  of  the  Laplace 
equation.  Thereby,  they  follow  the  streamlines  and  potential  flow  lines  of  a  ficti¬ 
tious  incompressible  potential  flow  in  the  same  chamber  and  convergent  nozzle. 
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Abstract 

The  probability  of  a  liquid-propulsion  rocket  motor  to  develop  screech¬ 
ing  instability  is  studied  computationally.  The  combustion  chamber  is  ac¬ 
celerated  as  a  rigid  body  using  a  prescribed  acceleration  time  history:  it 
is  found  that  accelerations  of  proper  magnitude,  duration  and  frequency 
induce  a  pressure  wave  inside  the  combustion  chamber  which  grows  to  a 
screeching  acoustic  wave  limit  cycle.  For  a  rectangular  rocket  motor,  a 
reciprocating  transverse  acceleration  leads  to  the  development  of  a  trans¬ 
verse  pressure  wave  limit  cycle;  for  a  cylindrical  rocket  motor  the  limit 
cycle  may  be  either  a  standing  wave,  for  a  transverse  reciprocating  ac¬ 
celeration,  or  a  spinning  wave,  for  a  transverse  rotating  acceleration.  It 
is  found  that  a  limit  cycle  may  be  induced  by  either  a  large  acceleration 
pulse  of  short  duration,  or  a  smaller  acceleration  pulse  of  a  longer  du¬ 
ration.  The  Polynomial  Chaos  Expansion  method  is  used  to  study  the 
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probability  of  growth  to  a  limit-cycle  oscillation  when  the  amplitude  and 
frequency  of  the  transverse  acceleration  pulse  are  random. 

a  Speed  of  sound,  m/s 

a c (t)  Acceleration  time  history,  m/s2 

Fi  Inertial  volumetric  force,  N/m 3 

cp  Specific  heat  at  constant  pressure,  J/°K  kg 

D  Mass  diffusivity,  m2/s 

E  Energy  release  rate,  J /kg  s 

L  Chamber  thickness,  m 

r  Radial  position,  m 

Rc  Chamber  wall  radius  of  curvature,  m 

p  Pressure,  newton  m“2 

t  Time,  s 

T  Temperature,  K 

Yi  Mass  fraction  of  species  i 

u  Fluid  velocity  m/s 


Greek  symbols 


a, /3 

7 

V 

p 


Schwab-Zel’dovich  variables 
Ratio  of  specific  heats 

Local  radial  coordinate  for  the  injector  grids 
Turbulent  kinematic  viscosity,  m2/s 
Density,  kgm  m“3 
Reaction  rate  of  species  i,  s"1 


Subscripts 
F  Fuel 
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i  Index  for  chemical  species 

O  Oxidizer 

0  Undisturbed  state 

Operators 

i,j  Index  for  Cartesian  coordinates 


1  Introduction  and  Rocket  Engine  Configura¬ 
tions 

Acoustic  combustion  instability  of  liquid-propellant  rocket  engines  is  a  well- 
known  and  potentially  destructive  phenomenon  which  occurs  when  existing 
acoustic  disturbances  within  a  combustion  chamber  are  amplified  by  the  en¬ 
ergy  release  of  combustion  [1,  2].  The  resulting  acoustic  oscillations  typically 
lead  to  heat  damage  to  the  rocket  engine,  due  to  hot  products  from  the  com¬ 
bustion  chamber’s  interior  being  brought  into  closer  proximity  of  the  chamber 
walls. 

The  typical  combustion  instability  setting  occurs  for  motors  which  are  lin¬ 
early  stable,  so  that  small  disturbances  decay,  but  may  develop  an  instability 
for  a  large  enough  perturbation,  usually  caused  by  an  unforeseen  event.  Previ¬ 
ously,  it  has  been  demonstrated  that  such  disturbances  can  come  in  the  form  of 
an  acoustic  wave  within  the  combustion  chamber  [3] ,  a  localized  pressure  pulse 
which  models  a  bombing  experiment  [4]  or  a  blockage  in  one  of  the  rocket  motor 
injector  ports  [5].  All  of  these  mechanisms  share  the  characteristic  that  they 
originate  within  the  rocket  engine  (either  in  the  combustion  chamber  or  injector 
ports)  and  may  thus  be  observed  either  on  a  test  stand  experiment  or  in-flight. 
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For  several  rocket  engine  designs  which  exhibit  no  combustion  instability  in 
test  stand  experiments,  behavior  suggesting  combustion  instability  is  observed 
in-flight  [6].  This  suggests  external  acceleration  imposed  on  the  rocket  motor, 
due  to  in-flight  vibration  and  aerodynamic  forces,  is  an  important  potential 
mechanism  for  instability  generation  in  otherwise  stable  engine  designs.  This 
study  focuses  on  the  exploration  of  this  mechanism  for  combustion  instability. 

In  this  work,  we  consider  the  effects  of  externally-imposed  acceleration  on 
two  different  types  or  rocket  motors:  a  10-injector  rocket  engine  with  a  cylin¬ 
drical  combustion  chamber,  and  a  7-injector  rocket  engine  with  a  rectangular 
combustion  chamber.  The  latter  of  these  two  is  based  on  an  experimental  setup 
at  Purdue  University  [7],  with  modified  inflow  conditions  chosen  so  that  the 
overall  system  is  conditionally  unstable. 

The  10-injector  cylindrical  rocket  engine  was  previously  studied  and  shown  to 
be  conditionally  unstable,  with  a  limit  cycle  instability  which  could  be  triggered 
by  a  pre-existing  pressure  wave  [3] ,  a  pressure  pulse  [4] ,  and  an  injector  blockage 
[8].  The  combustion  chamber  is  a  cylinder  whose  length  is  L  =  0.5 m  and  whose 
radius  is  R  =  0.14m,  with  the  injectors  distributed  in  three  rings,  with  one 
injector  at  the  center  of  the  chamber,  three  injectors  at  a  radius  of  r  =  R/2 
and  the  remaining  six  injectors  spread  evenly  at  a  radius  of  r  =  377/ 4  from  the 
center  (see  Fig.l). 

Each  injector  consists  of  two  concentric  ports,  the  inner  of  which  serves  as 
the  oxidizer  port  and  has  a  radius  of  0.898cm,  and  the  outer,  annular  port 
has  an  inner  radius  of  0.898cm  and  an  outer  radius  of  1.1cm,  and  serves  as 
the  fuel  inlet.  Both  fuel  and  oxidizer  injector  ports  have  a  length  of  11.5cm. 
For  this  case,  the  fuel  is  CH&,  the  oxidizer  is  02  and  the  mean  pressure  inside 
the  combustion  chamber  at  standard  operating  conditions  is  200 atm.  For  more 
details  of  this  computational  configuration,  the  reader  is  referred  to  [3,  8]. 
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Axi-symmetric  cylindrical  grid  for  injectors 


Polar  grid  for  pressure/velocity 


Figure  1:  Left:  cylindrical  combustion  chamber  and  injector  distribution.  Right: 
axi-symmetric  cylindrical  grid  used  for  the  solution  of  each  of  the  10  injector  jet 
flames. 
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With  x,y  being  the  transverse  directions  as  shown  on  the  left  of  Fig.  1,  we 
consider  two  types  of  combustion  chamber  acceleration  time  histories  -  in  both 
of  these  cases,  only  the  chamber’s  position  changes,  not  its  orientation.  In  Case 
1,  the  acceleration  is  given  by 

ac  =  A0cos{— wf)x  +  Aosin(—Lot)y ,  (1) 

so  that  the  acceleration  vector  rotates  circularly  in  the  chamber  transverse  direc¬ 
tion.  As  we  shall  later  see,  this  type  of  acceleration  may  produce  a  spinning  wave 
limit  cycle.  The  parameters  which  describe  a  given  acceleration  time  history  are 
its  amplitude,  Aq,  angular  frequency,  oj,  and  length,  T,  of  the  acceleration  pe¬ 
riod:  for  t  >  T,  the  chamber  is  not  further  perturbed. 

In  Case  2,  the  acceleration  is  given  by 

ac  =  A0sin(— ut)y,  (2) 

which  describes  a  reciprocating  vector  in  the  y-direction  which  may  induce  a 
standing  wave  limit  cycle. 

The  second  rocket  engine  considered  in  this  work  has  a  rectangular  combus¬ 
tion  chamber  with  seven  injectors  (see  Fig. 2).  The  geometry  and  propellants 
are  the  same  as  described  in  [9]  for  the  ”00X0X00”  case:  the  central  port  of 
each  injector  runs  a  mixture  of  58%H20  and  42%02  as  the  oxidizer,  with  the 
fuel  in  the  central  injector  being  02-716,  the  fuel  in  the  outer  two  injectors  on 
each  side  is  RP 1  (here  modelled  as  decane),  and  the  injectors  on  both  sides  of 
the  central  one  having  no  fuel  inflow. 

A  departure  is  made  from  the  experimental  conditions  in  that  the  propellant 
mass  flow  rate  is  reduced  by  30%,  to  70%  of  the  experimental  values.  For 
this  mass  flow  rate,  the  numerical  algorithm  described  in  the  following  section 
predicts  a  conditionally  unstable  system,  whereas  for  the  original  experimental 
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Figure  2:  Geometry  of  the  rectangular  seven-injector  rocket  motor  and  propel¬ 
lant  ports. 

values,  both  the  experimental  data  and  numerical  calculations  [5]  indicate  an 
unconditionally  unstable  engine.  As  the  object  of  this  study  is  to  determine 
which  acceleration  perturbations  may  destabilize  an  otherwise  stable  engine, 
the  mass  flow  modification  is  justified. 

The  acceleration  specification  for  the  rectangular  chamber  is  analogous  to 
Case  2  for  the  cylindrical  chamber.  Namely,  the  acceleration  time  history  follows 
Eq.  2,  where  y  is  the  transverse  direction  of  the  combustion  chamber,  over 
which  the  injectors  are  spread.  With  this  specification,  an  acceleration  pulse  of 
sufficient  magnitude  and  length,  and  frequency  close  to  that  of  a  first  transverse 
acoustic  mode,  may  cause  the  development  of  an  acoustic  wave  limit  cycle. 
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2  Wave  Dynamics  Equations 

There  are  several  simplifications  which  can  be  made  for  the  equations  of  pressure 
and  velocity.  Because  the  scale  of  the  turbulent  motions  is  much  smaller  than 
the  acoustic  wave  scale,  we  can  assume  that  turbulence  and  molecular  diffusion 
do  not  have  a  considerable  influence  over  the  large-scale  pressure  and  velocity 
wave  fields.  Therefore,  the  pressure  and  velocity  wave  fields  can  be  solved  in 
inviscid  form. 

2.1  Wave  Equations  Without  Acceleration 

Following  [3],  the  chamber  pressure  wave  equation  has  the  form. 

d2p  2  d2P  _  dp  da 2  udE  \  2  d2(pujUj) 

dt 2  a  dxjdxj  dt  dt  dt  dxflxj 

The  left-hand  side  of  the  equation  represents  the  wave  operator  in  three  di¬ 
mensions.  The  second  term  on  the  right  represents  the  influence  of  the  combus¬ 
tion  energy  release  on  the  acoustic  instability,  and  is  thus  an  integral  component 
of  the  study  of  rocket  engine  instability. 

The  large-scale  velocity  components  evolve  by 


dm  dui  C  dp 

dt  +  Uj  dxj  plh  dxi 


(4) 


where  C  =  and  the  assumption  is  made  that  pressure  dominates  over  the 
turbulent  and  molecular  viscosity  terms. 

These  equations  are  applied  to  both  the  cylindrical  and  rectangular  combus¬ 
tion  chambers  by  averaging  over  one  of  the  spatial  directions,  along  which  there 
is  little  variation  of  the  pressure  and  velocity  fields.  For  the  cylindrical  chamber 
simulations,  which  focus  on  transverse  instabilities,  averaging  is  performed  in 
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the  axial  direction  [8];  for  the  rectangular  chamber  cases,  the  averaging  is  done 
across  the  short  vertical  distance  in  Figure  2  [5]. 

2.2  Effect  of  Acceleration  on  the  Combustion  Chamber 
Wave  Equations 

In  this  work,  we  solve  for  pressure  and  velocity  in  a  reference  frame  fixed  to  the 
combustion  chamber,  which  undergoes  irrotational  acceleration  a c(t).  There¬ 
fore,  in  the  accelerating  frame,  the  fluid  experiences  the  inertial  (volumetric) 
force 


Ft  =  -pac(t).  (5) 

This  inertial  body  force  acting  on  the  fluid  modifies  the  momentum  equation, 
which  becomes 


dui  dui 
~dt+Ujd^  '  p1hdxl 


C  dp  c 

+  af  =  0, 


(6) 


as  well  as  the  pressure  wave  equation,  which,  in  the  non-inertial  frame,  has  the 
form 


d2p 


dt2  a  dxjdxn 


82p  dp  da 2 


dt  dt 


dE  2d2(piijUi) 


dxidxj 


2  dp  c 


(7) 


Additionally,  the  inertial  force  modifies  the  pressure  boundary  condition  at 
the  chamber  walls,  whose  form  is 


dp  =  pF^u2  _  plha° 

dn  CRc  C  ’  [  ’ 

where  Ut  is  the  velocity  component  tangential  to  the  boundary,  Rc  is  the  wall 
boundary  radius  of  curvature,  and  n,  ac-'  are  respectively  the  unit  outward  nor- 
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mal  vector  at  the  boundary,  and  the  component  of  the  acceleration  in  that 
direction. 

In  this  study,  we  use  the  fact  that  the  rectangular  combustion  chamber  is 
narrow  in  the  height  dimension,  which  implies  that  the  solution  fields  vary  little 
in  that  dimension,  and  can  therefore  be  averaged  over  it.  The  chamber  height, 

L(x,  y),  is  constant  over  the  initial  section  of  the  combustion  chamber  and  varies 
linearly  with  x  in  the  converging  nozzle  portion  of  the  chamber. 

Following  Sirignano  and  Popov  [3] ,  two-dimensional  averages  (here,  over  the 
height  dimension)  of  the  pressure  and  velocity  fields  p  =  (1  /L(x,  y))  f^x’v^  pdz, 

P=  0-/L(x,y)  f0L(il'v)  pdz,a=  (1/L(x,  y))  f0L(x,v)  adz,  and  u  =  (1/L(x,  y))  f0L(x,v)  udz. 
Integrating  Equation  (3)  over  z  and  neglecting  the  difference  between  products 
of  averages  and  averages  of  products,  we  get 


d2p 

W 


—  a 


d2p  1  dL  dp 

dxjdxj  L  dx i  dx\ 


dp  do,2  dE 

=  mW  +  h-1]W 


+  d2(pUjUi)  _|_  ~2  1  51/  d(p'UiUi) 


dxjdxj 


dx. 


(9) 


L  dx\ 

where  i  =  1,2;  j  =  1,2.  The  last  terms  on  both  the  left-  and  right-hand  sides 
correspond  to  the  effect  which  the  variable  combustion  chamber  width  (in  the 
X3— direction)  has  on  the  divergence  operators  in  eq.3.  The  above  equation 
contains  derivatives  of  L  only  in  the  x\  direction  because  L  does  not  vary  in  the 
X2  direction. 

Similarly,  the  averaged  version  of  equation  4  has  the  form: 


du 


dui 


1  dL 


at  +6'&7  +  Ia^(iiA)  +  H 


C  dp 


=  0 


(10) 


OJ  pXh  dXi 

These  equations  are  solved  on  an  orthogonal  curvilinear  coordinate  system, 
which  represents  a  conformal  map  of  the  present  hexagonal  domain  onto  a 
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square.  The  curvilinear  form  of  eqs.  9  and  10,  with  the  associated  nomen¬ 
clature,  is  given  in  Appendix  A. 

At  the  walls  of  the  combustion  chamber,  the  boundary  conditions  on  the 
pressure  and  velocity  are 


un  =  0 


dp  p~i  u2 
=  CRc  ' 


(11) 


with  UmUt  denoting  respectively  the  components  of  velocity  normal  and  tan¬ 
gential  to  the  wall  boundary,  and  Rc  denoting  the  wall  boundary’s  radius  of 
curvature.  At  the  downstream  end  of  the  convergent  nozzle,  a  Mach  number 
M  =  0.9  is  enforced,  and  the  short  nozzle  approximation  is  used  to  represent 
the  additional  convergence  to  a  choked  throat,  as  an  approximation  to  the  sonic 
condition  in  the  experiment. 


3  Additional  Model  Equations 

We  seek  to  model  the  heat  release  rate  of  change,  which  is  an  integral 
component  to  the  acoustic  instability  pressure  wave  equation,  eq.3.  Following 
[3],  we  shall  denote  a  =  Yp  —  vYq,  where  Yp,  Yq  are  the  fuel  and  oxidizer  mass 
fractions,  and  v  is  their  stoichiometric  ratio.  Then,  a  is  a  conserved  scalar, 
which  we  will  determine  in  the  vicinity  of  each  injector,  on  an  axi-symmetric 
cylindrical  grid  with  the  assumption  that  the  injector  flow  field  is  mostly  in  the 
direction  axial  to  the  injector. 

With  the  variable  /3  being  defined  by  /3  =  (Q  /  (cpTa))Yp+T /T0— (p/p0)(7-1)/7, 
the  evolution  equations  for  the  variables  a,  /?,  Yp  have  the  following  form: 


da  da  da 

"xt  +  ux—  +  uv-p - D 

dt  dz  dr] 


d2a 

dr/2 


1  da 
rj  dr] 


d2a 

~d^ 


=  0, 


11 


(12) 


Submitted  to  AIAA  Journal.  Confidential  -  Do  not  distribute. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 


AIAA 


Page  12  of  25 


dl  dp  ^l_n\92P^ldp 
dt  U~  dz  Ur]  dr/  _  drf  77  dr] 


'  d2P  1  dp_  d2p~ 
dr]2  +  i]  dr/  +  dz 2 


(13) 


and 


(14) 


where  z,  77  are  respectively  the  axial  and  radial  coordinates  of  the  cylindrical 
injector  grids,  and  the  source  term  on  the  right-hand  side  of  Eq.  (14)  is  obtained 
from  a  Westbrook-Dryer  two-step  oxidation  mechanism  [10],  from  the  fuel  ( C^Hq 
for  the  central  injector  element,  C10H22  for  the  driving  injector  elements)  to  CO, 
and  then  from  CO  to  CO2.  In  order  to  obtain  the  concentrations  of  both  the 
injector  fuel  and  CO  from  the  fuel  mass  fraction,  it  is  assumed  that  oxidation 
of  CO  occurs  only  after  the  partial  oxidation  of  the  fuel  to  CO  has  reached  its 
completion. 

Building  on  [3],  the  source  term  in  Eq.  14  is  obtained  via  an  assumed- 
PDF  model  for  a  and  /3,  so  that  the  means  of  a  and  P  evolve  by  Eqs.  12,13  and 
their  subgrid  distributions  are  assumed  to  be  beta  functions,  which  are  standard 
PDFs  for  modeling  mixing  of  two  or  more  streams.  The  term  luf  in  Eq.  14  is 
then  obtained  via  integration  over  the  sample  space  of  a  and  /?.  The  assumed 
PDF  model  has  been  used  with  great  success  for  the  simulation  of  turbulent 
non-premixed  flames  which  are  not  near  extinction  [11].  For  more  details,  the 
reader  is  referred  to  [11]. 

The  axial  and  radial  velocities  in  Eqs.  (12-14)  are  obtained  from  a  solution  of 
the  variable  density  Reynolds- Averaged  Navier-Stokes  axi-symmetric  equations: 


(15) 


12 


Submitted  to  AIAA  Journal.  Confidential  -  Do  not  distribute. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 


AIAA 


dpi 

dp 


(16) 


which  are  solved  on  each  jet  flame  grid,  where  pi(z,  rj,  t )  is  a  local  hydrodynamic 
pressure  whose  mean  is  by  definition  0  and  which  has  considerably  lower  magni¬ 
tude  than  the  injector  pressure  p(t)  obtained  from  Eq.  (3).  The  density  in  Eqs. 
(16,17)  is  obtained  from  the  species  scalars  and  the  long-wavelength  pressure, 
p(t),  at  the  injector’s  location,  so  that  the  overall  procedure  for  solving  Eqs. 
(16,17)  is  elliptic. 

Finally,  following  Popov,  Sideris  and  Sirignano  [8],  the  pressure  and  velocity 
in  the  injector  posts  are  solved  via  the  set  of  one-dimensional  wave  equations: 


d2p  2d2P  2  d2  (pu2)  da2d(pu) 

Ft?  ~a  FF  =  a  dl2  Ft  FT 


(17) 


~  a' 


du  du  1  dp 

Ft+uFi  =  —pFi' 


(18) 


They  are  solved  on  a  ID  grid  upstream  of  each  cylindrical  injector  grid. 
In  this  model,  velocity  fluctuations  affect  the  energy  release  rate  through  the 
modification  of  the  eddy  diffusivity,  mixing  rate  and  the  rate  of  propellant  inflow 
into  the  combustion  chamber.  Pressure  fluctuations,  on  the  other  hand,  affect 
the  chemical  rate  and  drive  the  injector  port  velocity  fluctuations. 

4  Deterministic  and  Stochastic  Acceleration  of 
a  Cylindrical  Rocket  Motor 

For  both  cases,  rotating  and  reciprocating  acceleration,  we  set  the  angular  fre¬ 
quency,  ui,  to  2'k/tf,  where  Tp  =  0.478ms  is  the  period  of  the  first  tangential 
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Figure  3:  Final  pressure  wave  amplitude  as  a  function  of  acceleration  amplitude. 

acoustic  mode  of  the  combustion  chamber.  Setting  the  period  to  T  =  2 tf  and 
varying  the  amplitude  Aq,  we  run  several  calculations  for  both  cases  1  and  2. 
The  resulting  pressure  wave  amplitudes  at  the  end  of  the  simulation  are  plotted 
as  functions  of  A$  on  Figure  3. 

As  can  be  seen  in  that  figure,  an  amplitude  above  Aq  =  1900 m/s2  causes  an 
acoustic  instability  for  case  1,  and  an  amplitude  above  Ao  =  3100m/s2  causes 
the  growth  of  an  acoustic  instability  in  case  2.  Both  types  of  instabilities  have 
the  shape  of  a  first  tangential  acoustic  mode,  with  the  difference  that  in  case  1 
the  wave  is  spinning,  whereas  in  case  2  it  is  standing.  It  is  important  to  note 
that  the  spinning  acceleration  pulse  of  case  1  can  cause  an  instability  at  a  lower 
amplitude,  due  to  the  larger  L2  norm  of  ac(f)  for  a  set  Ao  in  case  1. 

Figure  4  shows  the  development  of  a  spinning  acoustic  wave  in  case  1.  It 
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Figure  4:  Initial  stages  of  development  of  a  spinning  acoustic  wave  (spin  direc¬ 
tion  is  clockwise). 

is  interesting  to  note  that  at  the  early  stages  of  the  limit  cycle’s  development, 
the  pressure  perturbations  are  localized  near  the  chamber  walls.  This  is  due  to 
the  fact  that,  with  the  present  model,  the  density  throughout  the  combustion 
chamber  is  initially  uniform,  so  that  the  density  gradient  term,  a2^-af,  in  Eq. 
7  is  equal  to  zero.  Rather,  the  initial  disturbance  in  the  pressure  field  comes 
about  due  to  the  inertial  force  term  in  the  boundary  condition,  Eq.  8,  so  that 
the  pressure  disturbance  spreads  inwards  from  the  walls. 

An  acceleration  pulse  has  the  capability  to  not  only  cause  the  development 
of  a  limit  cycle,  but  to  also  suppress  it.  Specifically,  for  all  the  cases  from 
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Fig.  3,  adding  an  additional  pulse  of  duration  T  =  2 Tp  and  frequency  w  = 
2-k/tf ,  but  of  amplitude  —A0  succeeded  in  arresting  the  growth  of  the  acoustic 
instability.  This  finding  is  consistent  with  earlier  results  [4,  5]  where  other 
pulsing  mechanisms  could  provide  stabilization.  In  the  next  section,  we  also 
consider  cases  when  the  ”  anti-pulse”  occurs  after  some  delay. 

In  addition  to  the  deterministic  simulations  described  above,  we  also  per¬ 
form  a  Polynomial  Chaos  Expansion  (PCE)  [4]  solution  for  the  cylindrical  rocket 
motor.  The  stochastic  parameters  in  this  case  are  the  pulse’s  acceleration  am¬ 
plitude,  Aq  £  [500to/s2,  4500?n/s2] ,  duration,  T  G  [0, 1.6  x  10_3s] ,  and  fre¬ 
quency,  /  G  [1400772,  28007/z].  The  values  of  A0,T  and  /  are  uniformly  dis¬ 
tributed  in  these  intervals,  and  independent  of  each  other. 

In  order  to  determine  the  effect  of  each  of  those  variables  on  the  overall 
stability  of  the  rocket  motor,  we  calculate  the  marginal  probability,  for  each 
of  the  three  sample  space  variables,  of  growth  of  the  initial  disturbance  to  an 
instability. 

Figure  5  shows  a  plot  of  the  marginal  probability  as  a  function  of  Aq  of 
growth  to  an  instability.  As  can  be  expected,  the  probability  of  growth  increases 
monotonically  with  acceleration  amplitude,  with  larger  increments  around  A0  = 
2500m/s2. 

The  probability  of  growth  as  a  function  of  the  pulse  duration  is  shown  on 
Fig.  6.  On  that  figure  it  can  be  observed  that  the  probability  of  growth  rises 
monotonically  with  increasing  duration.  We  note,  however,  that  the  increase  of 
the  probability  is  more  gradual  than  on  Fig.  5. 

This  can  be  attributed  to  the  dissipation  of  acoustic  waves  which  have  not 
risen  above  the  threshold  for  triggering:  increasing  the  duration  of  an  accel¬ 
eration  pulse  increases  the  amount  of  dissipation  which  the  resultant  acoustic 
wave  has  experienced  by  the  end  of  the  pulse,  whereas  increasing  the  pulse’s 
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Figure  5:  Marginal  probability  of  growth  to  an  instability  as  a  function  of  the 
acceleration  pulse’s  amplitude,  in  [m/s2] . 

amplitude  does  not. 

Finally,  the  probability  of  growth  to  an  instability  is  plotted  as  a  function 
of  the  acceleration  pulse’s  frequency,  f[Hz\.  We  see  that  the  probability  is 
greatest  near  the  first  tangential  acoustic  mode’s  frequency  of  2090i7z,  with 
frequencies  above  2090 Hz  exhibiting  a  larger  probability  of  growth  than  those 
below  2090iZz. 

Based  on  these  results,  we  observe  that  the  cylindrical  rocket  motor  is  more 
unstable  to  disturbances  of  larger  amplitude  and  duration,  with  greater  sensi¬ 
tivity  to  the  former.  Pulses  whose  frequency  is  near  that  of  the  first  tangential 
acoustic  mode  are  most  likely  to  trigger  an  instability,  with  some  preference  for 
pulses  of  frequencies  higher  than  the  first  tangential  than  those  lower  than  it. 
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Figure  6:  Marginal  probability  of  growth  to  an  instability  as  a  function  of  the 
acceleration  pulse’s  duration,  in  s. 


1400  1600  1800  2000  2200  2400  2600  2800 
Pulse  frequency  (Hz) 


Figure  7:  Marginal  probability  of  growth  to  an  instability  as  a  function  of  the 
acceleration  pulse’s  frequency,  in  Hz. 
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5  Stochastic  Acceleration  of  a  Rectangular  Rocket 
Motor 

For  the  rectangular  rocket  motor,  we  use  the  PCE  scheme  to  test  acceler¬ 
ation  pulses  of  varying  amplitude,  frequency  and  for  different  injector  total 
mass  flow  rates.  Specifically,  we  perform  a  stochastic  simulation  over  a  three- 
dimensional  sample  space  in  which  the  injector  mass  flow  rate,  to  is  distributed 
uniformly  between  the  experimental  value  of  to  =  2.089 kg/s  and  to  =  1.08kg/s , 
the  frequency  /  =  lu/2tt  is  distributed  uniformly  between  /  =  14007/z  and 
/  =  2600Hz,  and  the  acceleration  pulse  amplitude  Aq  is  distributed  uniformly 
between  Aq  =  0  and  Aq  =  220 g1  with  to,  /  and  Aq  being  independent. 

Figure  8  shows  the  marginal  probability  of  growth  to  an  acoustic  instability 
as  a  function  of  the  injector  mass  flow  rate.  As  can  be  seen,  for  the  experimental 
value  of  to  =  2.089 kg/s  the  motor  is  unconditionally  unstable:  the  probability 
of  growth  is  1.  On  the  other  hand,  for  lower  values,  near  m  =  1.08 kg/s,  the 
probability  of  growth  is  0  and  the  rocket  motor  is  unconditionally  stable.  For 
intermediate  values  of  the  mass  flow  rate  we  observe  triggered  instability,  with 
a  growth  probability  between  0  and  1.  In  all  cases,  the  triggered  instability 
has  the  shape  of  a  first  transverse  acoustic  wave  for  the  rectangular  pressure 
chamber  (see  Fig.  11). 

The  dependence  of  stability  on  the  frequency  of  the  acceleration  pulse  is 
shown  in  Fig.  9.  As  can  be  seen  in  that  figure,  the  most  destabilizing  accel¬ 
eration  pulses  are  those  which  have  a  frequency  around  1900712,  close  to  the 
frequency  of  the  first  transverse  mode.  Note  that  even  for  frequencies  much 
lower  and  higher  than  that,  there  is  still  some  probability  of  growth,  due  to  the 
presence  of  the  unconditionally  unstable  cases,  which  will  get  destabilized  by 
any  perturbation. 
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Figure  8:  Marginal  probability  of  growth  to  an  instability  as  a  function  of  the 
injector  mass  flow  rate. 


Figure  9:  Marginal  probability  of  growth  to  an  instability  as  a  function  of  the 
acceleration  pulse  frequency,  /  =  uj/ 2tt. 
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Figure  10:  Marginal  probability  of  growth  to  an  instability  as  a  function  of  the 
acceleration  pulse  magnitude 

Finally,  we  note  in  Fig.  10  that,  as  can  be  intuitively  expected,  the  proba¬ 
bility  of  growth  to  instability  increases  with  increasing  amplitude  of  the  accel¬ 
eration  pulse.  Once  again,  we  note  that  the  probability  never  reaches  0,  due  to 
the  unconditionally  unstable  cases  for  the  mass  flow  rate,  and  neither  does  it 
rise  up  all  the  way  to  1,  due  to  the  unconditionally  stable  cases. 

In  a  second  PCE  simulation,  we  explore  the  potential  for  a  second  accelera¬ 
tion  pulse  to  stabilize  the  rocket  motor  from  a  triggered  state.  Specifically,  we 
set  the  frequency  to  /  =  1900172:  and  the  mass  flow  rate  to  to  =  1.7 kg/s  (which 
is  a  conditionally  unstable  case),  and  we  follow  up  the  initial  acceleration  pulse 
of  magnitude  Aq^  by  a  subsequent  pulse  of  magnitude  — ^o,2  which  is  initiated 
at  a  time  r  after  the  initial  pulse.  The  stochastic  variables  Aq  i,  —Aq^  and  r  are 
independent,  with  Ao,i,7lo,2  being  uniformly  distributed  between  0  and  220 g, 
and  t  uniformly  distributed  between  5 r/  and  7.8 r/,  where  r/  is  the  period  of 
the  first  transverse  mode. 

Figure  11  shows  the  initial  growth  of  the  transverse  instability,  and  its  sup- 
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0  0.1  0.2 


Figure  11:  Development  and  suppression  of  a  transverse  instability  in  the  rectan¬ 
gular  rocket  engine.  Top  left:  initial  stages  of  instability  development,  top  right: 
grown  transverse  instability,  bottom  left:  second  acceleration  pulse  disrupting 
the  acoustic  instability,  bottom  right:  decay  to  standard  operating  conditions. 
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Figure  12:  Probability  of  instability  suppression  as  a  function  of  the  delay  be¬ 
tween  the  pulse  and  anti-pulse. 

pression  by  the  anti-pulse,  for  a  case  in  which  the  anti-pulse  is  successful  in 
arresting  instability  growth.  As  can  be  seen  in  Fig.  12,  whether  or  not  this  is 
the  case  is  highly  dependent  on  the  delay  between  the  anti-pulse  and  the  pulse 
-  for  a  delay  which  is  close  to  an  integer  number  of  first  transverse  periods,  the 
anti-pulse  has  a  high  probability  of  restoring  stability. 

6  Conclusions 

In  this  work,  we  have  demonstrated  the  potential  for  whole-body  acceleration 
pulses  of  a  rocket  engine  combustion  chamber  to  lead  to  the  development  of 
an  acoustic  instability.  For  both  a  cylindrical  and  a  rectangular  rocket  engine 
motor,  it  is  found  that  a  short  acceleration  pulse  of  large  amplitude,  on  the  order 
of  100g  is  capable  of  producing  an  acoustic  instability,  if  its  frequency  is  close  to 
the  chamber’s  acoustic  frequency.  For  a  cylindrical  rocket  engine,  the  acoustic 
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limit  cycle  may  be  either  a  standing  or  a  spinning  wave,  depending  on  the  shape 
of  the  acceleration  pulse.  Additionally,  it  is  seen  that  a  subsequent  pulse  can 
also  cause  the  decay  of  a  growing  instability,  if  its  timing  is  appropriately  chosen. 
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Addendum  4 


Two-time-scale  Perturbation  Theory  for  Liquid-Rocket 

Combustion  Instability 
WORKING  PAPER 

William  A.  Sirignano  * 

Department  of  Mechanical  and  Aerospace  Engineering 
University  of  California,  Irvine,  CA  92697 

Nonlinear,  transverse-mode,  liquid-propellant-rocket-motor  combustion  instability  is  ex¬ 
amined  via  a  two-time-variable  perturbation  expansion  in  an  amplitude  parameter.  Both 
triggered  and  spontaneous  instability  domains  are  studied.  Following  an  established  pro¬ 
cess,  a  two-dimensional,  unsteady  chamber-wave-dynamics  model  is  used  where  the  three- 
dimensional  equations  are  integrated  over  the  axial  direction.  Nonlinear,  first-tangential- 
mode  wave  oscillations  in  the  circular  combustion  chamber  are  considered  with  the  primary 
flow  in  the  axial  direction.  The  analysis  is  first  generalized  to  match  a  variety  of  relevant 
injection  and  combustion  mechanisms.  Then,  a  specific  example  with  co-axial  injectors 
is  used  to  demonstrate  the  matching  process  between  wave  dynamics  and  the  injection  / 
combustion  mechanisms.  Turbulent  mixing  of  gaseous  propellants  with  co-axial  injection 
and  a  multi-orifice,  short  thrust  nozzle  are  considered.  The  combustion  has  a  characteristic 
time  for  mixing,  producing  a  time  lag  in  the  energy  release  rate  relative  to  pressure.  The 
coupled  combustion  process  and  wave  dynamics  are  calculated  for  a  multi-injector  cham¬ 
ber.  In  particular,  the  linear  first-tangential  mode  is  examined.  Two  coupled  first-order 
ordinary  differential  equations  are  developed  and  solved  to  predict  amplitude  and  phase 
angle  variations  in  the  slow  time  for  the  major  component  of  the  waveform  in  an  eigen¬ 
function  series  expansion.  Limit  cycles  and  transient  behaviors  are  resolved.  Nonlinear 
triggering  can  occur  in  certain  operational  domains;  above  a  critical  initial  amplitude,  the 
amplitude  grows;  otherwise,  it  decays  with  time. 

Nomenclature 
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Cross-sectional  area  of  nozzle  entrance,  m2 
Cross-sectional  area  of  nozzle  throat,  m2 
Specific  heat  at  constant  pressure,  J/°K  kg 
Specific  heat  at  constant  volume,  J/°K  kg 
Mass  diffusivity,  m2/s 

Energy  release  rate  per  unit  volume,  J/m3s 

Frequency,  s’1 

Green’s  function 

Specific  enthalpy,  joules/kg 

Bessel  function  of  first  kind  and  nth  order 

Chamber  length,  m 

Flame  length,  m 

Mass  flow  rate,  kg/s 

Mach  number 

Steady-state  injector  mass  flow  rate 
Radial  position,  m 
Half-width  of  co-axial  jet,  m 
Chamber  radius,  m 

Mixture  specific  gas  constant,  J/kg  °K 
Universal  gas  constant,  J/kg-mole  °K 
Innner  radius  of  co-axial  jet,  m 
Outer  radius  of  co-axial  jret,m 
Pressure,  newton  m"2 

hth  root  for  zero  slope  of  Bessel  function  of  first  kind  and  order  n 
Time,  s 

Temperature,  K 

Vector  velocity,  m/s 

Cartesian  velocity  component,  m/s 

Radial  velocity  component,  m/s 

Tangential  velocity  component,  m/s 

Co-axial  jet  velocity,  m/s 

Mass  fraction  of  species  i 

Bessel  function  of  second  kind  and  nth  order 

Cartesian  coordinate,  m 
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z 


Non-dimensional  fast  time 


Greek  symbols 


a, /3 
£ 

7 

K 

V 

Vj' 

OJ 

p 

T 

tm 


Schvab-Zel’dovich  variables 

Non-dimensional  amplitude  perturbation  parameter 

Ratio  of  specific  heats 

Variable  defined  after  Equation  (75) 

Kinematic  viscosity,  m2/s 
Turbulent  kinematic  viscosity,  m2/s 
Angular  frequency 
Density,  kgm  m'3 
Slow  non-dimensional  time 
Characteristic  mixing  time,  s 
Azimuthal  position 


Subscripts 


F  Fuel 

i  Inflow  condition 

j  index  for  Cartesian  coordinates 

O  Oxidizer 

ss  Steady  state 


I.  Introduction 

Liquid-propellant  rocket  engine  (LPRE)  combustion  instability  has  been  a  long-standing  natural  phe¬ 
nomenon,  which  causes  problems  and  creates  the  need  for  control.  In  LPRE,  the  combustion  process  pro¬ 
duces  a  very  high  energy  release  rate  per  unit  volume  which,  in  many  circumstances,  has  characteristic  times 
that  result  in  reinforcement  of  the  acoustical  oscillations  and  produces  very  high  amplitudes.  These  oscilla¬ 
tions  can  cause  undesirable  oscillations  in  thrust,  vibrations  that  result  in  problems  for  people  or  equipment 
on  the  spacecraft,  and  increased  heat  transfer  in  already  critical  regions,  e.g.,  the  nozzle  throat.  Transverse 
spinning  waves  can  have  substantially  larger  amplitudes  than  longitudinal  waves  because  no  shock  waves 
form  and  thereby  dissipation  is  reduced.  The  combustion  concentrates  near  the  injector  end  resulting  in  very 
high  heat  transfer  rates  to  the  injector.  The  increased  heat  transfer  at  the  injector  and/  or  nozzle  throat 
often  leads  to  destruction  of  those  wall  materials  and  disaster  for  the  flight  mission. 
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Theoretical,  computational,  and  experimental  research  has  been  underway  at  varying  levels  of  intensity 
for  more  than  a  half  century.  Most  of  the  physics  of  the  oscillations  were  identified  in  the  1950s  and  1960s 
but  the  knowledge  of  the  details  of  coupling  with  the  combustion  processes  has  trailed.  An  excellent  compi¬ 
lation  of  major  research  during  that  early  period  is  provided  by  Harrje  and  Reardon.  Also,  an  interesting 
discussion  of  the  famous  F-l  Rocket  Motor  instability  problems  is  given  by  Oefelein  and  Yang.-  Two  types 
of  instability  occur:  linear  or  spontaneous  instability  and  nonlinear  or  triggered  instability.  The  describing 
terms  pertain  to  initiation  only;  all  instabilities  of  concern  have  nonlinear  behavior  once  established.  Lin¬ 
ear  instabilities  grow  in  amplitude  from  the  normal  noise  associated  with  the  high-mass  flow,  multi-injector 
rocket  chamber  environment;  theoretically,  they  grow  from  infinitesimal  disturbances.  Nonlinear  instabilities 
require  a  disturbance  of  sufficient  magnitude  to  overcome  a  required  threshold.  Without  such  a  disturbance, 
linear  stability  is  exhibited.  A  disruption  in  propellant  mass  flow  or  a  very  large  fluctuation  caused  by  tran¬ 
sient  operation  can  provide  the  necessary  trigger.  In  experiments,  the  use  of  small  explosives  has  triggered 
instabilities. 

A  theoretical  prediction  of  triggering  was  first  given  by  Sirignano  for  the  longitudinal  mode  followed  by 
Zinn  for  the  transverse  mode.  The  approach  predicts  either  a  stable  or  unstable  limit  cycle  for  each  point 
in  the  n1  r  plane  near  the  linear  stability  limit  line.  These  early  pioneering  efforts  on  nonlinear  triggering 
did  not  predict  the  expected  higher-amplitude  stable  limit  cycle  in  the  n,  r  domains  where  an  unstable  limit 
cycle  and  nonlinear  triggering  were  predicted.  Presumably,  if  the  analyses  were  extended  sufficiently  beyond 
third-order  terms  in  the  amplitude  parameter,  the  stable  limit  cycle  would  be  determined. 

The  goal  is  to  develop  a  model  equation  or  small  system  of  equations  that  describe  the  essential  features  of 
transverse  nonlinear  oscillations  in  cylindrical  combustion  chambers  for  liquid-propellant  rocket  engines.  The 
combustion  chamber  with  its  many  propellant  injectors  and  associated  propellant  streams  will  be  viewed 
as  a  complex  system  where  these  injectors  and  streams  are  networked  but  yet  have  some  degree  of  local 
autonomy. 

There  is  special  interest  in  studying  the  nonlinear  triggering  phenomenon,  using  a  first-principles  de¬ 
scription  of  the  combustion  process.  It  is  important  to  keep  in  the  model  the  terms  which  add  energy  or 
damp  oscillations  or  produce  major  change  to  the  wave  shape.  The  injected  propellants  will  be  considered 
as  preheated  and  gaseous;  two-phase  flows  can  be  considered  in  the  future.  While  the  aim  is  to  establish  a 
foundation  for  future  stochastic  analysis  of  the  LPRE  combustion  instability  phenomenon  as  the  behavior 
of  a  complex  system,  the  analysis  here  will  be  deterministic  and  the  physical  phenomena  are  deterministic. 

II.  Basic  Equations  for  Wave  Dynamics 

The  equations  for  the  chamber  wave  dynamics  will  be  simplified  by  assuming  inviscid,  non-heat-conducting, 
non-mass-diffusing  flow.  Turbulent  fluctuations  will  be  considered  small  compared  to  acoustic  amplitudes; 
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also,  the  turbulent  length  scales  will  be  shorter  than  the  acoustic  wavelengths  which  also  allows  their  ne¬ 
glect.  The  turbulence  is  generated  largely  by  the  jets  of  propellants  entering  the  combustion  chamber  and 
the  length  scales  are  determined  by  transverse  jet  dimensions  and  spacing  between  adjacent  jets.  Acoustic 
wavelengths  are  determined  by  the  much  larger  chamber  dimensions.  Other  variations  with  length  scales 
substantially  shorter  than  the  acoustic  wavelength  can  be  neglected.  The  propellants  will  be  considered  to  be 
gaseous  when  injected  into  the  combustion  chamber.  Mixing  and  chemical  reaction  will  be  modelled.  Since 
the  combustion  chamber  operates  at  supercritical  pressure,  a  single-phase  fluid  will  be  considered.  For  the 
transverse  mode,  variations  of  amplitudes  in  the  transverse  direction  will  be  much  greater  than  variations  in 
the  axial  direction  of  the  cylindrical  configuration.  This  will  facilitate  the  reduction  of  the  problem  from  a 
three-dimensional  unsteady  problem  to  a  two-dimensional,  unsteady  formulation. 

A.  General  Formulation  of  Theory 

We  will  use  a  wave  dynamics  model  previously  discussed  in  the  literature. ,’1’’  ,s  Gravity  and  viscosity  are 
neglected  and  E  is  the  time  rate  of  energy  per  unit  volume  which  is  converted  from  a  chemical  form  to  a 
thermal  form.  A  perfect  gas  and  constant  specific  heats  are  assumed.  Of  course,  at  the  very  high  pressures, 
there  should  be  corrections  to  the  gas  law  and,  at  the  high  temperatures,  the  specific  heats  will  be  variable. 
The  approximation  is  expected  to  preserve  the  quality  of  the  wave  dynamics  and  the  combustion  dynamics 
and  not  hide  any  primary  physics.  R  is  the  specific  gas  constant  for  the  mixture  of  gases  in  the  chamber; 
Yn  is  the  mass  fraction  for  the  nth  species  in  the  fluid  mixture;  T  is  gas  temperature;  a  is  speed  of  sound;  cp 
is  specific  heat  at  constant  pressure;  cv  is  specific  heat  at  constant  volume;  and  7  =  cp/cv. 

The  above-described  analysis  yields 

d2P  ,2  d2p  dp  da2  dE  2d2(pujUl) 

dt 2  dxjdxj  dt  dt  '  dt  dxidxj 

The  left-hand  side  of  the  equation  represents  the  wave  operator  in  three  dimensions.  A  mild  nonlinearity 
appears  through  the  coefficient  a2.  The  first  and  third  terms  on  the  right-hand  side  are  strongly  nonlinear 
terms  that  are  conservative  but  will  affect  the  wave  shape.  The  second  term  on  the  right  represents  the 
influence  of  the  energy  conversion  and  can  be  a  strong  driver  of  the  nonlinear  oscillation. 

B.  Reduction  to  a  Two-dimensional  Wave  Equation 

Now,  a  two-dimensional  model  is  developed  by  integrating  Equation  (1)  over  the  primary  flow  direction, 
23.  Focus  is  made  on  the  transverse  mode  instability;  so,  the  major  oscillations  will  be  in  the  X\  and  22 
directions.  A  cylindrical  combustion  chamber  is  considered  with  the  injector  at  23  =  0  and  the  nozzle 
entrance  at  23  =  L.  Variations  of  the  pressure,  velocity,  and  other  variables  in  the  23  direction  will  be 
smaller  than  variations  in  other  directions. 
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The  mass  flux  per  unit  area  flowing  from  the  injectors  will  be  considered  to  be  a  function  of  local  pressure 
at  the  exit  of  the  injector  which  is  the  injector  face.  So,  pu^lo  =  g(p,x  1,2:2)  where  the  function  g(p,x  1,0:2) 
can  be  determined  by  analysis  of  the  flow  in  the  orifice  and  upstream  in  the  propellant  feed  system.  For 
portions  of  the  injector  face  where  no  orifice  hole  exists,  g  =  0. 

A  special  nozzle  configuration,  which  is  achievable  experimentally,  is  assumed:  a  multi-orifice  flow  exit 
with  each  orifice  in  a  perforated  plate  in  the  exit  plane  being  a  small  choked  nozzle  with  a  length  much  shorter 
than  the  oscillation  wavelength  and  a  residence  time  much  shorter  than  the  oscillation  period.  Then,  the 
flow  through  the  nozzle  is  quasi-steady.  This  nozzle  boundary  condition  for  nonlinear  transverse  waves  was 
developed  by  Crocco  and  Sirignano.  ’’ 111  Consider  the  entrance  Mach  number  of  the  nozzle  to  be  sufficiently 
low  so  that  entrance  stagnation  values  and  static  values  can  be  assumed  to  be  identical.  Also,  the  boundary 
condition  is  abbreviated,  neglecting  higher  order  effects  of  the  transverse  velocity. 

The  pressure  variation  in  the  X3  direction  may  be  assumed  to  be  minor  for  many  transverse  oscillations. 
The  major  variation  of  pressure  will  be  in  the  transverse  direction,  as  indicated  by  experimental  findings1 
and  theory.1  :  For  a  pure  transverse  wave  behavior,  there  is  no  acoustical  oscillation  in  the  X3  direction; 
so,  only  advection  can  be  expected  to  produce  variations  in  that  flow  direction.  These  variations  tend  to  be 
slow  exponential  variations  according  to  the  theory. 

The  nozzle  boundary  condition  provides  a  first-time-derivative  term  which  is  a  damping  function  for  the 
oscillation.  Some  of  the  energy  in  the  oscillation  will  be  lost  by  nozzle  outflow.  The  term  with  the  time 
derivative  of  the  energy  source  E  can  be  described  as  the  forcing  function  for  the  oscillation.  A  combustion 
model  will  be  developed  to  relate  that  quantity  E  back  to  pressure,  temperature,  and  velocity.  The  other 
two  nonlinear  terms  on  the  right-hand  side  of  the  equation  are  not  dissipative  or  forcing  functions  but  they 
can  have  strong  influence  on  the  stability,  amplitude,  and  wave  shape  for  the  oscillation. 

Assume  that  the  averaged  pressure,  temperature,  density,  and  sound  speed  will  be  related  by  polytropic 
relations.  Isentropic  relations  will  be  used  to  describe  the  thermodynamic  relations  during  the  oscillation. 
For  transverse  oscillations  in  a  cylindrical  chamber,  shock  waves  do  not  form.  Also,  the  acoustic  wavelengths 
are  sufficiently  long  that  viscous  and  diffusive  effects  are  small,  except  for  a  combustion  zone  near  an  injector. 
These  isentropic  relations  can  be  used  to  eliminate  density,  sound  speed,  and  temperature  from  Equation 
(1).  The  neglect  of  entropy  variations  in  the  determination  of  the  pressure  and  velocity  fields  is  not  a  very 
strong  assumption. 

It  is  useful  to  cast  the  two-dimensional  construction  of  the  wave  dynamics  equation  in  cylindrical  polar 
coordinates  because  of  the  combustion  chamber  shape,  r  and  6  will  represent  radial  distance  from  the 
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chamber  centerline  and  azimuthal  position,  respectively.  The  velocity  components  are  ur  and  ug. 


§  +  -  BIP^  [gs  +  +  ygq 

^h©2  +  (r-i)f +  + 

2  d2{pTiur.ue)  .  2  d(pTurue)  ,  1  d2(pr  tig)  _  i  3(p7Mg)i 
'  r  5r<90  '  r^"  '  r^"  502  r  5r  J 


(2) 


where  it  is  defined  that 


Si 


«L  .  R  = 

-y  —  1  5  D2  -y  —  1 

PssT  Tpss7 


A,  7  +  1  ^ 

AV  2  ' 


(3) 


Note  that  a  one-dimensional  isentropic  flow  analysis  yields  for  nozzle  throat-to-entrance  area  ratio,  after 
neglect  of  terms  of  0(M2), 


A 

A 


M 


(.  -r+i 
7+j\  2F^TT 


(4) 


where  M  is  the  combustion  chamber  mean- flow  Mach  number  with  0  <  M  «  1.  Thus,  we  approximate 


K 


Bo 


M- 


Lps 


(5) 


The  quantity  Bo  is  small  and  positive. 

One  may  now  cast  the  momentum  equations  in  cylindrical  coordinates  to  obtain 


dur  8ur 

~dT  +  Ur~d7 


1  3ur 


C  dp 


Ud r  89  r  +  po  dr 


=  0 


(6) 


and 


dug  dug  1  dug 
+Ur+Ue 


UrUg  +  _C_<9p  _  0 


rp 


k  80 


(7) 


where  C  =  pis  / pss- 

Consider  a  solid  circular  wall  at  radius  r  =  R;  that  is,  no  acoustic  lining  is  present.  The  normal  velocity 
at  the  wall  will  be  zero;  so,  the  following  boundary  conditions  apply  to  the  system  of  Equations  (2,  6,  7): 


ur(t,R,0)  =  0  ;  §:( t,R,0)  =  ^ 


(8) 


The  wave  dynamics  will  be  studied  in  Section  III  by  imposing  a  postulated  relation  between  the  heat 
release  rate  E  and  the  pressure  p.  However,  focus  will  occur  in  Section  IV  on  a  model  of  co-axial  injection, 
turbulent  mixing,  and  chemical  reaction.  This  model  will  be  more  realistic  and  will  introduce  physics  with 
characteristic  times  that  need  not  be  short  compared  to  the  period  of  acoustic  oscillation.  Therefore,  time 
delays  will  be  introduced. 


7  of  28 


American  Institute  of  Aeronautics  and  Astronautics 


III.  Multi-timescale  Perturbation  Method 


Equation  (2)  will  be  simplified  by  neglecting  injector  coupling  and  keeping  inflow  mass  flux  constant 
under  chamber  oscillation,  i.e.  /  =  0.  Subscript  ”ss”  will  imply  steady-state  values,  e.g.,  pss,ass  and  Ess. 
These  values  will  be  used  to  normalize  the  dependent  variables,  creating  non-dimensional  forms:  pressure 
will  be  normalized  by  the  steady-state  pressure  pss  and  velocity  components  by  the  steady-state  speed  of 
sound  ass,  both  having  uniform  values  over  the  domain  for  the  wave  dynamics  equation.  Radial  position 
will  be  normalized  by  the  chamber  radius  R  and  time  is  normalized  by  R/ass.  From  this  point  forward, 
the  variables  t,r,p,ur ,  and  ug  should  be  interpreted  as  normalized,  non-dimensional  quantities.  Note  that 
ass  =  7 Pss/ Pss  and  the  mean- flow  Mach  number  M  =  uss/ass. 

Two  time  scales  will  be  introduced; '  a  fast  time  scale  z  =  ut  on  which  the  oscillations  occur  and  a  slow 
time  scale  r  =  at  on  which  amplitudes  and  phase  slowly  change,  w  is  the  angular  frequency  of  the  oscillation 
and  a  is  a  small  positive  quantity  that  goes  to  zero  as  the  oscillation  amplitude  goes  to  zero.  A  dependent 
variables  becomes  a  function  of  both  variables:  e.g.,  p{z ,  r,  r,  6).  Then,  dp/dt  =  ojdp/dz  +  erdp/dr. 

Equations  (2,6,  7)  take  new  forms.  The  non-dimensional  wave  dynamics  equation  is  now 

2  92p 
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d2p  l  dp  1  d2p 
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where  B  is  the  non-dimensional  version  of  the  dimensional  i?2 ;  thus, 
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and  the  nonlinear  acoustic  terms  are  given  as 
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(ii) 


The  quantity  E  can  be  expected  also  to  go  to  zero  as  M  — >  0.  Furthermore,  dE/dt  — >  0  as  e  — >  0  and  / 
or  as  M  — >•  0. 

With  placement  of  nonlinear  terms  on  the  right  sides  of  the  equations,  the  non-dimensional  momentum 
equations  become 
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The  non-dimensional  boundary  conditions  are  given  as 

dp 


ur{z,  r,  1, 0)  =  0  ;  ^(z,t,1,6)  =p~tu2e 


(12) 


(13) 


(14) 
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An  implicit  constraint  is  the  solution  must  remain  finite  without  any  singularity. 

A  perturbation  expansion  is  assumed,  e  will  be  the  perturbation  parameter  which  is  a  measure  of 
oscillation  amplitude.  We  take 

1  +  epi(z,  r,  r,  9)  +  e2p2(z ,  r,  r,  9)  +  £3p3(z ,  r,  r,  9)  +  0(e4) 

£ur<i(z,  T,  r,  9)  +  £2Urt2{z,  T,  r,  9)  +  £3ur,3(z,  t,  r,  9)  +  0(e4) 

£ue,i{z,  T,  r,  9)  +  £ 2ue,2(z,  t,  r,  9)  +  £3ugi3(z,  r,  r,  0)  +  0(e4) 
w0  +  ewi  +  £2w2  +  0(e3) 

1  +  £Vpi  +  £2[I>2  +  r^r2~1)Pl]  +  Q(g3)  (15) 

The  zeroeth-order  solutions  are  the  steady-state  solutions;  thus,  the  non-dimensional  po  =  1  and  ur,o  = 
=  0.  It  will  be  shown  that  wi  =  0,  a  =  M  =  £2 .  For  simplicity,  those  values  will  be  taken  now  and 
proven  later. 

Now,  we  substitute  into  the  equations  and  separate  according  to  powers  of  e. 


P  = 
ur 

■  = 

w  = 

/(7)  = 


A.  First-order  Equations 

The  resulting  first-order  equations  become 
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url(z,T,  1,9)  =  0  ;  ^-(z,T,  1,9)  =  0 


(19) 


The  resonant  modes  for  the  chamber  will  be  described  by  the  homogeneous  form  of  Equation  (16).  As 
currently  stated,  a  homogeneous  solution  will  appear  on  the  right  side  as  a  forcing  function.  In  order  to 
maintain  a  finite  solution,  the  two  terms  on  the  right  side  must  balance  and  produce  zero.  EiyCrn  is  the 
portion  of  the  first-order  perturbation  of  energy  rate  needed  to  balance  the  first-order  nozzle  damping.  Thus, 
the  right  side  of  the  equation  becomes  zero,  yielding  only  the  homogeneous  solution.  More  details  about  E\ 
and  Ei’Crit  follow  below. 

An  infinite  number  of  modes  are  possible,  implying  an  infinity  of  solutions  for  the  first-order  equations 
and  ,  consequently,  an  infinity  of  higher-order  solutions.  The  most  common  mode  for  LPRE  is  the  first- 
tangential  spinning  mode  which  we  select  here.  If  we  consider  the  right  side  of  Equation  (16)  to  be  zero,  the 
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first-order  solutions  are  the  classical  results: 


Pi  =  A(T)J1(snr)cos(z  -  9 +  ;  url 

Wo 


A  dJ\  .  ,  .  A 

- — sin(z  —  9  +  ip )  ;  uei  = - Jicosiz 

7Sn  dr  "fsur 

sn  =  1.8413 


9  +  i/>) 
(20) 


where  J\,  A,  and  il>  are  the  Bessel  function  of  first  kind  and  first  order,  slowly  varying  amplitude,  and  slowly 
varying  phase  angle,  respectively. 

The  first  five  roots  sim  of  the  Bessel  function  Ji(si„r)  giving  zero  slope  at  r  =  1  are  sn  =  1.8413, 
s  12  =  5.3313,  S13  =  8.5263,  S14  =  11.706,  and  S15  =  14.864.  The  lowest  eigenvalue  has  been  taken  because  it 
describes  the  first  tangential  mode.  The  other  eigenvalues  relate  to  modes  with  combined  first  tangential  and 
first  radial  mode,  combined  first  tangential  and  second  radial  mode,  combined  first  tangential  and  third  radial 
mode,  and  combined  first  tangential  and  fourth  radial  mode,  respectively.  Note  that  the  Bessel  function  of 
the  second  kind  has  been  discarded  because  it  produces  a  singularity  at  r  =  0. 

The  energy  release  rate  E(z,r,r,9)  must  be  expanded  in  a  perturbation  series.  We  consider  it  to  be  the 
sum  of  a  steady-state  portion  plus  a  perturbation  caused  by  the  acoustic  oscillation.  Thus,  E  =  Ess(r ,  9)  + 
E'(z,  t,  r,  6)  and  dE/dt  =  dE' /dt  =  ujdE' /dz  +  adE'/dr.  Furthermore,  we  take  E'(z,  r,  r,  9)  =  E'{t ,  r,  z  — 
9  +  i/j)  for  the  travelling  tangential  wave.  With  the  expectation  that  E'  will  have  components  in-phase 
and  out-of-phase  with  pressure  and  its  amplitude  is  related  to  the  pressure  amplitude,  the  following  form  is 
assumed: 


E'{z,  t,  r,  9)  =  T,'^L0£nAn[ECyn(r)cos(n[z  -  9  +  ?/>])  +  ESyn(r)sin{n[z  -9  +  if;])] 

-gj-  =  An sun[E^n(r)sin{n[z  -  9  +  ip])  +  Es,n(r)cos{n[z  -9  +  V’])]  (21) 

In  Appendix  B,  for  the  specific  case  of  co-axial  injection,  mixing,  and  reaction,  the  assumed  form  will  be 

justified.  For  the  moment,  we  allow  some  dependencies  on  e  to  be  hidden  in  the  coefficients  ECiTL  and  EStTl. 

Set 


-E’c.i(r)  =  EC:1Ji(snr )  +  EcA(r ) 


Ed 

Ec,i(r) 

Now,  we  define  Ec  \  excess  —  ( Er  \  Ec  \  crn^f£ 
in  e: 


Jo1  Eci{r)Ji(snr)rdr 
fo  Jl(snr)rdr 


_  y^oo 

—  l-‘m= 2 


Jo  EC:i(r)Ji(simr)rdr 


f0  J?(simr)rdr 


Jlmi?  ) 


(22) 


and  separate  the  coefficient  into  two  parts  of  different  order 


Ec,i  =  E, 


c,l,crit 


+  e2Et 


c,l,  excess 


(23) 


The  logic  for  the  separation  will  become  evident  as  we  proceed.  Realize  that  e  appears  explicitly  in  Equation 
(21)  with  the  consequence  that  the  above  right-side  terms  appear  to  first  and  third  order,  respectively.  We 
also  consider  Ec  i{r)  to  be  of  higher  order. 
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Es  i  (r)  is  also  expanded  in  an  eigenfunction  series  and  considered  to  be  of  0(e2): 


Es,i(r)  =  e2EsAJ1(si1r)  +e2EsA(r ) 


Es,i  = 


fo  EC:i(r)Ji(snr)rdr 

£2fn  J2(snr)rdr 


EsAr )  =  S“=2 


Jo  ECti(r)Ji(simr)rdr 
£2/o  Ji(simr-)rdr 


Jlmi?  ) 


(24) 


The  result  from  setting  the  right  side  of  Equation  (16)  to  be  zero  is 


dp 

(7  —  l)woAEc,i,crii^i(siir-)sm(z  -  9  +  ip)  =  —  =  ABw0  Ji(snr)sin(i  -  0  +  VO  (25) 

Thus,  the  definition  for  the  critical  value  is  obtained  whereby  -Ec,i,cr-*t  =  13/(7  ~  1)  and  £2-Ec,l, excess  = 
A,i  - 13/(7  -!)• 

The  physical  interpretation  from  linear  theory  is  that  if  ECt  1  >  Ecicrjt  any  small  disturbance  causes 
a  growing  oscillation;  if  Ec p  <  EC} itCru  any  small  disturbance  causes  a  decaying  oscillation;  and  if  EC}  1  = 
Ec,i,criti  a  neutral  oscillation  results.  The  difference  of  ECt  1  from  its  critical  value,  namely  13c, 1, excess  will 
appear  to  higher  order  and  will  affect  limit-cycle  amplitude. 

The  £2ECt  1, exCess  term  will  also  be  of  the  order  of  the  chamber- mean- flow  Mach  number  M  whereby 
M  <<<  1.  Essentially,  we  are  setting  e  =  \[M.  Physically,  this  is  realistic  because,  as  shall  be  shown, 
the  lowest  frequency  terms  appear  only  to  odd  orders  in  e.  Thereby,  the  natural  tendency  in  the  necessary 
balance  of  certain  terms  is  that  the  amplitude  must  adjust  to  the  Mach  number  value.  The  amplitude  of  the 
oscillation  will  be  defined  as  sA{r)  =  \/MA{t). 


B.  Second-order  Equations 


The  wave  equation  for  the  second-order  pressure  perturbation  becomes 


UJ 


2 

0 


d2p2 

dz2 


d2p2  1  dp2  1  d2p2 
dr 2  r  dr  r2  dd2 


N2  +  Bsn[A- 


i7~  1 
4y 


J\  {s\\r)sin{2[z  —  9  +  ip]) 


dp2 

dz 


where 


(26) 


N2  = 


7~1  I"  d2P!  ,  1  dpi  I  1  d2p 1 

7  dr2  '  r  dr  '  ~r^  dO2 


+ 


(7-1) 

7 


) 


2 


2  d(^rl) 
r  dr 


2  d2(urluei) 
r  drdO 


2  d(UrlUS1)  ,  1  92(j4l) 

71  ae  ^  7?  ae 2 


1  d(«ai) 
r  Or 


(27) 


Note  that  the  energy  release  rate  does  not  appear  to  this  order.  The  second-order  momentum  equations  are 


Sll 


dur  2 
dz 


1  dp2 
7  dr 


dur  1  1  dwri 

rtri- ~ - 1-  uei-- 


l6 1 


dr 


d6 


1  dpi 

—P 1- 


7 


dr 


(28) 


and 


on 


dng2 

dz 


1  dp2 
'yr  d9 


Url 


dug  1 
dr 


1  ditgi 
+  Uei - 7T7T 

r  dO 


'U'rl'U'Q 

r 


1  dpi 

72r^*1  gg 
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(30) 


Ur2(z,T,  1,8)  =  0  ;  -^r(z,T,  1,0)  =7U2ei{z,T,r,0) 

Now,  substitution  of  the  first-order  solution  into  Equation  (27)  is  possible.  Standard  trigonometric 
relations  are  used  for  simplifications.  In  order  to  remove  derivatives  from  the  result,  repeated  use  of  the 
following  identity  is  made: 

dJn(sur)  _  jn(-gnr.)  _  suJn+i{sur)  (31) 

dr  r 

The  results  are  obtained  that 

N2  =  A2q0(r)  +  A2 q2(r)cos(2[z  -  9  +  ip])  =  —A -  A2  cos  (2[z  -  9  +  ip])  (32) 

where  obviously  Qn(r )  =  —r2qn(r).  The  qn{f)  functions  are  defined  in  Appendix  A. 

Consequently,  we  have  the  second-order  pressure  particular  solution  to  Equation  (26)  created  by  the  N2 
forcing  function  in  the  form 

p2*  =  A2  Fq[t)  +  A2  F2{r)cos(2[z  -  9  +  ip])  (33) 


where  substitution  in  Equation  (26)  yields  the  ordinary  differential  equations: 

2d2F0  dF0  .  . 

r  le_  +  rir  =  <5“w 


(34) 


and 

r2~TY  +  r<-~r  +  4(siir2  “  1)F2  =  <92 (r)  (35) 

arz  dr 

Equation  (34)  can  be  solved  by  two  successive  integrations  of  first  order  equations  using  integrating  factors. 
However,  another  approach  will  be  used  related  to  the  solution  of  the  second-order,  radial  momentum 
equation  later  in  this  section. 

Equation  (35)  can  be  solved  by  variation  of  parameters,  reducing  the  solution  to  the  sum  of  two  quadra¬ 
tures.  The  homogeneous  solutions  to  that  differential  equation  are  the  Bessel  function  of  the  first  kind 
J2(2snr)  and  of  the  second  kind  Y2(2snr).  With  z  =  2 snr,  the  Wronskian  is  given  as  W  =  2/(nz)  = 
l/(nsur).  Thus,  the  particular  solution  is  given  by 


F  fV'l  —V(0  o  r2snr  J2(z)Q2(s/(2sh))  7/o„  ^  f2anr  Y2(z)Q2(z  /  (2Sll)) 

*  2(r)  —  r2(2snrjj0  W(z)[z/(  2sn)]2  dz  d2(2sur)j0  W(z)[z/(  2sn)]2  dz 

Y2(2snr)  fQr  dr>  _  j2(2siir)  £ 


=  27 rs^ 


(36) 


The  first  term  has  a  singularity  at  r  =  0  introduced  through  Y2.  However,  the  multiplying  integral  will 
behave  as  r2  for  small  radius,  thereby  removing  the  singularity  through  the  product.  In  the  second  term, 
the  integrand  is  singular  and  the  integral  will  be  singular.  Again,  the  product  formed  with  J2  removes  the 
singular  behavior.  The  lower  limits  on  the  integrals  are  set  to  zero  to  avoid  discontinuities  at  r  =  0.  That  is, 
a  finite  value  of  -F2(0)  multiplied  by  the  cosine  function  would  result  in  discontinuous  behavior  for  p2{z,  0,  9). 
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The  remaining  particular  solution  to  Equation  (26)  will  be  obtained  using  p2  ~  p2*  which  is  justified 
because  B  =  O(M)  where  the  mean-flow  Mach  number  M  is  small  compared  to  unity.  The  forcing  function  on 
the  right  hand  side  of  that  equation  now  becomes  A2q0(r)  +  A2q2(r)cos(2[z  —  6+ip])+A2q2Ssin(2[z  —  9+ ip])  = 


Qo(r)  +  Q2(r)cos(2[z  -  9  +  ip])  +  Q2Ssin(2[z  -  9  +  ip]) 


The  differential  equation  for  F2s  is 


where  Q2a  =  -Bsnr2[2F2(r)  +  ^  Jf{snr)\. 


,d2F, 


2  u.  f2s  dF2s  2  2  1\771  _  n  f  \  —  D  2  fo  Z71  I  T  1  t2 


+  4(s21r2  -  l)F2s  =  Q2s{r)  =  -Bsnr2[2F2(r)  + 


dr2  dr 

Now,  we  determine  the  particular  solution  F2ssm(2[z  —  6  +  ip]). 

J2(2snr')(52s(r')  , 


4q 


Jiisiir)] 


F2s(r)  =  2tts2u 


Y2{2Sllr) 


dr'  -  J2(2snr)  f 
Jo 


F2(2snr')Q2s(r') 


dr' 


Adding  that  solution,  we  now  have 


p2  =  A2F0(r)  +  A2 F2{r)cos(2[z  -  9  +  ip])  +  A2F2s(r)siro(2[2:  -  9  +  ip]) 


(37) 


(38) 


(39) 


Solution  of  Equation  (28)  for  itr2  can  be  obtained  by  first  substituting  solutions  for  ur\,ugi,  and  p2  to 
obtain 


dur 


dz  'y2s'ii 


J1J2  _  giija  _  -,0  dF2 
r2  2 r  '  H  dr 


COs(2[z  -0  +  1p])~  ddrasin(2iZ  ~  6  + 


+ 


7SH 


dF0  |  1/1  _  1  \  7  dJi  1  1  //  dJi  \2  .  /  Ji  \2\ 

dr  7  v  s?,  r2  '  1  dr  '  2  -yrs2-,  ' '  dr  / 


dr  27 rs^  W  dr 


(40) 


Now,  to  prevent  ur2  from  growing  towards  infinity  with  transformed  time  z,  it  is  necessary  that  the  last  line 
of  the  above  equation  becomes  identically  zero.  Thus,  Fg  must  satisfy  the  first-order  differential  equation 


dFp  _  .1 ,  1  \  j  dJi _ 

dr  7  sjyr2  1  dr  2y rs?i  vv  dr 


1  //dJi  ^ -A \2j 


(41) 


311'  u,/  z.  a11 

It  can  be  shown  by  differentiation  and  substitution  into  Equation  (34)  that  if  Fo  satisfies  Equation  (41), 
it  also  satisfies  (34).  With  expected  uniqueness  for  the  solution  to  the  differential  equation,  the  solution 
satisfies  both  the  differential  equation  and  the  condition.  So,  there  is  no  conflict  and  the  solution  for  rtr2 
becomes 


Ur2 

G2(r) 


=  A2G2(r)sin(2[z  —  9  +  ip])  +  A2G2s(r)cos(2[z  —  6  +  ip]) 


l 

—  2 72s^ 


JlJ2 


rZ 

SnJ2 


G2  «(r)  =  5^77^ 


(42) 


Solution  of  Equation  (29)  for  ug2  can  readily  be  obtained  by  substituting  solutions  for  uri,ugi,  and  p2, 
and  integrating  over  z.  The  “constant”  of  integration  (actually  allowed  to  be  a  function  of  r)  is  set  to  zero 
by  the  condition  of  zero  vorticity  (zero  circulation)  to  this  order  of  the  perturbation  series.  The  result  is 


uq2  =  A2  H2{r)cos(2[z  —  9  +  ip])  +  A2  H2S{r)sin{2[z  —  6  +  ip]) 


H2{r) 


1 

7Snr 


J2-J2 

47 


J1J2 

27Snr 


H2s(r)  =  -j—F2s 

z.a\  j  7<Snr 


(43) 
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Equation  (41)  can  be  integrated  to  obtain  Fq  with  the  result 


F°=K+i+h 


'0  L 


J2 


2  Ji  J2 


r'  Sn(r')2. 


dr' 


(44) 


The  constant  of  integration  K  can  be  determined  by  the  constraint  that  under  oscillation  the  instan¬ 
taneous  value  of  the  integral  of  the  density  over  the  chamber  volume  yields  the  same  mass  as  given  in 
steady-state  operation.  Thus,  we  have 


rFndr 


1 


rj\dr 


Consequently, 


f-V3  r1  2dr+i  r 

\r 

'  2J3J2  J2' 

dr' 

27  Jo  7  Jo 

J  0 

[sn(r')2  r'\ 

rdr 


(45) 


(46) 


C.  Third-order  Equations 

For  the  third-order  equations,  <?(£)  =  e2  has  been  taken  which  will  introduce  the  slow  time  derivatives  at 
that  order. 


.2  3  P3 
J0  dz2 


d  P3  , 
dr2  f 

-Blo0 


1  dP3 
r  dr 


1  d2P3 


dps 

dz 


+ 


dB2 


27 


dz 


dz  > 


+  87 2  Pi  dz 


' N 3 


(47) 


N a  = 


+2q 


7-1 


Pi 


d2  (UrlUr2) 


d2P2  1  1  dp2 

dr 2  '  r  dr 


~g^2  “  +  ~ 

+  (7  -  l)pi 

+ 


2  d(ur\Ur2) 
dr 


1  d2p2 

r2  dB2 


+  (■ ^P2  -  ^-pI) 


d2p  1 
dr 2 


,2  9pi  9p2 
9z  dz 


2(7-1) 

7 

1  d2(Vr2M81+Mrm*92) 

r 


\  _  (7-1) 


pi 


(“»#) 


I  dpi 
r  dr 


1  d  Pi 

r2  902 


d2(n;,) 

dr2 


2»;,i 

r  9r 


2  92(urlH0l) 
r  9r90 


1  3(Ur2USl+Mrllle2) 

7^  90 

2  d(uriusl) 
r2  dB 


1  d  (11911102) 

T7  9<P 


1  9(1X0!  1102) 
r  dr 


1  d2(iifl1 ) 

r2  902 


1  d(it0i ) 

r  dr 


d  (pill2! )  1  2  d(piu2i )  ,  2  9  (piMriH0i)  ,  2  9(piMriM0i)  ,  1  9  (pi ii0-| )  _  1  djpiuj-,) 

dr 2  r  dr  '  r  drdO  '  r2  d6  r2  d62  r  dr 


(48) 


=  2ueiug2+-piUg1  (49) 

or  7 

The  first-  and  second-order  solutions  may  be  substituted  into  N3  to  yield 

N3(r,  z  —  9  +  1/1)  =  A3qi(r)cos(z  —  9  +  ip)  +  A3q3(r)cos(3[z  —  9  +  ip]) 

+A3qls(r)sin(z  -  9  +  ip)  +  A3q3s(r)sin(3[z  -  9  +  ip])  (50) 

where  the  qn(r)  functions  are  defined  in  Appendix  A. 

The  derivatives  of  F2  and  F2s  can  be  obtained  by  differentiation  of  the  relations  given  in  Equations 
(36)  and  (38).  Then,  the  second  derivatives  can  be  obtained  in  terms  of  F2  and  F2s  from  the  differential 
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equations,  (35)  and  (37).  The  functions  G2,G2S,  H2  and  H2s  can  be  differentiated  directly  from  their  forms 
in  Equations  (42)  and  (43).  Equation  (31)  would  repeatedly  be  used.  See  those  results  in  Appendix  A. 

The  forcing  function  on  the  right  side  of  Equation  (47)  is  given  by 


-  snA(7  -  l)-EC|iiexcesaJi(sur)sm(z  -  9  +  ip) 


-A3Bs  1 


+snA(7  -  l)ES}1Ji(sur)cos(z  —  9  +  ip)  +  2suuj2AJi(snr)cos(z  -  9  +  ip) 
dA  dip 

+sn  —  J\(s\\r)sin(z  —  9  +  ip)  +  —  s\\AJ\{s\\r)cos[z  —  9  +  ip) 
dr  dr 

^7-^  +  —  (2F0  Ji  +  F2Ji)sin(z  -  6  +  ip)  +  3^— — F2  J\sin(3[z  —  6  +  ip]) 

oz  47  47 


-A3Bs  1 


72~1 

327 


jfsin(z  —  9  +  ip)  + 


72-l 


jfsin(3[z  —  9  +  ip]) 


2  YJ  3272 

+A3qi(r)cos{z  —  9  +  ip)  +  A3q3(r)cos(3[z  —  9  +  ip]) 
+A3qis(r)sin(z  —  9  +  ip)  +  A3  q3s{r)sin(3[z  —  0  +  ip]) 


(51) 


The  J\sin{z  —  9  +  ip)  and  J\cos(z  —  9  +  ip)  terms  cannot  appear  in  the  forcing  function.  Thus,  two 
constraints  are  established: 


dA 

dr 


—  A(7  1)7?c,1, excess  A  A^  B 


7-1  fP(2FoJ?+F2J?)rdr  72~1  In  Jlrdr 

47  fp  J\rdr  h  3272  f^jfrdr 


-  A3  Jr‘  'I^AAAliryrdr 

S11  J0  Jf  (siir)rdr  v  y 


d'l/j 

dr 


-2w2  -  (7  -  1  )EBtl  -  A2 


/q1  qi  (r)Ji(snr)rdr 
sn  fo  Jl(sur)rdr 


And  the  modified  third-order  wave  equation  becomes 


(53) 


LOt 


2  d2  P3 
0  dz2 


d2P3  1  1  §P3_  ,  1  d2p3 

4"  r  dr  "C 


dr 2 


dO  2 


=  -A3Bs  1 


^-+3^F2J1sin(3[z-6  +  iP]) 


(7-l 


-A3Bsn:^-  Jlsin(3[z  -  9  +  ip]) 


e™..  . — a  -*+*> 


11  4-y  1 


jo 

-  9  +  V) 


m7^1  J*0  J^(simr)r<ir 

+*s  - > + « 

+A3g3(r)cos(3[z  —  0  +  V>]) 

A-43  Em^i  ^/^(siTrydT  Jl (Sl ™r)sin(z  -  9  +  ip)  +  A3q3s(r)sin(3[z  -0  +  ip]) 


(54) 


It  is  not  necessary  to  obtain  the  solutions  for  p3,  ug3,  and  itr3  in  order  to  achieve  the  first  approximation 
at  growth  and  decay  rates  of  the  oscillation.  The  limit-cycle  amplitude  A*  and  frequency  perturbation  u>2 
are  given  by  setting  the  derivatives  in  Equations  (52)  and  (53)  equal  to  zero 


A*2  = 


(7  -  l)£c,i„ 


let  qie(r)Ji(snr)rdr  „  /  7-I  fp  (2F0J1+F2Ji)rdr 

*n  IP  Jf(snr)rdr  V  4t  IP  Jlrdr 


72  —  1  fP  Jjrdr\ 

W  IP  Jlrdr) 


-1 


W2  =  -(7  -  l)Es,l  -  A  *2 


IP  qi(r)Ji(snr)rdr 
2sn  fg  J2  (snr)rdr 


(55) 

(56) 
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Integration  of  Equations  (52)  and  (53)  with  prescribed  initial  conditions  will  yield  transient  solutions.  It 
is  clear  that  the  sign  of  dA/dr  will  change  at  the  value  of  A  giving  the  limit-cycle  amplitude.  In  Appendix 
B,  ECt i  and  Es\  are  determined  for  the  case  of  multiple  co-axial  injection  of  gaseous  propellants. 


IV.  Solutions  for  Amplitude  and  Phase 


Let  us  recast  the  equations.  Define 


k\  —  (A  l)^c.l,  excess  i 


ko  =  B 


7  -  1  f„1(2E0  Ji  +  F2Ji)rdr  q2  -  1  Jfrdr 
^7  J'l  Jfrdr  32q2  f 1  J^rc[r 


fc3  =  (7  -  l).ESii 


=  Sq  qi^J^sn^rdr 
S11  So  Jf{snr)rdr 


Then,  Equations  (52)  and  (53)  become 


fp  qis(r)Ji(snr)rdr 
sn  fo  Jl(slir)rdr 


dA 

dr 


k\A  T  /c2A ^ 


^  =  —  2w2  -  k3  -  k4A 2 


(57) 


It  follows  from  the  definition  that  fc2  is  directly  proportional  to  B  and,  from  calculation,  is  always  positive, 
fci  may  take  either  sign. 

Analytical  solutions  can  be  found  for  these  two  first-order  ordinary  differential  equations.  With  no  loss 
of  generality,  take  A  =  Aq  and  ip  =  0  as  the  initial  values.  For  the  first  equation,  separate  variables  and 
recognize  that  certain  differentials  of  logarithm  are  easily  constructed.  The  integrated  solution  becomes  after 
some  simple  algebraic  manipulations 

-1/2 

(58) 

Consider  first  the  case  where  k\  and  fc2  have  identical  signs:  i.e. ,  k\  >  0  and  fc2  >  0  (Case  I).  The  solution  for 
A  goes  to  infinity  in  a  finite  time.  Under  this  condition  of  unconditional  instability  in  Case  I  with  both  k\ 
and  fc2  having  positive  values,  a  stable  limit  cycle  is  expected  in  practice.  However,  the  perturbation  series 
has  not  yet  captured  sufficiently  high  powers  of  e  and  A  to  predict  the  stable  limit  cycle.  So,  the  solution 
is  artificially  predicted  to  grow  to  infinite  amplitude  in  a  finite  time;  rather,  if  higher  order  analysis  were 
applied,  it  is  expected  to  grow  to  a  finite  stable  amplitude  in  an  infinite  time.  For  example,  if  a  A5  term 
with  a  negative  coefficient  were  added  to  the  right  side  of  the  first  equation  in  57,  a  stable  limit  cycle  could 
result. 

If  k\  and  fc2  have  opposite  signs,  a  limit  cycle  clearly  exists  at  A  =  A*  =  yj — fci/fc2  where  the  time 
derivative  becomes  zero.  For  a  more  informative  display,  we  may  rewrite  Equation  (58)  as 


Mr) 

An 


(1  +  ?A2)e-2^  - 


ki 


h 


A(r) 

Aq 


(i  -  <3;)2)'-“,r 


(59) 
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If  k\  <  0,  &2  >  0,  and  Aq  <  A*  (Case  Ha),  the  solution  for  A  decays  to  zero  value  as  r  — >  oo  ;  while  the 
solution  for  A  grows  to  infinity  in  a  finite  time  if  <  0,  >  0,  and  Aq  >  A*  (Case  lib).  (Note  that 
mathematically  in  either  Case  Ha  or  lib,  the  value  of  A*  is  approached  as  r  — >•  — oo.)  In  Case  II  here,  the 
limit  cycle  at  A*  is  unstable.  A  stable  limit  cycle  should  exist  at  a  higher  value  of  A  >  A *  but  the  truncated 
perturbation  series  does  not  reveal  it.  So,  again  the  predicted  growth  to  infinity  in  a  finite  time  is  artificial; 
rather,  growth  in  an  infinite  time  to  a  finite  stable  value  is  expected.  The  reversed  signs  indicate  a  bi-stable 
behavior  with  conditional  stability;  however,  the  expected  stable  limit  cycle  at  an  amplitude  greater  than 
the  unstable  limit-cycle  amplitude  A *  is  not  predicted  unless  the  perturbation  analysis  must  be  carried  to 
higher  order  for  that  prediction.  Again,  if  a  A 5  term  with  a  negative  coefficient  were  added  to  the  right  side 
of  the  first  equation  in  (57),  a  stable  limit  cycle  as  well  as  the  unstable  limit  cycle  could  result. 

lo 2  is  the  frequency  perturbation  that  applies  in  the  limit  cycle  where  ip  ceases  to  vary  with  time;  thus, 
its  value  can  be  determined  from  Equation  (57)  as  a  function  of  A*  to  be  lo 2  =  —  (£3  +  k4A*2)/2.  Note  that 
lo 2  can  be  simply  ignored  in  those  cases  where  a  limit  cycle  is  not  found. 

The  second  equation  in  (57)  is  readily  solved  by  integration  of  a  simple  quadrature  after  substitution 
for  A  using  Equation  (58).  The  value  for  lo 2  can  be  substituted  back  again  into  that  same  equation.  In 
particular,  one  obtains 


ip  =  —  (2w2  +  fca)r  —  &4  /  A2{r')dT'  =  k^A  *2  r  + 
J  0 


In 


1  +  j^-Aq(1  —  e2klT) 

/Ci 


(60) 


Substitution  in  the  argument  of  the  logarithmic  function,  using  Equation  (58),  yields 


ip  =  k^A  *2  t  +  In 


Ag_ \2  „2kiT 


(it) 


=  k/tA  *2  r  —  k/tA  *2  t  +  -Jpr-ln 


2  k2 


(4f)2 


—  2kJn 


(t)2 


A  — >  A*  =>  ip  — >•  7Tr-ln 


2k  2 


\A*> 


(61) 


V.  Comparison  with  Computational  Fluid  Dynamics  Results 


Now,  reform  in  dimensional  terms  where  the  dimensional  time  t  =  T' ' =  Bt,  r ,  the  dimensional  mean- 

’  asse  aBBM 1 

to-peak  pressure  amplitude  of  the  major  eigenfunction  A  =  eApss  =  y/MApss, and  the  perturbed  dimensional 


frequency  of  the  limit-cycle  lo  = 


dA 


_  Qss£2OJ  2  aBBMLQ2 


R 


R 


.  Now, 


_  Massk\  a  |  k2(iss  A  3  .  dip  _  o  ~  Massk^  k^ass  A  2 

£  ~  R  ’  ~dd  ~  R  p2ssR 

Actually,  Mk\  and  Mk 3  are  independent  of  M .  Namely, 

Mk\  =M{ 7  -  l)Ec  i  excess  =  (7  -  1) ^  (  Eti  ^  B 


(62) 


Mkn 


=  M(7-1)^,1  =  ^(e^i^) 


(63) 


Unpublished  data  from  the  direct  CFD  solution  of  Equations  (2,  6,  7)  for  given  cases  matches  the  behavior 
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dA/dt  =  C1A  +  C2A3  for  the  domain  with  sufficiently  small  amplitudes.  The  coefficient  C\  could  be  negative 
or  positive,  depending  on  the  operational  domain.  C2  was  always  positive 

Recognition  of  the  pattern  with  the  trigonometric  functions  leads  to  the  expectation  that  higher-order 
perturbation  analysis  would  yield  dA/dt  =  E^r=1C'„A2n_1  and  dip/dt  =  T,//=1KnA2n~2 .  One  could  attempt 
to  match  the  computational  data  using  a  differential  equation  with  a  higher-order  polynomial  on  the  right 
side. 

In  the  form  of  Equation  (62),  the  limit-cycle  amplitude  A *  and  frequency  modification  w*  are  determined 
when  the  derivative  becomes  zero;  thus, 


A*  =  pss\  — 


Mk  1 


u;*  = 


Mk\k^ass  Massks 


(64) 


2  k2R  2  R 

The  theory  predicts  that  the  limit-cycle  mean-to-peak  dimensional  pressure  amplitude  A  scales  roughly 
as  pss/-\/M  assuming  a  weak  dependence  of  the  combustion  on  the  mean- flow  Mach  number  and  a  small 
influence  of  Mach  number  dependence  hidden  in  Ec.i, excess  and  therefore  in  k\  through  the  B  term  in 
The  Mach  number  dependence  of  A *  comes  primarily  from  A)2.  The  Mach  number  at  the  nozzle  entrance 
scales  roughly  as  throat  area  At  for  small  Mach  number  (M  <<  1)  while  steady-state  chamber  pressure 
scales  as  the  reciprocal  of  At.  Therefore,  one  should  be  able  to  vary  At  at  constant  mass  flow  and  show  that 
A  oc  At  .  Thereby,  for  example,  a  thirty  per  cent  change  in  nozzle  throat  area  produces  a  nearly  fifty 
percent  change  in  the  mean-to-peak  limit-cycle  amplitude.  The  frequency  perturbation  at  the  limit  cycle, 
w*,  should  vary  with  M  (or  At)  through  the  first  term  on  the  right  side  of  Equation  (64). 

The  method  here  addresses  a  common  case  where  the  waveform  consists  of  a  basic  resonant  mode  of 
oscillation  with  the  superposition  of  a  fundamental  mode  described  by  linear  theory  and  the  harmonics  of 
that  mode.  Although  we  used  the  travelling  first  tangential  mode,  the  method  could  be  used  for  other 
tangential  modes,  radial  modes,  and  mixed  radial-tangential  modes,  including  both  standing  and  travelling 
modes.  Situations  where  more  than  one  fundamental  mode  appear  with  non-integer  frequency  ratios  become 
more  messy  to  treat  but  can  still  be  approached  by  a  generalized  version  of  the  approach  here.  These 
situations  would  produce  ’’wobbly”  waveforms  where  the  solutions  cannot  be  expressed  in  terms  of  one 
frequency.  Energy  transfer  between  these  fundamental  resonant  modes  would  occur  and  sub-harmonics 
might  be  produced. 


Acknowledgements 

This  research  was  supported  by  the  Air  Force  Office  of  Scientific  Research  under  Grant  FA9550-12-1-0156 
with  Dr.  Mitat  Birkan  as  the  Program  Manager. 


18  of  28 


American  Institute  of  Aeronautics  and  Astronautics 


Appendix  A 


The  qn(r)  and  Qn(r )  values  are  given  below.  Unless  noted  otherwise,  the  arguments  of  the  Bessel 
functions  are  snr  and  non-dimensional  variables  are  used. 


9o (r)  = 

Qo(r)  = 


(J|  -  ^i)(2  -  Snr2)  +  snr JiJ2 
i[(J12-J|)(2-s21r2)-s11rJ1J2 


(65) 
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JiQ  0  AQ2 

Q  I 
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JiF2 
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JiH2 


-  2  ef  j2 + ^  j2  j2 + ^  ji(j2  -  jf)  - 


—  (A)3  + - 
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3 
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272snr 


2sn  J2( 


Jl  n2 
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(66) 
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<73 
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It  is  convenient  to  use  the  relations 
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Appendix  B:  Determination  of  Ecp  and  Es  X 


A  model  is  required  to  relate  E  to  velocity  and  pressure.  The  effect  is  sought  of  the  source  term  E 
on  driving  the  acoustic  oscillation.  In  particular,  the  long  wavelength  impact  of  that  forcing  term  must 
be  determined.  That  term  represents  the  rate  of  conversion  of  chemical  energy  to  thermal  energy  and  will 
create  entropy.  Under  oscillation,  it  will  create  kinematic  entropy  waves  as  well  as  directly  modifying  the 
longer  wavelength  acoustic  oscillations.  The  model  equation  has  filtered  those  shorter  length  kinematic 
waves.  First,  we  will  analyze  an  individual  co-axial,  mixing,  and  reacting  gaseous  propellant  stream  for  an 
individual  injector.  Both  the  steady-state  behavior  and  the  unsteady  perturbation  will  be  examined. 


B1  -  Co-axial  Flame  Analysis 


The  axisymmetric  stream  will  be  analyzed.  The  flame  length  will  be  assumed  to  be  shorter  than  the  chamber 
length.  Flames  from  neighboring  injectors  will  not  interact.  Thus,  each  injector  can  be  analyzed  in  an  isolated 
manner,  only  being  coupled  through  local  oscillation  in  chamber  pressure  and  velocity. 

The  simplification  of  constant  cp  value  for  the  mixture  will  be  made  and  h  =  cpT.  Then,  the  energy 
equation  becomes 


dT  k  2  1  dp  Q  Q 

p  +pu.VT-{  )V  T--—=p-=p-uF 

1/  o  '-'T)  *~',D  “  '-'V  '-'V 


(75) 


Approximating  an  isentropic  relationship  between  pressure  and  density  and  defining  k  =  T /TSSjOC  — 
{p/Pss){-1~1)h ,  we  find 


y+M.VK-DV2K=^ruF  (76) 

Ol  Cpl  ss 

where  we  take  D  to  be  both  the  thermal  eddy  diffusivity  and  the  mass  eddy  diffusivity.  For  the  gas  ambient 
to  the  mixing,  reacting  stream,  k  =  0.  Some  error  is  accepted  when  it  is  assumed  that  the  isentropic  relation 
for  density  applies  throughout  the  mixing  region;  it  is  a  good  approximation  for  the  ambient  gas. 

Consider  now  the  mass  diffusion,  advection,  and  chemical  reaction  for  each  species.  The  species  continuity 
equation  for  each  species  may  be  written  as  follows: 


m 

dt 


^  +  u  ■  VYi  —  DV2Yt  =  u>i 


(77) 


If  an  infinite-rate  chemical  reaction  is  considered  with  the  same  diffusivity  for  fuel  and  oxygen,  one  can 
construct  a  Shvab-Zel’dovich  variable  a  =  Yp  —  vYo  where  v  is  the  fuel-to-oxygen  mass  stoichiometric  ratio. 
Similarly,  one  can  define  /3  =  {Q / {cpTSSi00))Yp  +  k.  For  the  gas  ambient  to  the  mixing,  reacting  stream, 
a  =  0  and  ,8  =  0. 

Consider  now  a  co-axial  injector  with  axisymmetric  behavior  where  the  dependent  variables  are  functions 
of  t,  x,  and  p.  Gaseous  oxygen  flows  from  an  injector  at  x  =  0  for  0  <  p  <  Ri  while  gaseous  fuel  flows  through 
the  injector  at  x  =  0  for  Ri  <  p  <  R0.  An  Oseen  approximation  will  be  made  for  the  velocity  field  with 
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uniform  velocity  U  (t)  in  the  x  direction.  Velocities  of  both  streams  are  taken  to  be  identical  although  they 
differ  in  practice.  Diffusion  in  the  streamwise  direction  will  be  neglected.  The  diffusivity  is  approximated  as 
a  spatially  uniform,  temporal  function  due  to  turbulence  modulation.  The  estimate  is  based  on  the  turbulent 
viscosity  approximation  for  a  self-similar  turbulent  jet. 


l/j' 


Uss(x)r1/2(x) 

35 


(78) 


where  in  Equation  (78)  U(t)  is  substituted  for  the  centerline  velocity  Uq(x),  and  R0  is  the  jet’s  half- width. 
Furthermore,  the  standard  value  of  0.7  is  used  for  the  turbulent  Prandtl  number,  which  yields 


D  = 


U(t)R0 


(79) 


24.5  ’ 

The  Oseen  approximation,  eddy-diffusivity  approximation,  and  boundary-  or  mixing-layer  approximation 
used  here  are  well  established  in  the  literature.  Variations  in  the  velocity  and  turbulent  diffusivity  and 
diffusion  in  the  main  flow  direction  will  cause  quantitative  corrections  but  no  qualitative  corrections  are 
expected.  The  approximation  implies  that  the  ambient  combustion-chamber  gas  will  recirculate  and  parallel 
the  injected  propellants  at  the  same  velocity.  The  governing  equations  become 


and 


da  ,da  „ rd2a  1  da1 


(80) 


(81) 


The  ambient  boundary  conditions  are  a(t,x,  oo)  =  j3(t,x,oo)  =  0.  Boundary  conditions  are  needed  at 
x  =  0.  Consider  that,  for  0  <  rj  <  Ri ,  T(t,0,rj)  =  Ti(t),Yo{t,Q,r)  =  Yo,i(t),YF(t,0,r))  =  0,K,(t,0,r])  = 
Ti/TSStOC  -  {p/pss)^-Vh,a{t,Q,rj)  =  -vY0ti(t)  =  0,rj)  =  {p/pSs)^-1)h  -  Ti/TSSt00  =  g{t).  For 

Ri  <V  <  R0 ,  T(t,0,r/)  =  Ti(t),Yo(t,0,r])  =  0,YF(t,0,r])  =  YF>i(t),K  =  Ti/TSStOO-(p/pss)^-lV'i,a(t,0,ri)  = 
YFi0,  and  /?  =  {Q/{cpTss))YFti+{p/Pss)h~1)/j-Ti/Tss  .  For  r,  >  R0,  Y0(t,  0,V)  =  YF(t,  0,V)  =  0,K(t,0,R)  = 
0,  a(t,  0,  rf)  =  0,  and  j3(t,  0,  rj)  =  0  where  p(t,  0,  rj)  and  T(t,  0,  rf)  have  the  ambient  values. 

The  scaling  still  has  the  pressure  wavelength  much  larger  than  the  domain  under  study  here;  the  acoustic 
wavelength  is  O(100cm)  near  the  wall  while  diffusion  layers  are  of  O(lcm)  and  reactions  zones  are  even 
smaller.  So,  the  pressure  may  be  considered  uniform  (over  the  domain  of  an  individual  injector  but  varying 
from  one  injector  to  another)  although  mass  fractions  and  temperature  will  vary  spatially  and  temporally  due 
to  the  combined  effects  of  heat  and  mass  diffusion,  convection  or  advection,  and  compression  or  expansion. 
The  time  for  an  acoustic  wave  to  propagate  through  a  single  injector  region  is  smaller  than  or  comparable 
to  the  time  for  diffusion  and  reaction  in  that  region.  The  wave  speed  order  of  magnitude  is  102  to  103m/s 
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over  a  centimeter  or  so  in  transverse  dimension  for  a  time  between  O(10-5s)  and  O(10-4s);  the  combustion 
times  are  about  10-4s.  So,  the  time  variation  of  pressure  is  important  for  the  combustion  dynamics. 

These  equations  contain  a  characteristic  time  for  mixing.  This  characteristic  mixing  time  tm  will  result 
in  a  time  lag  for  the  response  of  heat  release  to  the  pressure  oscillation.  A  rough  estimate  of  that  mixing 
time  is  given  by 

Tm  =  (Ro  -  Ri)2  /D,  (82) 

The  t  parameter  does  not  appear  explicitly  in  the  calculations. 

Consider  the  separation  of  steady-state  and  linear  perturbation  terms:  U(t)  =  U  +  U'(t),  D(t)  =  D  + 
D'(t),  a  =  a(r 7,  x )  +  a'(t,  77,  x),  (3 (t,  77,  x)  =  ^(77,  x )  +  P'(t,  77,  x).  From  the  definition  of  the  eddy  diffusivity,  it 
follows  that 


D’  =  ( D/U)U ' 


(83) 


The  equations  governing  the  steady  state  become 


and 


-da  j.rd2a  1  da-,  _ 

dx  dr)2  77  dr)  ^ 


4-fl[0+yf1  =  o 


With  substitution  of  Equations  (83,  84,  85),  the  equations  governing  the  linear  perturbations  become 


da\0^-Dl 


dt 


dx 


«V$tl=-l/'?5  +  D'[S  +  ^l=0 


drj2  77  dr/ 


dx 


-  dr/2  77  dr] J 


and 


W+uW_D\W+ldP]=_u,8i  +  D'\*P  +  ldl]=0 

dt  dx  dr]2  77  dr/  *  dx  dr/2  77  dr/  * 


(84) 


(85) 


(86) 


(87) 


Equations  (80,  81)  have  the  same  linear  differential  operator  and  are  homogeneous.  Physically,  diffusion  is 
occurring  in  individual  axisymmetric  planes  that  are  advecting  at  velocity  U  ( t )  in  the  ^-direction.  Visualize 
a  continual  set  of  planes  perpendicular  to  the  ^-direction  which  advect  downstream  from  the  injector  face 
with  a  temporal  diffusion  within  each  of  these  planes.  So,  one  may  convert  the  two  first-derivative  terms 
into  a  Lagrangian  time-derivative  term.  That  is,  define  t  =  t  —  t  =  f  dx/U  where  r  is  the  time  when  mass 
in  the  particular  plane  was  injected.  Then,  the  equations  become 


and 


da  r<92a  1  da^ 

dt  dr/2  77  £>77 


+  =0 

dt  '~dr)2  77  dr]* 


(88) 


(89) 
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The  boundary  conditions  at  x  =  0  can  now  be  converted  to  initial  conditions.  That  is,  the  boundary 
values  at  the  instant  when  the  element  of  mass  was  injected  are  the  initial  conditions  for  the  diffusion  plane 
to  be  solved  for  each  of  the  plane  (perpendicular  to  ^-direction)  which  continually  emerge  from  the  injector 
face  and  advect  downstream. 

Green’s  function  may  be  used  to  solve  this  problem:  The  solutions  to  Equations  (88)  and 

(89)  may  be  written  as 

rOO  />R0 

a{t,  x,rj)  =  2tt  /  G(x,  rj;  £)a(t  -  r,  0,  £)£d£  =  2tt  /  G(x,  77;  £)a(t  -  r,  0,  £)£d£  (90) 

Jo  Jo 

and 


poo  pRo 

P(t,  x,  r))  =  2n  G{x,  rj;  £)P(t  -  t,  0,  £)£df  =  2tt  /  G(x,  rj;  £)P(t  -  t,  0,f)£d£  (91) 

Jo  Jo 

The  conditions  for  a  at  x  =  0  remain  constant  with  time.  For  0  <  rj  <  Ri,  Yo(t  —  r,  0,  rf)  =  Yo,i ,  Yp(t  — 
t,  0,  rj)  =  0,  a(t  —  r ,  0,  £)  =  -vY0.i]  so,  d*  =  -uY0,i  and  a'(t-T,  0,£)  =  0.  For  Ri  <  r)  <  Ra,  Y0{t-r,  0,£)  = 
0,  Yp(t  —  t,  0,£)  =  Yf,0;  thus,  d0  =  Yp0  and  a'(t  —  t,  0,£)  =  0.  For  77  >  i?Q,  Yo{t  —  r,  0,£)  =  Yp(t  —  r,  0,£)  = 
0,  a(t  —  t,  0,  £)  =  0;  and  consequently  a(t  —  r,  0,  £)  =  a'(f  —  r,  0,  £)  =  0  in  that  outer  region.  It  follows  that 
a!  =  0  throughout  the  domain. 


B2  -  Steady-state  Solution 


After  integration  of  Equation  (90)  by  parts,  the  steady-state  solution  is  given.  At  the  thin  flame  position 
Rf(x),  the  value  of  a  =  0.  Thus,  an  equation  for  Rf(x)  follows.  Since  the  perturbation  quantity  a'  =  0,  the 
value  of  Rf  will  apply  through  first  order.  The  flame  length  Lf  can  be  determined  by  setting  Rf  =  0  in  the 
preceding  equation  and  solving  for  the  corresponding  value  of  x.  That  is,  Rf(Lf)  =  0. 

The  burning  rate  will  depend  on  the  diffusion  rate  of  a  at  the  flame  position.  Differentiation  of  Equation 
(90)  results  in 


da(t ,  x ,  77) 
dr] 


=  -  rn  fo  (r>~  0G(x,  v;  Oa(t  -  r,  0,  £)£d£ 

=  rn  fo°°  tG(x>  v,  £)“(*  -  T>  £)&*£  -  ^f/u  Jo°°  G(x’  £)“(*  -  T,  0,  €)£d£ 


=  m  r  G(x >  v,  -  t,  0,  0£2<£  -  7 

Thus,  at  the  flame  position,  we  find  using  integration  by  parts 

ttu  r°° 


*(t,x,rj) 


da 

dr] 


Rf 


=  m  fo  G &  RfrfMt  -  r,  0, =  U  (a:) 


(92) 


(93) 


The  steady-state  solution  for  /3  is  found  in  similar  fashion.  At  the  flame  position,  the  steady-state 
temperature  Tf(x)  is  found. 

The  diffusion-controlled  steady-state  burning  rate  per  unit  flame-length  in  the  x-direction  drh/dx  is  given 

by 


dm 


-da 


dx  =  2”Rl»DBn 


Rf 


„  Pss  ~da 
1  R  Tf  dr] 


=  2t tD 


Rf 


pss  Rf(x)V1(x) 
R  Tf{x) 


(94) 
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And,  by  integrating  over  the  flame  length  Lf ,  the  steady-state  fuel- mass-burning  rate  associated  with  the 
injector  is  given  as 

_  t.  rLf  n,('r\v,('A 

(95) 


M  s  jh(Lf)  =  2 ?'  ?TjjLLldx 


R 


I  o  T/0) 


The  total  chamber  fuel-mass-burning  rate  with  N  identical  injectors  is  NM.  The  total  mass  flow  rate  for 
injection  at  stoichiometric  portions  would  be  \(v  + 1  )/v\NM.  However,  no  assumption  about  overall  mixture 
ratio  has  been  made.  Rich  or  lean  flows  can  be  included. 


B3  -  Unsteady  Perturbation  Solution 

The  perturbation  of  mass  fractions  at  the  injector  exit  are  zero  and  the  temperature  fluctuation  at  that  exit 
is  isentropic;  thus,  the  solution  for  the  perturbation  of  /3  is  given  as 

P'{t,  x,  rj)  =  2t r  fR°  G(x,  rj;  £)/3'{t  -  x/U,  0,  =  2tt  fR°  G(x,  ry,  £)re'(f  -  x/U,  0,  £)£d£ 

=  2n  G(x,mOT'  ps 


rR°”'-  ...^T\t-x/UfiA)cAC  2^P'(t-x/U)  foR°G(Xj7j;^d£ 


_  27T7 

—  7_1 


- 1 


(96) 


Given  that  the  perturbations  in  a  and  flame  radius  Rf  are  zero- valued,  the  fluctuation  in  burning  rate 
per  unit  length  is 

m  d.ut/.u  r  j  n'  t'.i  r  tv  t '/ 

f  (97) 


dm'  _  pPss  Rf(x)Vi(x) 
dx  R  Tf(x) 


D  Tf  J 


=  2t tDPss  Rf(x)Vl(x) 


R  Tf(x) 


Pss  U 


The  constant  mass  flux  at  the  injector  exit  with  isentropic  fluctuation  there  yields  that  U'/U  =  — (I/7 )p' /pss. 
From  Equation  (96),  the  temperature  fluctuation  at  the  flame  where  mass  fractions  become  zero  may  be 
determined  as 


P'(t, X,R, )  =  «'((, x,R/)  =  T;('’I>  7“lf,'<‘)-  2'7 


Tss,oo  7  Pss  7 

It  follows  that 

TfttiX)  _  Tss, op  7  -  1  p’(t )  Tss, 00  2777 


-  1 


T. 


iO 


-  1 


Pr{t  —  x/U) 


rRo 


Ps 


G(x,Rr,0£d£  (98) 


Tf 


Tf  7  Pss  Tf  7-I 


T, 


iO 


T, 


-  1 


ss,oo 


p'(t  -  x/U ) 


pRo 


Pss 


G(x,Rr,QZdZ 


Now, 


where 


p’(t)  TSStc 


dm'  7  —  1  dm,  / 
dx  j  dx  \  _  Tf(x)  pss  Tf[x)  T, 


T 


iO 


—  1 


p'{t  -  x/U) 


Pss 


V2(x) 


V2(x)=  2nf0R°G(x,Rr,Wdt 


(99) 


(100) 


(101) 


The  integrated  fuel-mass-burning-rate  perturbation  for  the  injector  will  depend  on  both  the  instantaneous 
pressure  perturbation  and  the  pressure  perturbation  at  the  time  of  injection  for  each  discrete  element  of 
mass.  Namely, 


rh’(t)  = 


7  — 1  p’(t)  fLf  dm 


7  Pss  Jo 


dx 


1  - 


Tf(x) 


dx  — 


7-  1 


Go 


-  1 


[Lf  x/U)^V2(x)dx  (102) 

Jo  Tf(x)  Pss  dx 
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B4  -  Integration  of  N  Injectors  with  the  Chamber  Dynamics 


The  individual  injectors  will  experience  different  pressure  histories,  depending  on  their  locations.  We  assume 
the  same  design  for  each  injector.  Thus,  steady-state  mass  burning  rate,  flame  temperature,  and  flame  length 
do  not  vary  from  one  injector  stream  to  another  stream. 

Now,  to  be  consistent  with  the  wave  dynamics  perturbation  analysis,  the  results  for  oscillating  burning 
rate  should  be  cast  in  non-dimensional  terms.  For  an  injector  location  centered  at  the  non-dimensional 
position  ri,  6i  with  i  =  1,2,  3,  ....TV,  the  pressure  terms  in  Equation  (102)  become 


p'(t,  Ti,  0i) 


p'(t  -  x/U,ri,6i) 


=  £AJ1(snri) 


=  £AJi(snri)cos(z  —  9i+ip) 

=  £AJi(si\ri)cos(z  —  s\\x/U  —  6i  +  rjj) 
cos(snx /U)cos(z  —  9i  +  rp)  +  sin{snx/U)sin{z  —  Oi+ip) 


(103) 


where  x  and  U  are  now  normalized  using  the  chamber  radius  R  and  the  steady-state  sound  speed  ass. 
Multiply  Equation  (102)  by  the  fuel  heating  value  Q.  Define  the  steady-state  energy  rate  as  E  =  Qrh  and 
the  energy-rate  perturbation  for  the  individual  injector  as  E[  =  Qrh' .  Normalize  these  energy  rates  by  the 
quantity  pssassR2.  Use  Equation  (103)  to  substitute  into  Equation  (102).  At  the  scale  of  the  chamber  wave 
dynamics,  the  burning  rate  is  taken  as  a  delta  function  at  the  point  ri,6i,  namely  S(r  —  ?y,(9  —  6i).  The 
perturbation  of  the  burning  rate  for  the  ith  injector  becomes 


E'(2,ri,6»i)  =  2-ieAJi(snr'i)(5(r  -n,e  -  ) 


cos(z-0l+V’)(  foLf  H 


1  - 


Tf(x) 


dx 


1  - 


foLf  T^C0<s^xIU)^V2{x)dx 


+sin(z  —  0i  +  rfr) 


1  - 


foLf  Y^sin{Sllx/U)^V2{x)dx 
V3  cos(z  —  9i  +  if))  +  V4  sin(z  —  &i  +  rp) 


=  £AJi(snri)6(r  ~n,9  -  0i) 


(104) 


where  x  and  L f  are  normalized  by  R  and  the  definitions  are  given  that 


r/  =  7-1  [  r^f  dE_ 

^  7  1  JO  dx 

v4 


1  - 


=  7-1 

~  7 


Tf(x) 


1  - 


dx 


1  - 


foLf  jcos(Slix/U)^v2(x)dx 


f0Lf  T^sin(SllX/U^V2(x^dx 


(105) 


The  two  integrals  with  the  sinusoidal  oscillations  of  a  kinematic  wave  with  short  wavelength  can  be  expected 
to  have  lower  values  than  the  first  integral.  This  gives  support  to  the  assumption  made  earlier  that  |UCii|  >> 

If  the  pressure  fluctuation  at  the  injector  and  the  energy  release  rate  fluctuation  of  the  jet  flame  are 
described  respectively  by  p'  —  Pelut  and  E'  =  EeJwt,  then  the  non-dimensional  linear  response  coefficient 
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can  be  constructed  for  an  individual  injector  as  a  complex  number  using  the  imaginary  unit  i. 

E'  E 

-  =  ^  =  V3-iV4 

P'  P 


(106) 


This  complex  coefficient  provides  information  about  the  in-phase  response  of  the  energy  release  rate  to 
a  pressure  fluctuation  through  V3  and  the  out-of-phase  response  of  the  energy  release  rate  to  a  pressure 
fluctuation  through  V4. 

We  must  redistribute  the  burning  rates  for  all  N  injectors  in  an  eigenfunction  series.  For  convenience, 
use  the  identities  cos(z  —  9t  +  tp)  =  cos(z  +  i/j)cos9i  +  sin{z  +  i/j)sin6i  and  sin(z  —  Qt+ip)  =  sin(z  +  ijj)cos9i  — 
cos(z  +  ip)sin6i .  Some  convenient  definitions  are 

_  fg,rfg6(r—ri,0—6i)Ji(siiri)cos6iJ1(siir)cosffrdrdff  _  jf  (siir;)cos2fii 

7r  fg  Jj(snr)  rdr  f1  72 1 


Jo  Ji(s  11O  rdr 

^  _  Jn2,r  Jp1  S(r—ri,6—9i)J1(s11ri)sin9jJ1(s11r)sin9  rdrdd  _  jf(suri)sin20 


*  Jo1  Jl(s 11’’)  rdr 


Jo 

At  =at  +  bi=  .  (107) 

7T  J0  Jtisiir)  rdr  v  ' 

The  leading  term  in  that  eigenfunction  expansion  with  account  for  contributions  from  all  N  injectors  is 
Ei(z,r,  9)  =  eAJi(sur)  V^Eili  a,i)cos(z  +  ip)cos9  +  V^Eili  bi)sin(z  +  ijj)sin9 


77  fo  J\  (snr)  rdr 


+F4(Ef=i  ai)sin(z  +  ip)cos9  —  I4(E;li  bz)cos(z  +  ip) sin9 


N 


=  eAJ1(s11r ) 


Vo  ( 


E1(z,r,9) 


Eili  Aij  cos(z  -  9  +  4>)  +  -rf  ^  Eili  Aicos(29i)Sj  cos(z  +  9  +  ip) 
+  -y-  ^  Eili  Aicos{29i)Sj  sin(z  +  9  +  ip)  +  \  ^  Eili  sin(z  -  9  +  ip) 

^  Eili  cos(z  -  9  +  ip)  +  \  ^  Eili  Ai'j  sin(z  -  9  +  ip) 


;  eAJi(sur) 


(108) 


After  integration  with  the  Dirac  delta  function,  E\(z,  r,  9)  is  now  a  measure  of  the  fluctuation  in  the  time  rate 
of  energy  per  unit  volume.  It  is  seen  that  the  burning  rate  has  waveforms  in  both  9  directions.  However,  the 
summations  in  the  coefficients  for  the  waves  travelling  in  the  negative  9  direction  have  a  mixture  of  positive 
and  negative  signs  due  to  the  presence  of  the  cos(29i )  factor.  Therefore,  the  net  effect  is  diminished.  We 
will  consider  only  the  wave  in  the  positive  9  direction,  as  indicated  by  the  final  approximation  above. 

Comparison  with  Equations  (22)  and  (24)  leads  to  the  results: 


N 


2=1 


5  -^c,l,  excess  — 


1 

M 


N 


2=1 


B 


7- 


1  V4 


N 


2=1 


(109) 


These  results  may  now  be  used  for  substitution  in  Equations  (52)  and  (53). 
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The  present  study  aims  to  contribute  to  the  understanding  of  the  thermal  transfer  and  mixing  processes  for 
GC H4/GOX  single  element  shear  coaxial  injector  at  operating  conditions  typical  for  rocket  engines,  in  order  to 
provide  a  benchmark  for  the  validation  of  the  in-house  tool  Thermtest  and  an  anchoring  base  for  the  LES  code 
of  the  Georgia  Institute  of  Technology.  Experimental  investigations  as  well  as  LES  simulations  provide  detailed 
information  about  the  heat  flux  at  the  hot  inner  walls  of  the  combustion  chamber  and  the  flame  structure  for 
pressures  up  to  20  bar.  Heat  fluxes  are  calculated  by  solving  2D  unsteady  heat  conduction  equation  and  by  the 
concept  of  heat  absorption.  The  flame  structure  and  his  anchoring  are  examined  and  a  comparison  with  the 
experimentally  measured  wall  pressure  data  is  carried  out. 

Key  Words:  Methane,  Green  Propellants,  Heat  flux,  Subscale  Combustion  Chamber,  Rocket  Engine 


Nomenclature 


a  :  Inner  combustion  chamber  width/height 
Acc  :  Combustion  chamber  crossectionional  area 
^GCH4  :  Injector  anular  area  {GCHf) 

MGox  :  Injector  inner  tube  area  ( GOX ) 

Hhw  :  Hot  wall  area  {GOX) 

Mth  :  Throat  crossectionional  area 

b  :  External  combustion  chamber  width 

c  :  Specific  heat  capacity 

din  '■  Inner  diameter  {GOX) 

dout  '■  Outer  diameter  ( GCH4 ) 

h  :  External  combustion  chamber  height 

J  :  Momentum  flux  ratio 

m  :  Mass 

771  :  Mass  flow  rate 

O/F  :  Mixture  ratio  oxidator/fuel 
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Pc  :  Combustion  pressure 

qin  :  Heat  flux  entering  the  control  volume 

font  '■  Heat  flux  leaving  the  control  volume 

Re *  :  Effective  Reynold  number 

t  :  Time 

T  :  Temperature 

i>GCH4  :  Injection  velocity  gaseous  methane 
vgox  ■  Injection  velocity  gaseous  oxygen 
VR  :  Velocity  ratio 

x  :  Coordinate  in  the  cross  section  plane 

y  :  Coordinate  in  the  cross  section  plane 

2:  :  Coordinate  along  the  chamber  axis 

aw  :  Heat  convection  coefficient 

Q ‘  w,corr  '■  Corrected  heat  convection  coefficient 
A  :  Heat  convection  coefficient 

p  :  Thermal  conductivity 

p  :  Dynamic  viscosity 

AT  :  Temperature  difference 

1.  Introduction 

The  demanding  issues  in  terms  of  high  operational 
and  handling  costs  of  cryogenic  and  storable  pro¬ 
pellants  increased  the  attention  for  hydrocarbons  in 
the  pre-development  of  future  launch  vehicles  [1]. 
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LOX/hydrocarbon  rocket  engines  have  the  advantage 
in  fact  of  being  relatively  low  cost,  low  pollution  and 
high  performance.  In  this  context  oxygen/metlrane  is 
one  of  the  most  promising  propellant  combinations.  In 
general  methane  shows,  compared  to  other  potential 
candidates,  better  overall  performance  from  a  system 
point  of  view  [2],  higher  specific  impulse  [3],  no  risks  for 
human  health,  simple  extractability  from  natural  gases, 
and  an  energy  density  six-times  higher  than  hydrogen, 
when  stored  in  liquid  state  at  typical  tank  pressures. 
Although  LOX/methane  propellant  combination  is  an 
attractive  option,  only  a  limited  amount  of  experimen¬ 
tal  data  is  available  for  oxygen/methane  combustion 
at  relevant  combustion  chamber  conditions  and  a  crit¬ 
ical  gap  is  present  in  the  knowledge  of  detailed  heat 
transfer  characteristics  and  injector  technology.  Injec¬ 
tor  design  in  fact  plays  a  critical  role  in  the  design 
of  a  liquid  rocket  engine.  Combustion  performance 
and  heat  characteristic  are  basically  determined  by  the 
injector  design  through  its  influence  on  the  flame  and 
flow  dynamics  and  stability  behavior.  Coaxial  jets  in 
particular  are  utilized  in  a  number  of  devices  as  propel¬ 
lant  injectors.  Rocket  engines  that  use  coaxial  injectors 
include  the  Space  Shuttle  Main  Engine  and  the  Vulcain 
II  engine  of  the  Ariane  5.  In  these  engines  and  most 
other  booster  engines,  both  propellants  are  injected 
in  the  combustion  chamber  in  a  super-critical  state. 
Recent  studies  indicate  that  under  these  conditions  the 
propellants  act  like  dense  gases  and  the  scaling  laws 
for  gas-gas  coaxial  jets  can  be  applied  to  super-critical 
jets  [4]- [9].  Furthermore  staged  combustion  cycle  en¬ 
gines  (SCC)  are  recently  considered  for  use  as  part 
of  the  NASA  Reusable  Launch  Vehicle  (RLV)  [5].  In 
the  SCC,  oxidizer  rich  gases  drive  the  oxidizer  turbop¬ 
ump  and  fuel-rich  gases  the  fuel  turbopump.  Both 
propellants  are  then  injected  into  the  main  combustion 
chamber  as  gases.  Understanding  the  gas-gas  mixing 
process  is  therefore  of  high  interest.  However  experi¬ 
ence  with  gas-gas  injectors  is  limited  and  fundamental 
studies  are  necessary  to  understand  the  important  phys¬ 
ical/chemical  mechanisms.  Moreover  to  understand 
and  predict  the  heat  transfer  to  the  chamber  walls, 
considerable  efforts  need  to  be  dedicated  to  model  the 
combustion  processes  in  a  high  pressure  combustion  de¬ 
vice.  Computational  fluid  dynamics,  and  in  particular 
LES  (Large  Eddies  Simulation),  can  become  for  these 
purposes  an  effective  design  tool  for  rocket  combustion 
chamber.  The  validation  of  the  fluid  dynamics  design 
tools  requires,  on  the  other  hands,  reliable  compre¬ 
hensive  data  in  the  same  facility  over  a  broad  range 
of  conditions.  Given  these  justifications,  the  goal  of 
the  present  work  is  to  characterize  the  chamber  wall 
heat  transfer,  due  to  its  great  impact  on  the  strength, 


life  cycle  and  effectiveness  of  the  cooling  system  in  a 
LPRE  (Liquid  Propellant  Engines),  for  methane  and 
oxygen  as  propellants.  A  heavily  instrumented  heat 
sink  chamber  for  heat  flux  measurements  is  designed 
and  tested.  Experiments  are  conducted  for  a  gas-gas 
shear  coaxial  injector  element  over  a  wide  range  of 
pressure  and  mixture  ratios.  Additionally,  the  wall 
heat  flux  results  are  used  as  a  test  case  for  the  vali¬ 
dation  of  the  in-house  engineering  tool  Thermtest  [6] 
and  to  determine  the  feasibility  of  LES  as  a  tool  at  the 
Georgia  Institute  of  Technology  for  the  analysis  of  the 
flame  structure  and  flow  features.  . 

2.  Hardware  and  Experimental  Setup 

In  this  section  a  description  of  the  instrumented  sub¬ 
scale  rocket  chamber,  injector  geometry,  flow  condi¬ 
tions  and  data  analysis  procedures,  which  are  used  for 
the  wall  heat  flux  characterization  experiments,  is  pre¬ 
sented.  The  present  test  campaign  is  performed  using  a 
modular  heat-sink  combustion  chamber  with  a  square 
cross  section,  designed  for  a  testing  time  of  up  to  4  s 
at  a  chamber  pressure  of  20  bar  and  mixture  ratio  of 
3.4.  The  single-element  rocket  combustion  chamber  is 
depicted  in  Fig.  1.  The  inner  chamber  dimensions  are 
shown  in  Table  1.  In  recent  years  Pennsylvania  State 
University,  University  of  Florida,  NASA  MSFGC  and 
Beijing  University  of  Aeronautic  and  Astronautic  made 
many  attempts  [5,7  10].  on  studying  heat  transfer  in 
heat  sink  chambers.  A  heat  sink  chamber  design  is  in 
fact  preferable  for  research  purposes  because  of  its  sim¬ 
plicity,  low  structural  costs,  ease  to  manufacture  and 
high  accessibility  for  thermocouples  installation.  The 


Table  1:  Combustion  chamber  dimensions 


Chamber  length 

[mm] 

290 

Chamber  width 

[mm] 

12 

Chamber  height 

[mm] 

12 

Throat  height 

[mm] 

4.8 

Contraction  ratio  Acc/A t,h 

H 

2.5 

material  used  for  the  chamber  segments  and  the  noz¬ 
zle  segment  is  oxygen-free  copper  (Cu-HCP).  For  the 
current  study,  a  single  shear  coaxial  injector  element  is 
integrated  as  shown  in  Fig.  2.  For  simplicity,  the  COX 
post  is  configured  flush  with  respect  to  the  injection 
face.  Table  2  shows  the  main  injector  characteristic 
dimensions.  To  ensure  homogeneous  injection  condi¬ 
tions,  in  terms  of  temperature,  pressure  and  velocity 
profile  and  to  reduce  the  influence  of  the  upstream 
feed  lines,  two  porous  plates  are  placed  in  the  oxidizer 
and  fuel  manifolds  respectively.  In  a  coaxial  injector 
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injector  head 


Fig.  1:  Heat-sink  combustion  chamber 


Fig.  2:  Single  shear  coaxial  injector 


the  shear  forces  between  the  propellants  determine  the 
mixing  efficiency.  Non-dimensional  numbers  such  as 
the  velocity  ratio  VR  (Eq.  1),  the  momentum  flux  ratio 
J  (Eq.  2),  together  with  the  effective  Reynolds  num¬ 
ber  Re *  (Eq.  3)  are  employed  to  characterize  injection 
conditions. 


VR  = 


^GCH4 

VQOX 


j_  G<W2)gCH4 

(pv2)gox 


(1) 

(2) 


Re*  = 


1  + 


1  -  J 
J 


(3) 


A  schematic  of  the  combustion  chamber  and  the  asso¬ 
ciated  sensor  locations  are  given  in  Fig.  1  and  Fig.  3. 
More  details  about  the  experimental  set-up  can  be 
found  in  [11].  Thermocouples  are  embedded  at  a  se¬ 
ries  of  evenly  distributed  axial  points  to  determine 
the  temperature  field  in  the  chamber  walls.  Type  T 


Table  2:  Injector  dimensions 
GOX  diameter  [mm]  4.0 

GOX  post  wall  thickness  [nun]  0.5 

GCH4  diameter  [nun]  6.0 

Injector  area  ratio  Agch4/^-gox  [-]  0.7 


thermocouples  of  0.5  mm  diameter  are  located  within 
the  chamber  wall  with  1  mm,  2  mm  and  3  mm  distance 
to  the  hot  wall.  The  thermocouples  are  kept  in  posi¬ 
tions  by  a  spring  loaded  system.  The  spring  loading  of 
the  thermocouples  provides  a  constant  force  of  about 
2  N ,  which  ensures  a  continuous  contact  between  the 
thermocouples  tip  and  the  base  of  the  hole.  This  setup 
aims  to  minimize  the  chance  of  potential  loss  of  contact 
as  the  material  undergoes  expansion  and  contraction 
due  to  changes  in  temperature  or  vibrations  during  the 
hot  run  [12].  The  temperature  variations  at  the  mea- 
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Fig.  3:  Thermocouple  positions  along  the  combustion 
chamber  axis 

surement  locations  are  direct  results  of  the  unsteady 
inner  heat  flux,  which  depends  on  the  local  flame  and 
flow  structure.  Thus  theoretically,  the  temperature 
measurements  at  these  points  can  be  used  to  calculate 
the  temperature  and  the  heat  flux  at  the  inner  walls. 
The  test  matrix  includes  testing  at  pressure  levels  from 
nominally  20  bar  down  to  5  bar  and  at  mixture  ratios 
of  2.6,  3.0,  3.4  and  4  (4  only  for  the  5  bar  case).  For 
the  O/F  conditions,  both  the  GCH4  and  GOX  mass 
flow  rates  are  scaled  accordingly  with  pressure.  Fig.  4 
shows  the  test  envelop  for  the  present  study.  Use  of  a 


Fig.  4:  Test  envelop  -nominal  operating  points 

heat  sink  hardware  limits  the  duration  of  every  firing 
test,  so  the  burn  times  are  chosen  to  reach  stable  op- 
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eration,  required  for  the  thermal  load  measurements. 
Each  of  the  operating  point  is  ran  at  least  two  times 
to  ensure  the  repeatability  of  the  recorded  test  data. 
Good  agreement  is  obtained  for  all  load  points.  To  min¬ 
imize  the  influence  of  the  igniter  on  the  temperature 
measurements,  the  igniter  runs  at  minimum  power  for 
only  600  ms  (200  ms  prior  to  the  opening  of  the  main 
valves).  A  typical  chamber  pressure  and  temperature 
output  is  shown  in  Fig.  5.  Due  to  the  transient  nature 
of  the  problem,  three  time  intervals  are  chosen  for  the 
evaluation  of  the  test  data.  A  representative  time  in¬ 
terval  for  the  starting  conditions  toi  a  characteristic 
hot  run  time  step  t\  and  a  shutdown  condition  time 

t2 ■  ■ 


Fig.  5:  Temperature  and  pressure  build-up 


3.  Heat  Flux  Calculations 

The  characteristic  of  an  injector  element  is  mainly 
defined  by  the  heat  flux  distribution  on  the  hot  wall 
along  the  chamber  axis.  The  mixing  mechanisms  in  the 
near  injector  field  determine  the  flow  conditions  and 
influence  flame  and  flow  dynamics.  In  the  present  para¬ 
graph  the  distributions  of  the  temperature  and  heat 
flux  on  the  inner  chamber  wall  and  their  transient  be¬ 
havior  during  the  hot  run  are  shown.  As  an  example  of 
the  test  results  obtained  in  the  present  test  campaign, 
in  the  following  section  the  20  bar  °/f  =  2.6  ( CaseA ) 
and  0/F=  3.4  ( CaseB )  test  cases  are  shown  in  more 
details, see  Table  3.  The  axial  and  radial  distribution  of 
the  thermocouples  allows  the  determination  of  the  heat 
flux  variation  along  the  axis  and  the  reconstruction  of 
the  thermal  field  in  the  chamber  wall.  The  temperature 
evolution  over  time  shows  that  the  steady  state  condi¬ 
tions  are  not  reached  in  the  chamber  during  the  hot  run. 
Each  thermocouple  provides  a  transient  temperature 
measurement  at  a  point  1  mm,  2  mm  and  3  mm  back 


from  the  hot  wall.  Figure  6  shows  the  thermocouple 
time  traces  at  1  mm  from  the  inner  wall.  Two  main  gra¬ 
dients  could  be  typically  recognized:  a  steeper  increase, 
as  the  thermal  wave  travels  through  the  chamber  walls, 
and  a  smoother  temperature  increase  during  the  re¬ 
maining  running  time.  Furthermore  all  temperature 
traces  behave  normally  and  have  the  same  response 
characteristics.  Since  the  temperature  increase  with 
time,  in  a  heat-sink  rocket  chamber  the  transient  equa¬ 
tion  needs  to  be  solved  to  evaluate  the  wall  heat  flux. 
Measuring  transient  temperatures  with  sufficient  ac- 


Fig.  6:  Temperature  signal  at  1  mm  distance  from  the 
hot  wall,  Pc=20  bar  and  °/f  =  3.4 


curacy  for  heat  flux  determination  has  been  found  to 
be  challenging  due  to  a  significant  sensitivity  to  the 
response  time  and  sensitivity  to  positioning  of  the  ther¬ 
mocouples.  Previous  studies  [7]  have  already  made 
attempt  in  this  direction  based  on  a  ID  approximation 
of  the  heat  transfer  in  the  copper  material  and  apply¬ 
ing  a  correction  for  the  unsteady  term.  The  heat  flux 
calculations  based  on  linear  approximation  are  however 
subject  of  error,  due  to  the  multidimensional  nature  of 
the  problem.  In  the  present  work,  the  heat  flux  in  each 
location  is  calculated  using  two  different  approaches:  a 
more  detailed  numerical  scheme  and  a  more  intuitive 
scheme  based  on  experimental  data  observation.  In 
the  numerical  method,  the  heat  fluxes  are  obtained 
by  solving  the  2D  unsteady  heat  conduction  equation, 
while  the  experimental  approach  is  based  on  the  con¬ 
cept  of  accumulation  of  heat.  A  simple  ID  approach 
cannot  be  used.  Due  to  the  rectangular  cross  section 
of  the  combustion  chamber,  the  temperature  gradient 
is  not  significant  for  only  one  coordinate  direction  and 
it  is  necessary  to  account  for  multidimensional  effects. 
The  methods  are  explained  as  follows. 
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Table  3:  Operating  conditions 


Case 

OF 

Ratio 

GOX 

m 

GCH4 

GOX 

T 

GCH4 

J 

VR 

A 

2.66 

44.4 

16.7 

280.7 

275.9 

0.587 

1.07 

B 

3.48 

49.1 

14.1 

281.7 

280.5 

0.347 

0.83 

Heat  Flux  Calculations  by  Numerical  Ap¬ 
proach 

The  2D  unsteady  heat  conduction  equation  needs  to  be 
solved  in  order  to  take  into  account  the  transient  effect. 
The  transverse  cross  section  of  the  combustion  chamber 
is  chosen  as  computational  domain  in  order  to  consider 
the  cumulative  effect  of  the  copper  material  and  the 
effects  caused  by  the  presence  of  the  corners.  Thermal 
and  geometrical  conditions  identify  two  relevant  sym¬ 
metry  planes  for  the  proposed  geometry,  it  is  therefore 
possible  to  consider  as  control  volume  one-fourth  of 
the  complete  configuration,  as  shown  in  Fig.  7.  The 


Fig.  7:  Control  volume  for  heat  flux  calculations 


longitudinal  heat  flux  due  to  conduction  between  the 
different  measuring  positions  instead  is  neglected.  Heat 
flux  boundary  conditions  are  imposed  on  the  inner  and 
the  outer  walls.  The  outer  wall  is  assumed  to  be  subject 
only  to  natural  convection  with  a  constant  heat  convec¬ 
tion  coefficient  of  4W/(m2K).  The  inner  surface  heat 
transfer  is  evaluated  differently  depending  on  the  hot 
run  phase  in  order  to  get  the  right  start-up  and  shut¬ 
down  conditions.  Three  main  phases  are  identified: 
pre-start-up,  stable  combustion  and  post-shut-down. 
During  the  pre-start-up  the  heat  flux  coming  from  the 
hot  gas  is  set  to  zero,  while  at  the  post-slrut-down  a 
new  value  of  the  heat  flux  is  calculated  to  take  into 
account  the  forced  convection  between  the  purging  gas 
and  the  hot  walls.  During  the  steady  state  operation 
the  imposed  heat  flux  is  changed  to  different  sets  of 
computation  so  that  the  temperatures  obtained  from 
the  computations  matched  the  experimental  results 
as  closely  as  possible.  The  heat  flux  imposed  at  the 
inner  wall  for  which  the  temperature  match  closely  is 
considered  to  be  the  optimum  value.  The  discretized 


2D  heat  equation  is: 

+  T^t) 

+  Ti,j—l,t)  = 

—2  (Ti,j,t+St  ~  Ti ,j,t) 
(dt) 

(4) 

The  discretized  equations  are  solved  simultaneously, 
marching  forward  in  time  and  applying  the  transient 
recessed  thermocouple  measurements.  For  properties, 
the  density,  the  conductivity,  and  the  heat  capacity 
of  the  copper  are  assumed  to  be  constant.  A  similar 
approach  can  be  found  in  [10]-  [13]  for  GOX/GH2.  The 
evolution  of  the  heat  flux  over  time  is  assumed  to  be 
an  exponential  function  of  the  form  Ci[l  —  C2exp(t)\. 
The  heat  fluxes  and  the  time  constants  in  the  heat  flux 
evolution  are  adjusted  in  the  iteration  processes,  such 
that  the  experimental  and  the  computed  temperatures 
could  be  matched  within  5...6K.  The  selection  of  an 
exponential  function  is  based  on  the  observation  from 
the  experimental  chamber  pressure  and  temperature 
rise  in  time. 


Heat  Flux  Calculations  by  Accumulation  of 
Heat 

The  cumulative  heat  method  is  adopted  by  the  ob¬ 
servation  of  the  time  evolution  of  the  temperature 
signal  during  the  hot  run.  At  the  time  interval  t\, 
the  temperature  distribution  is  fully  established  and 
quasi-steady-state  conditions  can  be  assumed.  There¬ 
fore,  with  the  assumption  of  a  constant  heat  flux,  the 
temperature  may  be  considered  to  equally  change  at 
any  point  of  the  control  volume,  Fig.  7.  This  allows 
defining  the  heat  transfer  problem  only  by  the  heat 
capacity  of  the  control  volume  itself.  The  observation 
of  the  temperature  traces  over  time  implies  a  constant 
slope  dT/dt  at  time  t\.  The  energy  balance,  including 
the  energy  storage  term,  is  defined  by  Eq.  5 

Bin  Eout  =  Estor  (5) 
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That  is  then  possible  to  write  in  terms  of  heat  flux  as 
Eq.  6 


Qin  Qout 


mcAT 

A-hwAt 


(6) 


The  temperature  variation  over  time  (at/a t)  is  calcu¬ 
lated  from  the  measured  temperature  signals  during 
t\ .  The  Eq.  6  is  applied  at  each  thermocouple  position, 
since  independent  from  the  temperature  level.  The 
properties,  density,  heat  capacity  and  conductivity  of 
the  copper,  are  also  in  this  case  assumed  constant. 
The  heat  flux  dispersed  outside  the  chamber,  due  to 
natural  convection,  is  considered  negligible.  To  verify 
the  validity  of  this  hypothesis  an  extreme  case  can  be 
considered.  If  it  is  taken  air  at  ambient  temperature  at 
288  K  and  the  outer  wall  temperature  at  300  K ,  assum¬ 
ing  forced  convection  with  an  air  velocity  of  15  m/s,  this 
component  of  the  heat  flux  could  only  account  to  0.3% 
of  the  heat  fluxes  in  the  chamber  wall  due  to  combus¬ 
tion.  These  conditions  are  considered  more  dissipative 
than  the  one  experienced  during  the  experiments  and 
the  insulated  wall  assumption  can  be  then  assumed  as 
valid.  It  is  concluded  that  the  rate  of  heat  release  to 
the  inner  walls  from  combustion  is  equal  to  the  rate  of 
heat  absorbed  by  the  chamber  as  stated  in  Eq.  7. 


_  bh  -  a2  [ T(ti )  -  T(^_!)] 

~  4a  PC  At 


(7) 


Fig.  8:  Heat  flux  distribution  along  the  chamber  axis, 
Pc  =  20  bar  at  t\ 
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Results  and  Discussion 

A  detailed  analysis  of  the  test  data  is  performed  using 
the  described  procedures.  In  all  of  the  following  figures 
the  heat  fluxes  are  calculated  toward  the  end  of  the 
experimental  time,  when  the  steady  state  is  reached  at 
all  axial  positions  and  no  influence  can  be  assumed  to 
be  seen  from  the  start-up  transient.  Fig.  8  and  Fig.  9 
show  a  comparison  of  the  heat  flux  along  the  chamber 
axis  at  time  interval  t±  for  different  chamber  pressures 
and  for  different  mixture  ratios.  In  both  cases  the  char¬ 
acteristic  of  the  heat  release  is  not  significantly  shifted 
along  the  chamber  axis.  Due  to  the  small  changes  in 
terms  of  velocity  ratio  and  impulse  ratio  at  the  injec¬ 
tion,  no  significant  impact  can  be  recognized  between 
the  different  operating  conditions  in  terms  of  mixing 
processes. The  dominating  phenomena  for  the  heat  flux 
release  is  the  combustion  itself,  as  highlighted  from  the 
increase  in  steepness  and  absolute  value  of  the  heat 
flux  profile  with  increasing  pressure  in  the  combustion 
chamber  when  the  velocity  ratio  are  varied.  Test  repe¬ 
titions  for  the  different  load  points  are  included  in  the 
figures  and  present  good  agreement.  A  slight  difference 
is  noticed  with  the  variation  in  mixture  ratios,  between 
O/F  =  3.4  and  /F= 2.6  operating  points.  For  the  same 
combustion  pressure,  in  a  gas-gas  injector,  by  changing 


Fig.  9:  Heat  flux  distribution  along  the  chamber  axis, 
°/f  =  3.4  at  t\ 

the  O/F  the  total  mass  flow  rate  stays  almost  constant 
but  the  injection  velocity  are  varied.  In  the  specific 
the  velocity  ratio  changes  from  0.86  to  1.2,  meaning 
that  the  annular  flow  of  methane  becomes  faster  than 
the  one  of  the  central  jet  of  oxygen.  The  direction  of 
rotation  of  the  eddies  in  the  inner  mixing  layer  depends 
on  whether  the  velocity  ratio  is  greater  than  or  less 
than  unity  [14].  Furthermore,  the  scalar  properties 
in  the  near  field  are  defined  by  the  effective  Reynolds 
number,  the  Schmidt  number  (for  gas-gas=l  )  and  the 
stoichiometric  mixing  length  Ls  [15].  The  smaller  Ls  is 
an  indicator  of  faster  mixing.  For  methane  according 
to  [16]  this  value  increases  linearly  with  the  velocity 
ratio.  This  and  the  change  in  vortex  direction  can 
explain  the  difference  in  heat  flux  profile  highlighted 
in  Fig.  10  as  a  consequence  of  the  change  in  the  local 
mixing  processes  in  the  near  field  region  of  the  coax¬ 
ial  jet.  In  Fig.  11  the  heat  flux  calculated  with  the 
described  numerical  approach  is  presented.  The  heat 
flux  values  calculated  with  the  numerical  approach  are 
lower  than  that  from  the  cumulative  heat  approach 
ones  but  both  calculations  show  the  same  qualitative 
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Fig.  10:  Comparison  of  the  heat  flux  distribution  along 
the  chamber  axis,  Pc  =  20  bar  at  t\ 


trend.  The  difference  in  absolute  value  can  be  directly 
attributed  to  the  fact  that  he  heat  flux  presented  are 
computed  employing  a  grid  size  of  20x40.  Furthermore 
the  wall  heat  fluxes  obtained  by  numerically  solving  the 
two-dimensional  unsteady  heat  conduction  equation 
do  not  take  into  account  the  longitudinal  heat  transfer, 
while  the  accumulated  heat  assumes  a  constant  linear 
temperature  profile  in  the  whole  control  volume.  This 
last  hypothesis  would  result  in  a  slight  overprediction 
of  the  heat  flux.  The  heat  cumulative  method  used 
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Fig.  11:  Heat  flux  distribution  along  the  chamber  axis 
with  numerical  approach,  Pc  =  20  bar,  °/f  = 
3.4  at  t\ 

for  calculating  the  heat  flux  for  these  experimental 
conditions  seems  anyhow  to  be  an  efficient  method  to 
calculate  the  heat  flux  values.  This  method  is  substan¬ 
tially  less  computational  demanding  and  gives  results 
within  a  good  accuracy.  Inspection  of  empirical  heat 
transfer  correlation  available  in  literature  such  as  Bartz 
or  Dittus-Bolter  indicates  that  the  heat  transfer  coeffi¬ 
cient  scales  by  the  pressure  to  the  power  of  0.8.  For  the 
results  discussed  here,  the  temperature  of  the  combus¬ 
tion  products  (3000  K)  is  significantly  larger  than  the 
measured  axial  wall  temperature  variation  (ca.  5  K,  for 


the  20  bar  case) .  Therefore,  for  the  first  approximation, 
the  wall  heat  flux  should  also  scale  to  the  Pc0'8,  since 
the  wall  heat  flux  is  proportional  to  the  product  of 
heat  transfer  coefficient  and  the  temperature  difference 
between  the  fluid  and  the  wall.  The  results  of  this 
non-dimensional  analysis  are  shown  in  Fig.  12.  It  can 
be  seen  that  all  heat  flux  profiles  collapse  to  a  single 
curve  and  all  show  the  same  quantitative  trends,  which 
means  that  the  heat  flux  in  a  gas-gas  injector  combus¬ 
tor  correlates  well  with  the  pressure  as  predicted.  The 
fact  that  the  pressure  profile  remains  similar  across 
pressures,  suggests  that  the  dynamic  structures  with 
the  combustion  flows  are  pressure  independent  if  all 
factors  remain  constant.  Similar  conclusions  are  also 
obtained  for  GOX/GH2  in  [5]-  [17]. 


Fig.  12:  Normalization  of  the  heat  flux  profile,  °/f  = 
3.4  at  ti 


4.  Thermtest  Simulations 

The  need  for  a  reliable  prediction  of  the  thermal  behav¬ 
ior  of  the  institute  rocket  combustion  chambers  has  led 
to  the  development  of  the  engineering  tool  Thermtest  at 
TUM  [6] .  Thermtest  allows  the  simulation  of  steady  as 
well  as  transient  thermal  behavior  of  cooled  or  uncooled 
structures  over  a  wide  scope  of  chamber  materials  and 
cooling  fluids.  While  the  heat  conduction  inside  the 
chamber  material  is  solved  by  a  3D  finite  difference 
method,  the  convective  heat  transfer  is  implemented  by 
empirical  Nusselt  correlations.  The  advantage  of  this 
approach  is  a  satisfying  accuracy  maintaining  a  reason¬ 
ably  fast  simulation  of  the  conjugate  heat  transfer  from 
the  hot  gas  into  the  cooling  fluid.  Thermtest  utilizes 
ID  hot  gas  properties  acquired  from  the  NASA  com¬ 
puter  program  CEA2  of  Sanford  Gordon  and  Bonnie 
McBride  [18]. The  evolution  of  temperature  caused  by 
reaction  kinetics  and  atomization  processes  is  generally 
neglected  as  it  is  not  taken  into  account  in  CEA2.  The 
fluid  properties  needed  for  heat  transfer  calculations 
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near  the  hot  chamber  wall  are  obtained  assuming  an 
equilibrium  composition  frozen  reactions  temperature- 
pressure-problem.  The  hot  wall  heat  transfer  coefficient 
is  usually  calculated  from  a  modified  formulation  pro¬ 
posed  by  Sinyarev  [19].  Information  on  Thermtest 
as  well  as  a  comparison  with  experimental  data  and 
calculations  from  commonly  available  CFD  code  has 
been  published  [20] .  The  implementation  of  the  propel¬ 
lant  combination  methane/oxygen  and  the  adaption 
to  the  new  injector  characteristic  and  chamber  design 
has  required  code  adaption  and  validation.  Results 
of  the  temperature  field  of  a  chamber  cross  section 
at  x  =  300  mm  (where  x  =  0  is  at  the  faceplate)  are 
shown  in  Fig.  13.  Inspired  by  work  of  [21],  a  correc- 


Fig.  13:  Temperature  distribution  at  z  =  300mm ,  Pc  = 
20  bar ,  °/f  =  3.4  at  t\ 

tion  function  for  the  heat  load  characteristic  of  generic 
coaxial  injector  elements  has  been  applied,  in  order  to 
take  into  account  the  injector  mixing  behavior.  The 
complete  correlation  is  presented  in  Eq.  8.  The  hot  gas 
film  coefficient  is  described  with  three  parameters:  C\, 
C2  and  lmax.  In  order  to  account  for  the  reduced  heat 
transfer  at  the  beginning  of  the  combustion  chamber, 
where  the  combustion  evolves,  the  heat  flux  is  shaped 
as  a  function  of  the  axial  coordinate  z.  The  length  lmax 
is  the  axial  position  where  the  heat  transfer  is  at  its 
maximum  value  and  the  combustion  can  be  considered 
to  be  finished. 

ctw,corr  =  CiO^o  ( (1  -  c2)  +  c2tanh  (  ——  n  J  J  (8) 

The  values  of  the  parameters  are  established  via  an 
optimization  problem  based  on  the  experimental  data. 
Calculated  and  measured  temperatures  are  compared 
and  the  error  between  these  two  values  is  minimized. 
The  error  is  normalized  over  the  number  of  experimen¬ 
tal  tests  and  sensors  taken  into  account.  Simulation 
results  obtained  with  the  optimization  procedure  are 


shown  in  Fig.  14  where  it  is  possible  to  recognize  the 
characteristic  behavior  for  a  heat-sink  rocket  over  time: 
the  heat  flux  decreases  during  the  hot  run  due  to  the 
structural  temperature  increase.  The  heat  flux  profile 


Fig.  14:  Heat  flux  vs  time  at  z  =  273mm,  Pc  =  20  bar 
O/f  =  3.4 

along  the  chamber  axis  is  reported  in  Fig.  15.  The  tern- 


Heat  Flux  at  5.03  s 


Fig.  15:  Heat  flux  along  the  chamber  axis,  Pc  =  20  bar 
O/f  =  3.4 

perature  profile  along  the  chamber  axis  is  plotted  in 
Fig.  16  at  time  t\.  The  results  obtained  from  Thermtest 
simulation  are  compared  with  experimental  ones  for 
thermocouples  at  3  different  depths  in  the  chamber 
wall.  Results  obtained  show  a  good  agreement  with 
the  experimental  data  both  in  terms  of  absolute  values 
and  trend. 

5.  Large  Eddy  Simulation  of  the  Subscale 
Combustion  Chamber 

Numerical  Setup  and  Ctrategy 

A  parallel  numerical  effort  has  been  conducted  to  sim¬ 
ulate  the  shear  coaxial  injector  experimentally  studied. 
The  details  of  the  facility  and  the  injector  and  combus¬ 
tor  assembly  is  as  in  the  above  experimental  discussion. 


Table  4:  Adiabatic  flame  temperature  adjustment 


Mechanism 

&diss 

T  [K] 

Flame  Speed  [m/s] 

GRI  3.0 

Case  A 
3441.9 

Case  B 
3285.9 

2.55 

CH4_BFERf,aSeime 

0.0 

4117.6 

3843.2 

1.49 

CH4 BFE  Ra  usted 

0.2319 

3441.9 

3261.8 

2.83 

Fig.  16:  Heat  flux  vs  time  at  z  =  273  mm,  Pc  =  20 bar, 
O/f  =  3.4 


The  present  work  focuses  only  on  a  truncated  injector 
but  simulate  the  entire  combustor  including  the  choked 
nozzle.  The  simulation  strategy  employs  large-eddy 
simulation  (LES)  using  Georgia  Tech’s  code  LESLIE. 
This  numerical  solver  is  a  well  established  finite- volume, 
block-structured  parallel  solver  and  has  been  used  for 
similar  studies  in  the  past  [22,23].  Briefly,  the  Favre- 
filtered  compressible,  multi-species  LES  equations  are 
closed  using  an  eddy  viscosity  closure  for  which  a  trans¬ 
port  equation  for  the  subgrid  kinetic  energy  is  solved 
along  with  the  LES  equations.  A  hybrid  upwind-central 
2nd  order  accurate  (in  space  and  time)  is  employed 
that  switches  automatically  and  dynamically  between 
a  3rd  order  MUSCL  scheme  in  regions  of  large  density 
gradients  and  a  central  scheme  in  regions  of  smooth 
flows.  A  two-step,  five  species  (CH4,  02,  C02,  CO, 
and  H20)  reduced  mechanism  developed  earlier  for 
CH4  —  02  mechanism  [24]  for  use  with  oxy-methane 
is  used  here.  As  shown  here  although  the  original 
model  was  successful  in  another  high-pressure  oxy- 
methane  combustion  simulation  [25]  for  the  current 
test  conditions  still  requires  some  adjustments  due  to 
the  differences  in  operating  conditions.  Some  attempt 
is  reported  below  towards  this  assessment.  The  mecha¬ 
nism  is  employed  with  a  thermally  perfect  equation  of 
state  and  power-law  transport  models.  Another  issue 
not  yet  addressed  is  subgrid  scale  turbulence  effect 


on  reaction  kinetics  and  so  the  filtered  reaction  rates 
are  obtained  in  terms  of  the  resolved  flow  variables. 
Since  the  current  solver  is  explicit  in  time  and  grid  is 
well  refined,  the  chemical  time-scale  for  this  reduced 
mechanism  is  much  larger  than  the  CFL  time-scale 
employed  and  therefore,  this  strategy  is  considered  rea¬ 
sonable  at  this  time,  wo  cases  at  20  bar  with  °/f  mass 
ratios  2.66  and  3.48  have  been  selected  for  the  LES 
study.  Table  3  lists  both  operating  conditions,  includ¬ 
ing  mass  flow  rates,  temperatures,  and  the  momentum 
flux  ratio  ( J)  and  velocity  ratio  ( VR )  of  the  fuel  to  the 
oxidizer.  The  reactant  temperatures  are  as  measured 
at  the  inlet  plane  in  the  simulations.  Analysis  of  the 
kinetics  model  for  these  operating  conditions  shows 
that  the  original  2-step  mechanism  over-predicts  the 
flame  temperature  and  therefore,  needs  to  be  modified. 
The  current  strategy  is  crude  but  it  serves  to  demon¬ 
strate  the  sensitivity  of  the  predictions  to  finite-rate 
kinetics.  A  factor,  adiss  is  introduced  to  rescale  the 
total  heat  of  formation.  This  factor  is  determined  by 
comparison  to  the  GRI 3.0  full  mechanism  predictions 
of  the  adiabatic  flame  temperature  and  procedure  is 
as  outlined  in  [25].  The  adiss  is  tuned  to  match  the 
equilibrium  temperature  for  Case  A  (°/f  ratio  2.66), 
and  additionally,  the  Arrhenius  rate  coefficients  of  the 
first  reaction  is  changed  to  match  the  laminar  flame 
speed  at  stoichiometry.  The  resulting  adiabatic  flame 
temperature  and  flame  speed  are  shown  in  Table  4. 
There  is  no  perfect  agreement  and  so  the  kinetics  clo¬ 
sure  is  still  an  unresolved  issue  for  this  study,  as  will 
be  obvious  from  these  results.  The  inflow  boundary 
conditions  use  constant  mass  Navier  Stokes  Charac¬ 
teristic  Boundary  Conditions  (NSCBC)  [26]  to  mimic 
the  constant  mass  flow  conditions  at  the  experimental 
inlet,  while  the  outflow  is  supersonic.  The  walls  are 
no-slip  and  adiabatic,  and  while  the  neglected  heat  flux 
is  expected  to  cause  an  increase  of  the  mean  chamber 
pressure,  it  should  provide  a  reasonable  approximation 
of  the  flame  structure.  The  shear  layer  is  resolved  with 
17  grid  points  with  spacing  of  around  30  /mi,  which 
appears  sufficient  to  resolve  the  shear-layer  turbulence. 
The  resolved  turbulence  kinetic  energy  spectra  in  the 
shear  layer  at  a  location  one  millimeter  downstream, 
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(a)  Kinetic  energy  spectrum  at  x  =  1  mm  in 
the  shear  layer 


(b)  Pope  Criteria,  Mres  =  20%  isoline  in 
black 


Temperature  (K) 


(a)  Temperature,  Baseline  Chemistry 


Temperature  (K) 


(b)  Temperature,  Modified  Chemistry 


(c)  Axial  Velocity,  Baseline  Chemistry 


U  Velocity  (m/s) 


(d)  Axial  Velocity,  Modified  Chemistry 


Fig.  17:  LES  Quality  Assessment 


Fig.  18:  Instantaneous  (top  half)  and  mean  (bottom 
half)  iso-contours  of  flow  variables,  Case  A 


shown  here  in  Fig.  17(a)  demonstrates  a  reasonable 
-5/3  slope  in  the  resolved  inertial  range.  An  additional 
measure  of  the  LES  quality  using  the  so-called  Pope’s 
Criteria  [27]  (the  ratio  of  the  sub-grid  kinetic  energy 
to  the  total  kinetic  energy)  considers  20%  as  an  upper 
limit  for  a  realistic  LES.  Analysis  of  the  current  results 
Fig.  17(b)  shows  that  the  current  grid  resolution  in  the 
injector  and  flame  anchoring  regions  is  well  below  this 
limit  and  so  is  acceptable  for  a  LES. 

Results  and  Discussion 

Four  simulations  are  discussed  here:  two  test  condi¬ 
tions  ( O/F :  2.6  and  3.4)  and  two  finite  rate  kinetics 
(the  original  model  [24]  and  the  modified  model).  All 
other  conditions  are  held  fixed  as  noted  above.  Time- 
averaged  fields  have  been  obtained  by  averaging  over 
5  flow  through  times  of  the  instantaneous  flow  field 
for  each  case.  The  instantaneous  (top  half)  and  time- 
averaged  (bottom  half)  views  of  the  flow  fields  are 
compared  in  some  of  the  following  figures.  Fig.  18 
compares  the  instantaneous  and  time-averaged  temper¬ 
ature  and  axial  velocity  features  in  a  central  plane  for 
Case  A  using  the  two  kinetics  models.  The  results  for 
CaseB  are  qualitatively  similar  and  not  shown.  The 
temperature  contours  show  that  the  flame  holds  on 
the  oxidizer  post  tip,  as  expected  for  both  cases  but 
that  the  unmodified  chemistry  predicts  temperatures 
that  are  nearly  30%  higher.  However,  flow  features 
(especially  the  time-averaged)  are  similar.  The  mean 
axial  velocity  field  shows  very  similar  recirculation  re¬ 
gion  at  the  base  of  the  step  and  the  extent  of  the  shear 
layer  is  very  similar.  The  CH4  mass  fraction  field  for 


(a)  Case/ ,  A 


CH4  Mass  Fraction 


(b)  CaseB 


Fig.  19:  Instantaneous  (top  half)  and  mean  (bottom 
half)  iso-contours  of  CH4  mass  fraction,  with 
modified  chemistry 


the  two  operating  cases  (but  using  the  modified  ki¬ 
netics)  are  compared  in  Fig.  19  and  shows  that  some 
unreacted  fuel  remains  trapped  in  the  recirculation 
region.  Analysis  and/or  data  are  still  needed  to  verify 
this  observation.  Instantaneously,  Case  A  shows  more 
unreacted  fuel  further  downstream  along  the  wall. 

In  the  spanwise  direction,  the  two  mechanisms  pre¬ 
dict  very  similar  3D  structure  of  temperature  contours, 
as  shown  Fig.  20  but  the  scales  are  very  different.  In 
addition  to  a  higher  peak  temperature  in  the  baseline 
chemistry  the  peak  temperature  regions  are  also  sig¬ 
nificantly  thinner  whereas  the  adjusted  mechanism  ap¬ 
pears  to  produce  a  more  distributed  temperature  field 
downstream.  The  cool  oxidizer  core  appears  to  stay 
intact  further  downstream  in  CaseB ,  for  both  mech¬ 
anisms.  Table  5  and  Fig.  21(a)  show  that  the  mean 
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TEMPERATURE  (K) 

1335  3445 


(a)  Baseline  Chemistry 


(b)  Modified  Chemistry 


Fig.  20:  Spanwise  temperature  for  Case  A  (Top)  vs. 
Case  B  (Bottom)  for  both  chemistry  mecha¬ 
nisms.  The  sequence  from  left  to  right  are  at 
x  =  0,  10,  30  ,and  80  mm  in  the  axial  distance 
from  the  dump  plane. 


Table  5:  Mean  wall  chamber  pressures 


O/f 

P  Exp 

PSim 

[bar] 

Ratio 

[bar] 

Modif.  Chem. 

Base.  Chem. 

3.48 

18.8 

19.2 

20.3 

2.66 

18.1 

19.8 

20.1 

pressure  along  the  wall  is  over  predicted  by  around 
10%.  When  normalized  by  the  mean  chamber  pressure 
((p~P)/p)  as  in  Fig-  21(b)  the  agreement  in  the  trend 
appears  reasonable.  The  modified  kinetics  appear  to 
provide  a  better  agreement  for  CaseB  but  the  discrep¬ 
ancy  between  the  measured  and  predicted  data  still 
needs  to  be  assessed. 

6.  Conclusion 

Experiments  are  conducted  over  a  large  range  of  pres¬ 
sure  (5  to  20  bar)  and  mixture  ratio  (2.6  to  4.0)  in 
order  to  satisfy  the  need  for  a  major  understanding  of 
the  injection  and  combustion  processes  and  of  more 
reliable  prediction  of  the  thermal  behavior  for  the  pro¬ 
pellant  combination  methane-oxygen.  A  single-element 
combustion  chamber  is  designed  and  tested.  Detailed 
wall  temperature  measurements  and  derived  heat  flux 


(a)  Raw  values 


Fig.  21:  Wall  pressure  comparison 


data  sets  are  obtained  for  GOX/GCH4.  These  data 
sets  are  valuable  for  both  injector  design  and  code 
validation.  Due  to  the  important  multidimensional 
effects  characterizing  the  geometry  of  the  chamber  and 
the  transient  nature  of  the  hardware,  specific  meth¬ 
ods  for  heat  flux  calculations  have  been  considered. 
Temperature  and  heat  flux  traces  show  that  the  com¬ 
bustion  process  is  accomplished  towards  the  end  of 
the  chamber.  The  temperature  and  the  chamber  wall 
temperature  distributions  seem  to  have  no  direct  pres¬ 
sure  dependence.  The  lack  of  pressure  dependence 
and  only  slight  dependence  on  the  propellant  injection 
velocities  suggests  that  the  basic  dynamic  structures  of 
the  combustion  process  are  mainly  dominated  by  the 
injector  and  chamber  geometry.  The  same  trend  was 
observed  for  all  investigated  load  points.  Simulations, 
conducted  with  Thermtest,  shows  good  agreement  with 
the  experimental  results.  An  optimization,  according 
to  the  test  data,  of  the  heat  transfer  model  in  order  to 
match  the  injector  characteristics  is  performed  and  it 
shows  to  approximate  the  injector  thermal  behavior. 
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Addendum  6 


LES  of  GCH4/GOX,  Shear- Coaxial,  Single  Element,  High 
Pressure  Rocket  Combustor:  Effects  of  Thermal  Condition 

and  Chemical  Kinetics 


R.  Ranjan  and  S.  Menon 

School  of  Aerospace  Engineering,  Georgia  Institute  of  Technology,  Atlanta,  GA  30332 


1  Introduction 

The  design  of  liquid  rocket  engines  is  dictated  by  several  requirements  such  as  a  stable  combustion,  low 
operating  cost,  low  emission  characteristics  and  high  performance  throughput  under  a  range  of  operating 
conditions.  Therefore,  the  elements  of  theses  engines  such  as  type  of  propellant,  injector  design,  thermal 
conditions  of  the  combustion  chamber  wall  etc.,  play  an  important  role  on  the  overall  performance.  Rocket 
engines  that  employ  liquid  oxygen  (LOX) /hydrocarbon  as  propellant  is  increasingly  becoming  popular  as 
they  tend  to  satisfy  most  of  the  aforementioned  requirements  in  comparison  to  the  engines  that  employ 
cryogenic  propellants  [1].  In  such  engines,  LOX/methane  (CH4)  is  considered  as  a  more  appropriate  option 
due  to  its  various  features  such  as  high  specific  energy  density  and  specific  impulse  and  better  overall  perfor¬ 
mance  [2,  3].  Apart  from  the  propellant,  the  injector  technology  also  plays  a  crucial  role  in  the  development 
of  a  liquid  rocket  engine  as  it  affects  the  performance  by  altering  the  flame  and  flow  dynamics  and  stability 
of  the  combustor.  For  example,  the  oxidizer  injector  length  can  lead  to  stable/unstable  combustion  behav¬ 
ior  of  a  shear  coaxial  high  pressure  combustor  [4],  In  general,  propellants  are  injected  into  the  combustion 
chamber  in  a  coaxial  manner  in  a  supercritical  state,  where  they  act  more  like  dense  gases,  thus  allowing 
for  application  of  gas-gas  scaling  laws  for  coaxial  jets  [5,  6].  Therefore,  understanding  the  gas-gas  mixing 
and  its  interaction  with  other  transport  processes  becomes  important.  Finally,  the  thermal  conditions  on 
the  chamber  wall  also  affects  the  reactive  flow  dynamics  due  the  amount  of  heat-loss  occurring  through 
the  chamber  walls,  which  directly  affects  the  operating  pressure.  Therefore,  the  overall  performance  of  the 
engine  depends  upon  an  interplay  of  the  type  of  propellant,  injector  design  and  heat-transfer  characteristics 
of  the  chamber  wall.  Hence,  understanding  the  mixing  process  and  the  heat-transfer  characteristics  of  a 
coaxial  injector  based  combustion  chamber  under  different  operating  conditions  is  very  relevant  for  design 
improvement  of  rocket  engines.  However,  both  experimental  and  numerical  methods  face  several  challenges 
in  their  ability  to  investigate  physical  and  chemical  mechanisms  occurring  within  the  combustion  chamber. 
For  example,  experimental  measurements  become  very  challenging  under  the  operating  conditions  of  a 
liquid  rocket  engine  and  therefore,  the  measurements  are  often  limited  to  few  quantities.  On  the  other 
hand  numerical  methods  suffer  from  uncertainties  related  to  geometrical  modeling,  boundary  conditions 
and  the  turbulence  closure.  To  understand  such  complex  processes,  large-eddy  simulation  (LES)  can  serve 
as  a  promising  design  tool  for  predictive  analysis.  However,  a  comprehensive  validation  of  LES  results  with 
the  measured  experimental  data  is  crucial  for  reliability  on  such  predictions. 

LES  investigation  in  the  past,  of  a  single  element,  shear-coaxial,  high  pressure  combustor  at  two  oxygen 
to  fuel  mixture  ratios  have  shown  promising  results  where  the  stable  combustion  was  predicted  in  agreement 
with  the  experimental  observations  [7].  The  study  employed  a  reduced  5-species  finite-rate  chemical  kinetics 
used  in  previous  LES  studies  of  combustors  [8,  9]  and  showed  good  agreement  with  the  wall  pressure 
distribution.  However,  some  discrepancies  were  also  observed  in  comparison  to  experiments  due  to  use  of  a 
simplified  chemistry  and  adiabatic  thermal  conditions  on  the  chamber  wall.  Recent  extension  of  the  study  to 
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GCH4  manifold 


Figure  1:  Experimental  configuration  (a)  and  computational  domain  used  by  LES  (b)  corresponding  to 
the  single  element,  shear-coaxial  injector  based  combustor  [7]. 


a  reasonably  complex,  8-species  finite-rate  chemical  kinetics  and  use  of  an  isothermal  boundary  conditions 
matching  measured  wall  temperature  distribution  in  an  averaged  sense,  have  shown  improvements  in 
quantitative  predictions  of  the  wall  pressure  distribution  (discussed  below).  These  results  demonstrate 
the  need  of  appropriate  boundary  conditions  and  chemical  kinetics  for  reliable  predictions  by  LES  based 
investigation  and  prediction  of  the  complex  reactive  flow  dynamics  within  a  high  pressure  combustor. 

The  objective  of  the  ongoing  study  is  to  perform  a  comprehensive  comparison  of  the  results  obtained 
from  LES  of  a  shear-coaxial,  single  element,  high  pressure  combustor  with  the  experimental  data.  In  par¬ 
ticular,  the  focus  of  the  study  is  to  characterize  the  role  of  heat-transfer  occurring  through  the  combustion 
chamber  walls  on  the  reactive  flow  physics  and  the  flame  dynamics.  Another  goal  of  the  ongoing  study  is 
to  analyze  the  role  of  finite-rate  kinetics  on  the  observed  combustion  behavior  within  the  chamber.  Such 
a  detailed  comparison  will  establish  the  predictive  ability  of  LES  to  study  thermal  characteristics  of  high 
pressure  rocket  combustors. 

This  document  is  arranged  as  follows.  Section  2  describes  the  reactive  flow  configuration  and  the  test 
conditions.  The  details  of  numerical  methodology  and  computational  setup  is  presented  in  Sec.  3.  Results 
from  past  investigations  are  briefly  summarized  in  Sec.  4.  Finally,  the  objectives  of  the  currently  ongoing 
study  are  detailed  in  Sec.  5. 

2  Problem  Description 

Figure  1  shows  the  experimental  configuration  and  the  computational  domain  corresponding  to  the  single 
element,  shear-coaxial  injector  based  combustion  chamber  that  is  considered  in  this  study.  The  experiment 
is  designed  to  analyze  the  heat  transfer  characteristics  within  a  typical  rocket  combustion  chamber  so  that 
extensive  data  can  be  provided  for  numerical  validations.  The  test  rig  is  hosted  at  Technische  Universitat 
Miinchen  (TUM)  and  is  a  gaseous  combustor,  which  employ  a  modular  heat  sink  to  investigate  heat  transfer 
mechanism  and  its  effect  on  the  flame  dynamics.  The  length  of  chamber  is  L  =  303  mm,  and  its  cross 
section  is  square  with  area  12  x  12  mm2.  The  contraction  ratio  of  the  test  rig  is  2.5  and  different  operating 
pressures  can  be  prescribed  ranging  from  20  bar  to  100  bar.  The  coaxial  injector  have  internal  diameter 
4  mm  and  5  mm,  respectively,  for  the  oxidizer  and  the  fuel.  Note  that  the  oxidizer  post  is  flushed  with 
respect  to  the  injection  face  for  simplicity.  The  computational  domain  comprises  of  the  coaxial  inlets  of 
the  same  dimension  as  that  by  used  by  experiments  flushed  to  the  combustion  chamber  of  square  cross 
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section  ending  with  a  choked  outlet.  The  inflow  boundaries  can  be  modeled  using  characteristic  boundary 
conditions  [10]  with  prescribed  mass  flow-rates,  species  mass  fractions  and  temperature.  The  outflow  is 
choked  through  the  nozzle  and  therefore,  relatively  simpler  supersonic  conditions  can  be  employed  at  the 
nozzle  exit.  No-slip  with  appropriate  thermal  conditions  (adiabatic/isothermal)  can  be  specified  on  the 
chamber  walls.  In  the  past  studies  [7],  adiabatic  thermal  condition  was  used  on  the  chamber  walls.  In 
addition,  isothermal  or  temperature  profile  will  be  specified  on  the  chamber  walls. 


Case 

OF  ratio 

p 

1  ox 

Pf 

T 

-1-  ox 

Tf 

h?.ox 

rhf 

- 

(bar) 

(bar) 

(K) 

(K) 

(kg/s) 

(kg/s) 

TFC-R-20-26-30-10 

2.62 

26.4 

24.4 

278 

269 

0.045 

0.017 

Table  1:  Details  of  the  test  condition  at  the  oxidizer  and  fuel  inlets. 


Table  2  summarizes  the  test  conditions  at  the  oxidizer  and  the  fuel  inlets  that  include  pressure  at  the 
inlet  of  the  oxidizer  (Pox)  and  the  fuel  (Pf),  inlet  temperature  of  the  oxidizer  (Tref,0x)  and  the  fuel  (Tre f,f), 
and  mass  flow  rate  of  the  oxidizer  (mox)  and  the  fuel  (m f).  Note  that  in  this  study  fuel  is  considered  to 
be  methane  (CH4)  the  oxidizer  is  pure  oxygen  (O2).  The  reference  pressure  Pref  is  set  to  20  bar  for  the 
chamber. 

3  Numerical  Methodology,  Setup  Details 

The  numerical  methodology  is  based  on  the  well-established,  second-order  accurate  (in  both  space  and  time) 
finite-volume  solver  for  the  unsteady  Favre-filtered  multi-species  compressible  Navier-Stokes  equations 
[11],  A  hybrid  scheme,  which  switches  between  a  second-order-accurate  central  scheme  and  a  third-order- 
accurate  MUSCL  (Monotone  Upstream-centered  Schemes  for  Conservation  Laws)  scheme  [12]  is  employed. 
A  localized  dynamic  switch  based  on  pressure  and  density  gradients  determines  the  spatial  discretization 
scheme  to  use  locally  [12,  13].  Past  studies  have  shown  that  the  hybrid  approach  can  capture  regions  of 
high  gradients  (as  in  shocks  or  thin  shear  layers  between  fuel  and  oxidizer)  and  also  regions  of  turbulent 
fluctuations  away  from  these  strong  gradients  accurately  [11  13].  The  subgrid-scale  (SGS)  momentum  and 
energy  fluxes  are  closed  using  a  subgrid  eddy  viscosity  model,  which  is  obtained  using  the  local  grid  filter 
A  and  the  subgrid  kinetic  energy  ksgs.  An  additional  transport  equation  is  solved  for  ksgs  and  localized 
dynamic  evaluation  is  used  to  obtain  all  the  model  coefficients  [11,  14].  The  subgrid  mixing  and  turbulence- 
chemistry  interaction  is  based  on  the  linear  eddy  mixing  (LEM)  model  [15] .  Details  of  the  LES  equations, 
numerical  method  and  these  closures  are  presented  in  several  articles  cited  earlier  and  therefore  avoided 
here,  for  brevity. 

In  the  future  studies,  a  moderately  complex  finite-rate  kinetics  will  be  employed,  for  example,  8- 
species  [16]  or  13  species  [17]  methane-air  mechanisms.  In  past  studies,  a  2-step  5-species  (CH4,  O2,  H2O, 
CO2  and  CO)  reduced  kinetics  have  provided  reasonably  accurate  results  [7-9].  The  same  mechanism 
has  been  used  in  a  recent  LES  study  of  combustion  instability  phenomenon  in  a  high-pressure,  shear- 
coaxial  injector  combustor  [4,  9],  where  reasonable  agreement  was  observed  in  comparison  to  experimental 
investigations.  However,  in  future  studies  the  role  of  chemical  kinetics  on  the  flame  dynamics  and  heat 
transfer  characteristics  will  be  analyzed  by  employing  moderately  complex  chemical  kinetics.  The  adiabatic 
flame  temperatures  and  laminar  flame  speed  predicted  by  8-species  and  13-species  mechanisms  compare 
well  with  the  detailed  GRI  3.0  mechanism. 

Figure  2  (a)  shows  the  computational  grid  in  the  shear-layer  region  on  the  symmetry  plane.  Overall, 
the  multi-block  structured  grid  comprises  of  1248  blocks  and  approximately  3.6  million  finite  volume  cells, 
where  the  emphasis  is  on  resolving  the  regions  of  shear-layers  and  intense  heat-release.  The  grid  is  suitable 
to  perform  LES  investigation  as  demonstrated  by  the  well  known  Kolmogorov’s  — 5/ 3rd  slope  in  the  resolved 
inertial  range  [18]  for  the  resolved  turbulent  kinetic  energy  spectrum  in  the  shear  layer  shown  in  Fig.  2(b). 
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Figure  2:  Computational  grid  on  the  symmetry  plane  in  the  shear-layer  (a)  and  the  resolved  turbulent 
kinetic  energy  spectrum  (b)  in  the  shear  layer  at  (x,  y,  z )  =  (0.01,  0,  0.002)  m  [7]. 


(a)  (b) 

Figure  3:  Contours  of  instantaneous  and  mean  axial  velocity  and  temperature  fields  on  the  symmetry  plane 
for  oxidizer  fuel  ratio  of  2.6.  Top  and  bottom  halves  correspond  to  instantaneous  and  mean  quantities, 
respectively.  Solid  curves  in  subfigure  (a)  denote  mean  streamlines  identifying  the  corner  recirculation  and 
the  core  region  and  in  subfigure  (b)  denote  T  =  2000  K  isoline  to  identify  the  flame  region. 


4  Results 

In  this  section,  we  briefly  describe  some  of  the  recent  LES  results  obtained  from  further  extension  of 
the  past  study  of  the  shear-coaxial  single  injector  combustor  for  an  oxidizer/fuel  ratio  of  2.6  [7].  These 
simulation  show  significant  improvements  in  the  results,  which  can  be  attributed  to  use  of  an  isothermal 
boundary  conditions  (T  =  420  K)  on  the  chamber  walls  and  use  of  a  moderately  complex  (8-species) 
finite-rate  chemical  kinetics.  Previously,  an  adiabatic  condition  was  specified  for  the  thermal  boundary 
condition  and  a  relatively  simpler  5-species  chemical  mechanism  was  utilized. 

Figure  3  shows  contours  of  the  reactive  flow  fields  on  the  symmetry  plane.  The  top-  and  bottom-halves 
correspond  to  the  instantaneous  and  the  mean  fields,  respectively.  The  contours  of  the  axial  velocity  shown 
in  Fig.  3(a)  show  presence  of  a  shear-layer  near  the  fuel  injector  with  a  jet  like  flow  structure  in  the  core 
of  the  chamber  emanating  from  the  oxidizer  injector.  In  addition,  a  corner  recirculation  zone  that  helps  in 
flame  anchoring  is  also  observed.  The  presence  of  the  corner  recirculation  zone  is  highlighted  by  the  mean 
flow  streamlines  overlaid  on  the  mean  axial  velocity  contours.  The  temperature  field  shown  in  Fig.  3(b) 
highlights  the  bounding  region  of  flame,  which  appears  to  be  a  compact  near  the  fuel  injector,  but  spreads 
in  the  downstream  direction  towards  the  core  and  walls  of  the  chamber.  This  is  highlighted  by  T  =  2000 
K  isoline,  which  is  considered  to  bound  the  flame  region.  The  heat  transfer  through  the  chamber  walls  is 
non-negligible  as  apparent  from  the  temperature  contours,  which  show  presence  of  strong  gradients  in  the 
temperature  held  at  downstream  locations  along  the  axial  direction.  Clearly,  the  heat-flux  through  the 
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Figure  4:  Wall  pressure  distribution  obtained  from  LES  (solid  curve)  and  compared  with  experimental 
data  (symbols). 


chamber  walls  affects  the  compactness  of  the  flame  structures. 

Figure  4  shows  axial  variation  of  the  time-averaged  pressure  field  obtained  from  LES  in  comparison 
to  the  measured  experimental  data.  We  observe  a  good  agreement  with  the  experimental  data  with  some 
discrepancies  near  the  injector  head.  However,  compared  to  the  profile  obtained  from  simulations  employing 
adiabatic  conditions,  the  results  have  improved  significantly,  thus  illustrating  the  role  of  heat-transfer 
characteristics  on  the  flame  dynamics  within  the  combustion  chamber.  Further  quantitative  analysis  is 
currently  underway  to  characterize  the  role  of  kinetics  and  turbulence  chemistry  closure  on  these  results. 

5  Summary 

This  ongoing  study  is  aimed  to  perform  a  comprehensive  validation  of  the  LES  results  by  comparing  them 
with  the  measured  experimental  data.  The  test  conditions  will  be  the  same  as  summarized  in  Sec.  2 
to  closely  match  the  experiments.  The  numerical  methodology  and  the  computational  setup  will  be  the 
same  as  discussed  above  in  Sec.  3.  However,  the  future  simulations  will  be  focused  on  quantitatively 
characterizing  the  role  of  heat-transfer  and  detailed  chemical  kinetics.  In  particular,  the  validation  study 
will  be  performed  by  comparing  axial  profiles  of  the  chamber  wall  pressure  and  the  heat-flux  across  the 
chamber  walls.  As  discussed  above,  heat-flux  plays  an  important  role  in  affecting  the  observed  flame 
structure.  The  role  of  chemical  kinetics  on  the  flow  and  flame  dynamics  within  the  combustor  will  be 
analyzed  by  comparing  contours  of  axial  velocity,  temperature  and  species  fields  on  the  symmetry  plane 
for  three  different  chemical  mechanisms  with  increasing  degree  of  complexity.  These  mechanism  will  include 
5,  8  and  13  species,  respectively.  In  addition,  the  completeness  of  combustion  will  be  quantified  in  terms 
of  the  axial  evolution  of  the  mass  fractions  of  the  combustion  products  and  the  OH  radical.  To  achieve 
these  objectives,  the  LES  framework  as  mentioned  above  will  be  employed.  However,  in  the  past  studies 
the  turbulence-chemistry  interaction  was  ignored,  referred  to  as  LES  with  laminar  chemistry.  However,  in 
some  of  the  future  simulations  the  turbulence-chemistry  interaction  will  be  included  by  employing  LEM 
as  the  mixing  and  turbulence-chemistry  interaction  closure,  referred  as  LEMLES  formulation. 

Table  5  lists  the  cases  that  are  currently  being  considered.  Note  that  the  difference  in  these  cases  are 
only  due  to  the  employed  numerical  methodology,  as  the  test  conditions  will  remain  the  same  across  these 
cases.  The  classification  is  based  on  thermal  condition  (isothermal  or  profile),  type  of  chemical  mechanism 
and  type  of  turbulence  chemistry  closure.  The  first  set  of  simulations  labeled  as  A1  through  A3,  will 
identify  the  suitable  chemical  mechanism,  where  Case  A3  will  serve  as  a  reference  case.  Based  on  the 
selected  mechanism  ‘n-species’,  two  additional  simulations  labeled  as  cases  B1  and  B2  will  be  conducted  to 
characterize  the  effect  of  an  averaged  temperature  specified  on  the  chamber  wall  in  comparison  to  a  profile 
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Case 

Thermal  condition 

Chemical  mechanism 

Turbulence  chemistry 

Al 

Isothermal 

5-species 

LES  with  laminar  chemistry 

A2 

Isothermal 

8-species 

LES  with  laminar  chemistry 

A3 

Isothermal 

13-species 

LES  with  laminar  chemistry 

B1 

Isothermal 

n-species 

LEMLES 

B2 

Profile 

n-species 

LEMLES 

Table  2:  Summary  of  the  test  cases. 


of  the  temperature  field  imposed  on  the  chamber  walls.  Here,  the  profile  will  be  based  on  the  measured 
experimental  data.  Overall,  these  set  of  simulations  will  demonstrate  the  predictive  ability  of  LES  for 
reactive  flow  dynamics  within  a  high  pressure  rocket  combustor  so  that  LES  can  be  used  as  a  reliable 
design  tool. 
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Addendum  7 


On  the  application  of  the  time-domain  admittance  boundary  condition  in 
the  LES  of  a  high-pressure,  shear-coaxial  injector  combustor 

P.  Tudisco1’*,  R.  Ranjan2,  S.  Menon3,  S.  Jaensch4,  W.  Polifke5 


Abstract 


We  present  application  of  the  time-domain  admittance  boundary  condition  (TDABC)  formulation  [1,  2]  in 
a  large-eddy  simulation  (LES)  for  investigation  of  thermo-acoustic  longitudinal  instability  in  a  single  element, 
shear-coaxial,  high  pressure  combustor.  The  TDABC  formulation,  a  reduced-order  method,  provides  a 
robust,  reliable  and  alternative  formulation  to  incorporate  inflow/outflow  boundary  conditions  for  LES  based 
investigation  of  complex  reactive  flow  systems.  It  allows  to  incorporate  effects  of  a  domain  of  interest  without 
explicitly  solving  for  the  reactive  flow  field  within  the  considered  domain.  For  example,  in  a  multi-element, 
shear-coaxial  system,  the  formulation  provides  a  computationally  efficient  approach  to  analyze  the  reactive 
flow  physics  of  the  combustion  chamber,  without  explicitly  requiring  modeling  of  the  geometry  of  multiple 
injectors.  Therefore,  the  method  can  be  used  to  conduct  parametric  design  studies  of  such  systems  where 
the  injectors  play  a  crucial  role  in  the  thermo-acoustic  stability  of  the  combustor.  Here,  we  first  present 
a  detailed  description  of  the  TDABC  formulation  in  the  context  of  an  LES  and  then  use  the  developed 
framework  to  simulate  reactive  flow  within  a  single  element  combustor,  also  referred  as  Continuous  Variable 
Resonance  Combustor  (CVRC);  a  high-  pressure,  shear-coaxial  injector  combustor  studied  experimentally 
at  Purdue  University.  A  key  feature  of  CVRC  is  that  depending  on  the  length  of  the  oxidizer  injector, 
the  thermo-acoustic  stability  pattern  is  altered  in  the  combustor.  To  demonstrate  the  effectiveness  of  the 
TDABC  formulation  in  an  LES,  we  consider  the  combustor  with  a  truncated  injector  and  simulate  conditions 
equivalent  of  three  different  oxidizer  injector  lengths  of  9  cm,  12  cm  and  14  cm,  which  are  known  to  exhibit, 
semi-stable,  unstable  and  highly  unstable  behavior.  The  results  obtained  with  the  TDABC  formulation  are 
compared  with  the  LES  results  obtained  by  actual  modeling  of  the  injector  and  a  very  good  agreement  for 
the  limit  cycle  prediction,  frequency,  amplitude,  mode  and  phase  shapes  and  flame  dynamics  are  obtained. 
It  is  shown  that  this  method  is  able  to  capture  the  highly  unsteady  reactive  flow  physics  and  therefore, 
can  be  extended  further  to  study  nrulti-injector  configurations,  which  are  challenging  and  computationally 
expensive  for  LES  investigation. 

Keywords:  Large  eddy  simulation,  admittance  boundary  conditions,  combustion  instability,  linearized 
acoustics 


1.  Introduction 

Numerical  simulations  of  combustion  devices  represent  one  of  the  most  important  research  topic  in 
computational  fluid  dynamics.  In  this  view,  the  use  of  Large  Eddy  Simulation  has  been  well  established 
as  the  most  promising  tool  for  an  accurate  prediction  of  combustors  behavior.  In  fact,  LES  represents 
a  good  compromise  between  the  solution  reliability  and  the  computational  time  since  a  direct  numerical 
simulation  (DNS)  of  these  components  would  require  to  solve  the  range  of  scales  up  to  the  Kolmogorov  scale 
(or  even  lower  as  in  the  case  of  passive  scalars).  Also,  different  aspects  are  considered  in  a  rocket  engines 
design,  such  as  a  stable  combustion,  low  operating  cost,  and  high  performance  throughput  under  a  range 
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of  operating  conditions.  It  is  commonly  accepted  that  combustion  instabilities  in  rocket  engines  represents 
one  of  the  most  challenging  issue,  still  not  completely  solved,  both  from  a  numerical  and  experimental  point 
of  view.  This  phenomenon,  usually  takes  place  in  high  pressure,  combustors  as  the  result  of  a  nonlinear 
coupling  between  the  unsteady  heat  release  with  the  local  pressure  fluctuation.  This  coupling  produces 
large-amplitude  pressure  oscillations  first  described  by  Rayleigh  [3],  and  then  adapted  to  rocket  engines 
design  in  the  remarkable  work  by  Harrje  [4].  Coupling  between  local  heat  release  and  pressure  fluctuations 
can  be  produced  by  flame  dynamics  or  hydrodynamic  flow  instability  as  discussed  in  the  milestone  works  of 
Poinsot  [5]  and  Candel  [6].  In  general,  experimental  investigation  of  this  phenomenon  can  be  very  difficult, 
especially  for  full  scale  rocket  combustors,  because  of  the  possibility  of  damage  and  explosion.  Similarly 
detailed  measurements  of  such  flame/acoustics  coupling  exhibit  non-trivial  challenges  due  to  the  hot  and  high 
pressure  environment.  Usually,  low  and  high  frequency  pressure  fluctuations  are  available  at  some  locations, 
providing  information  about  the  stable  or  unstable  nature  of  the  combustor.  One  important  example  that 
has  been  massively  studied  in  recent  years  is  the  continuously  variable  resonating  chamber  (CVRC)  [7  9], 
which  consists  of  a  gaseous  oxygen,  gaseous  methane,  shear  coaxial  injector  whose  length  can  be  continuously 
varied.  Depending  on  the  injector  length,  the  combustor  shows  spontaneous  longitudinal  instabilities  as  a 
result  of  the  acoustic  modes  coupling  of  the  injector  and  the  chamber  itself  with  the  combustion  heat  release. 
This  experimental  rig  has  been  used  extensively  as  test  bench  to  study  turbulent  combustion  numerical 
codes[10-12],  providing  evidence  of  LES  and  DES  to  be  promising  tool  in  the  prediction  of  instabilities  in 
rocket  engines. 

However,  there  are  some  cases  in  which  the  use  of  LES  still  represents  a  very  expensive  procedure  due 
to  the  grid  size  in  certain  portions  of  the  computational  domain,  or,  due  to  the  need  of  model  several  micro- 
cavities.  One  example  is  the  modeling  of  multi-injector  face  plate  of  liquid  rocket  engines.  In  fact,  if  several 
of  injector  cavities  need  to  be  accounted  for,  difficulties  in  geometry,  grid  size  and  generation,  and  therefore 
computational  time  may  arise.  On  the  other  hand,  accounting  the  presence  of  the  injectors  in  a  numerical 
simulation  is  of  crucial  importance  as  demonstrated  by  the  CVRC.  In  other  words,  injector  cavities  must  be 
modeled  because  they  play  an  extremely  important  role  in  driving  combustion  instabilities  due  to  the  fact 
that  they  have  their  own  acoustic  response  that  couples  with  all  the  chamber  combustion  dynamics.  For  this 
reason,  reduced  order  modeling  (ROM)  becomes  an  interesting  tool,  that  can  significantly  reduce  the  cost 
of  simulation  of  multi  injectors  combustion  chambers  and  at  the  same  time,  retain  the  level  of  accuracy  that 
is  needed  in  order  to  be  able  to  capture  this  phenomenon. 

The  purpose  of  the  approach  described  in  this  work  is  to  illustrate  an  hybrid  boundary  conditions  tech¬ 
nique  for  LES  (but  it  can  also  be  applied  to  DNS)  which  consists  in  the  implementation  of  admittance 
boundary  conditions.  This  method  has  been  first  described  by  Polifke  [1]  and  Kaess  [2],  and  it  is  currently 
under  further  development  at  Georgia  Institute  of  Technology  for  engineering  applications  investigations, 
mainly  related  to  the  numerical  simulation  of  unstable  rocket  engines.  This  approach  is  an  extension  of 
the  Navier-Stokes  characteristic  boundary  conditions  (NSCBC)  described  by  Poinsot  and  Lele  [13],  which 
treats  the  conservation  equations  at  the  boundaries  as  locally  inviscid  and  one  dimensional  (LODI).  Once 
the  conservation  equations  are  written  in  characteristic  form,  acoustic  wave  amplitudes,  indicated  as  £;  can 
be  directly  related  with  their  direction  of  propagation  and  speed.  Each  characteristic  wave  can  be  specified 
at  the  boundary  by  using  a  relaxation  coefficient  [14],  which  ensures  the  fulfillment  of  mean  flow  primitive 
variables  such  as  the  velocity  for  an  inflow  or  pressure  for  a  subsonic  outflow.  However,  it  has  been  demon¬ 
strated  that  although  this  approach  works  well  for  the  mean  flow  imposition,  acoustic  fluctuations  are  not 
always  treated  as  desired  for  non-reflecting  boundaries  [1,  2].  Therefore,  undesired  and  non-physical  acoustic 
waves  are  produced  at  the  boundaries,  leading  to  an  alteration  of  the  acoustic  field  inside  the  domain,  which 
is  undesirable,  especially  in  simulations  where  acoustics  plays  an  important  role  as  combustion  instabilities. 
In  order  to  avoid  such  behavior,  the  plane  wave  masking  approach  has  been  introduced  by  Polifke  et  al.  [1]. 
Basically  the  incoming  acoustic  wave  at  the  non-reflective  boundary  is  explicitly  removed  from  the  charac¬ 
teristic  wave.  In  this  way  the  mean  flow  imposition  and  acoustic  reflection  are  decoupled  and  can  be  satisfied 
separately.  This  technique  offers  a  further  application  based  on  admittance  boundary  condition.  In  fact,  this 
modified  NSCBC  approach  offers  the  possibility  to  address  not  only  waves  at  non  reflecting  boundaries,  but 
also  it  allows  to  specify  the  reflected  wave  whenever  the  reflection  coefficient  is  prescribed.  Then,  supposing 
that  an  injector,  or  more  in  general  an  acoustic  cavity  can  be  described  as  a  linearized  system  [15-17],  a 
reflection  coefficient  can  be  computed  analytically,  allowing  to  simulate  the  presence  of  this  cavity  at  the 
boundary,  without  explicitly  meshing  it. 

The  use  of  admittance  boundary  conditions  is  not  the  unique  way  to  reduce  complexity  of  a  numerical 
investigation.  Another  well  know  approach  is  the  reduced  basis  model  (RBM),  which  follows  a  projection 
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based  approach  dependent  on  a  modal  expansion  [18].  The  equation  complexity  is  reduced  by  expanding 
the  vector  containing  the  conserved  variables  in  a  series,  where  the  orthogonal  modes  are  recovered  offline 
from  previous  LES  calculations.  Although  this  method  has  been  recognized  as  a  powerful  approach  to 
simulate  several  engineering  problems  [19,  20],  there  is  no  clear  evidence  of  its  applicability  for  complex, 
turbulent  combustion  problems.  The  use  of  admittance  boundary  condition  does  not  require  any  a  priori 
LES  calculation,  and  it  demonstrated  to  work  quite  well  at  least  for  a  single  injector  combustor. 

The  next  objective  is  to  apply  this  approach  to  multi-injectors  combustion  chambers,  and  test  the  pre¬ 
dictability  of  combustion  instabilities  in  sub-scale  rocket  engines,  even  in  the  supercritical  regime.  Another 
immediate  approach  that  can  extend  this  formulation  concerns  the  second  order  modeling  of  injector  cavities, 
which  will  account  for  friction  and  thermal  acoustic  losses  caused  by  the  acoustic  boundary  layer. 

This  article  is  organized  as  follows.  The  LES  formulation  and  the  numerical  methodology  adopted  in  this 
study  is  described  in  Sec.  2.  The  time  domain  admittance  boundary  condition  and  the  determination  of 
an  injector  reflection  coefficient  are  discussed  in  Sec.  2.2.  The  problem  description  and  assessment  of  the 
computational  setup  are  discussed  in  Sec.  4.  Results  for  flame  structure,  time  averaged  fields  and  mode 
shapes  are  discussed  in  Sec.  5.  Finally,  the  outcomes  of  the  present  study  are  summarized  in  Sec.  6. 


2.  LES  formulation  and  numerical  methodology 

In  this  section,  we  briefly  describe  the  governing  equations  and  the  employed  numerical  methodology 
for  LES  of  reactive  flow  systems,  which  is  adopted  in  the  current  study.  Further  details  of  the  numerical 
framework  are  provided  in  cited  references. 


2.1.  Governing  equations 

The  motion  of  an  unsteady,  compressible,  reacting  fluid  is  governed  by  the  multi-species  compressible 
Navier-Stokes  equations,  which  enforce  conservation  of  mass,  momentum,  energy  and  species  mass.  From 
these  balance  equations,  LES  equations  are  derived  through  a  spatial  filtering  operation.  The  flow  variables 
are  decomposed  into  the  resolved  and  unresolved  (subgrid  scale)  components  by  the  spatial  filtering  operation, 
such  that  /  =  /  +  /”,  where  the  tilde  (~)  denotes  resolved  scale  and  double  prime  (”)  denotes  unresolved 
quantities  [21].  The  Favre-filtered  variable  is  defined  as  /  =  pf/p,  where  the  over  bar  denotes  the  spatial- 
filtering  operation.  Application  of  the  spatial  filtering  to  the  conservation  equations  leads  to  the  Favre-filtered 
LES  equations  for  conservation  of  mass,  momentum,  energy  and  species  mass,  given  by 
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In  the  above  equations,  p,  Ui,  p ,  E,  Yk,  denote  the  mixture  density,  ith  component  of  the  velocity,  pressure, 
total  energy  per  unit  mass  and  species  mass  fraction,  respectively.  Here  N  denotes  the  number  of  species 
and  Sij  is  the  Kronecker  delta.  In  addition,  V.l  k  and  u)k  denote  the  ith  component  of  the  diffusion  velocity 
and  the  mass  reaction  rate  per  unit  volume  of  the  kth  species,  respectively.  The  filtered  viscous  stress  tensor 
Tij  and  the  heat  flux  vector  g.j  are  expressed  as 
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is  the  resolved  strain-rate  tensor,  T  is  the  filtered  temperature,  hk  is  the  filtered 

specific  enthalpy  for  the  fcth  species  and  q ^  is  the  subgrid  diffusion  of  energy  due  to  species  diffusion.  The 
filtered  diffusion  velocity  is  obtained  from  the  Hirschfelder  and  Curtiss  approximation  [17].  In  above 
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equations,  p,  and  R  are  the  filtered  mixture  molecular  viscosity  and  mixture  thermal  conductivity,  respectively. 
Note  that  these  transport  quantities  are  obtained  directly  in  terms  of  the  filtered  quantities.  The  subgrid- 
scale  (SGS)  terms  are  denoted  by  the  superscript  ‘sgs’.  These  terms  require  further  closure  approximation. 
The  system  of  equations  given  by  Eq.  (2.1)  is  complete  after  the  filtered  equation  of  state  is  specified  so  that 
the  filtered  pressure  can  be  determined  from 
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p  =  pRu  Y 

k- 1 
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(2.3) 


where  Ru  is  the  universal  gas  constant,  Wk  is  the  molecular  weight  of  the  fcth  species  and  T^gs  is  the  subgrid 
temperature. 

The  closure  approximations  for  the  subgrid-scale  terms  corresponding  to  momentum,  energy  and  species 
fluxes  are  based  on  a  conventional  eddy  viscosity  approach.  The  details  of  the  closure  models  used  in  the 
present  study  can  be  found  elsewhere  [22,  23].  In  particular,  the  SGS  momentum  and  energy  fluxes  are 
closed  using  a  subgrid  eddy  viscosity  that  employs  the  turbulent  kinetic  energy  for  which  an  additional 
transport  equation  is  solved  [24].  The  production  and  dissipation  coefficients  are  calculated  in  a  dynamic 
manner  through  the  locally  dynamic  kinetic  energy  model  [22,  25].  The  closure  for  the  reaction  rate  follows  a 
quasi-laminar  (QL)  approximation  [26],  i.e. ,  subgrid  turbulence-chemistry  interactions  are  neglected,  which 
is  reasonable  assumption  for  the  present  study  as  the  objective  here  is  to  demonstrate  the  predictive  ability 
of  the  TDABC  formulation  for  a  complex  reactive  flow  systems.  Note  that  the  subgrid  turbulence  chemistry 
interaction  is  often  considered  to  be  crucial  for  LES  of  turbulent  combustion.  However,  in  some  of  the  past 
studies  [27,  28],  it  has  been  found  that  such  an  interaction  does  not  play  a  pivotal  role,  although  it  does 
affect  results  in  certain  aspects. 


2.2.  Numerical  Implementation 

The  Favre- filtered  LES  equations  given  by  Eq.  (2.1)  are  solved  using  a  three-dimensional  parallel,  com¬ 
pressible,  multi-species  solver.  The  numerical  approach  to  solve  these  equations  is  well  established  and  has 
been  used  in  the  past  to  study  both  canonical  and  complex  reactive  flows  [22].  The  solver  utilizes  a  finite 
volume  based  spatial  discretization  of  the  governing  equations  in  their  conservative  form  on  structured  multi¬ 
block  grids.  A  fully  explicit  approach  is  used  to  perform  time  integration  of  the  semi-discrete  equations. 
Overall,  the  method  is  formally  second-order-accurate  in  both  space  and  time.  The  transport  properties 
are  evaluated  using  power  law  expressions,  the  species  source  term  is  computed  using  Cantera  software  and 
thermally  perfect  gas  assumption  is  used  to  obtain  the  thermodynamic  properties. 


3.  Time-domain  admittance  boundary  condition 

In  this  section  we  present  details  of  the  time-domain  admittance  boundary  condition  formulation.  In  the 
present  study  we  focus  on  reactive  flow  systems  where  the  acoustic  waves  are  predominantly  one-dimensional 
(ID)  in  nature.  In  addition,  we  ignore  the  non-linear  acoustic  effects  and  viscous  and  heat  losses  due  to 
the  acoustic  boundary  layer.  As  mentioned  before,  in  several  of  the  high  pressure  combustors,  the  thermo¬ 
acoustic  instabilities  are  dominated  by  longitudinal  modes  [8-10,  12,  16,  29],  and  therefore,  the  method 
described  here  for  specifying  time-domain  admittance  boundary  condition  is  appropriate  for  investigation 
of  such  reactive  flow  systems.  However,  the  mathematical  formulation  discussed  below  can  be  generalized 
further  for  other  problems,  where  some  of  these  effects  can  not  be  neglected. 

To  describe  the  boundary  conditions  formulation,  we  first  introduce  the  terminology  related  to  linearized 
one-dimensional  duct  acoustics.  This  is  followed  by  a  description  of  the  plane  wave  masking  approach 
[1],  the  state-space  model  and  formulation  of  the  reflection  coefficient  for  an  injector.  Finally,  we  perform 
computational  assessment  of  the  method  by  obtaining  solution  for  a  model  ID  acoustics  problem. 

3.1.  Preliminaries  for  one- dimensional  acoustics 

In  a  reactive  turbulent  flow  field,  the  pressure,  velocity  and  density  fields  can  be  decomposed  in  the 
following  manner 


p(x,  t)  =  p{x)  +  p(x,  t )  +  p'{x,  t), 

(3.1a) 

u(x,  t)  =  u(x)  +  u(x,  t )  +  u'(x,  t), 

(3.1b) 

p(x,t )  =  p(x)+p(x,t)+p’{x,t), 

(3.1c) 
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Figure  1:  Identification  of  a  generic  inflow,  outflow  and  travelling  acoustic  waves  in  a  one-dimensional  domain. 


where  (•),  (•)  and  (•/  represent  the  mean  flow  field,  turbulent  fluctuations  and  acoustic  fields,  respectively. 
As  mentioned  before,  we  assume  the  acoustic  fields  to  be  ID,  i.e.,  p'(x,t )  =  p'(x,t),  where  x  =  ( x,y,z ). 
For  a  simplified  ID  linearized  acoustics,  an  explicit  solution  of  the  acoustic  fields  is  also  available,  which 
defines  the  space-time  evolution  of  the  acoustic  fields  with  respect  to  the  initial  conditions  imposed  within 
the  domain.  According  to  D’Alembert’s  formula,  the  acoustic  fields  are  given  by 

p\x,  t)  =  pc  [f(x  —  ci)  +  g(x  +  ct)\ ,  (3.2a) 

u'(x,t)  =  f(x  —  ci)  —  g(x  +  ct),  (3.2b) 


where  c  is  the  mean  speed  of  sound  and  f  and  g  denote  amplitude  of  the  right-  and  left-travelling  waves 
(acoustic  fluctuations),  respectively.  The  inverse  relationship  between  the  characteristic  wave  amplitudes  f 
and  g  and  the  corresponding  acoustic  variables  u'  and  p' ,  using  Eq.  (3.2)  is  given  by 


/_Kl+“')’  (3'3a) 

9=Kl~“')'  (33b) 


Figure  1  shows  a  schematic  of  a  generic  inflow  boundary,  outflow  boundary  and  left-  and  right-travelling 
acoustic  waves  in  a  ID  domain.  In  general,  for  such  a  domain,  under  subsonic  flow  conditions,  a  target 
value  of  the  mean  velocity  field  ut  and  the  mean  pressure  field  p^  is  specified  at  the  inflow  and  outflow 
boundaries,  respectively.  Throughout  the  domain,  the  generic  wave  amplitudes,  /  and  g  can  be  specified 
according  to  Eq.  (3.3).  The  behavior  of  an  acoustic  wave  at  a  boundary  is  determined  by  the  mean  flow 
conditions  imposed  on  that  boundary  [1].  For  this  reason,  in  general  an  acoustic  wave  interacting  with  a 
boundary  can  be  either  reflected  and  transmitted.  The  formed  waves  have  in  general  a  different  amplitude 
and  phase  with  respect  to  the  incident  wave.  Figure  1  also  illustrates  interaction  of  wave  motion  inside  the 
domain  with  the  boundaries.  For  instance,  when  the  left-travelling  wave  g  impacts  the  left  boundary,  it 
can  be  partially  transmitted,  gtr  and  reflected.  Once  reflected,  it  becomes  a  right-travelling  wave  fx  which 
might  also  include  an  imposed  external  signal  /ext  separated  from  the  internal  acoustic  field.  Therefore,  an 
acoustic  wave  pointing  into  the  domain  contains  the  reflected  part  of  the  wave  that  just  interacted  with  the 
boundary,  plus  a  random  wave  imposed  at  the  boundary  itself.  The  linear  nature  of  the  problem  allows  to 
construct  /x  as  a  sum  of  the  aforementioned  waves.  As  the  external  wave  is  imposed,  therefore  is  known, 
however,  the  reflected  part  of  the  left-travelling  wave  is  usually  unknown  since  it  depends  on  the  boundary 
topology,  and  therefor,  need  to  be  either  determined  or  modeled.  Furthermore,  it  is  important  to  distinguish 
between  the  right-travelling  wave  /x  generated  at  the  boundary,  and  the  corresponding  /  wave  travelling  in 
the  domain.  From  a  broader  perspective  in  fact,  these  are  different  because  f  might  contain  loss  effects  and 
therefore,  incur  a  spatial  dependence.  Note  that  due  to  the  assumption  of  absence  of  any  acoustic  losses, 
the  liomentropic  description  of  the  problem  can  be  invoked  [15].  This  allows  to  avoid  the  use  of  the  energy 
equation  for  the  acoustic  fluctuations,  and  therefore,  the  density  fluctuation  can  be  determined  in  terms 
of  the  pressure  fluctuation,  i.e.,  p'  =  p' /c2 .  Therefore,  pressure  and  velocity  fluctuations  are  sufficient  to 
describe  the  acoustic  wave  system  and  eliminates  the  need  of  a  linearized  equation  of  state. 

Assuming  the  acoustic  fields  to  be  harmonic  waves,  they  can  be  expressed  as  [15,  30,  31] 


p'{x,t)  =  3?  [pu(x)ewt]  , 

(3.4a) 

u'(x,t)  =  3?  [uw(a;)e*wt]  , 

(3.4b) 

p'(x,t.)  =  3?  [pu(x)elut]  , 

(3.4c) 
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Figure  2:  Schematics  of  a  characteristic  waves  in  a  cartesian  reference  frame.  Here  x\  =  0  and  x\  =  L  represent  an  inlet  and 
an  outlet  respectively. 


where  p  =  pu(x),  u  =  uu(x)  and  p  =  pu(x)  are  complex  numbers,  ui  is  the  angular  frequency  and  5R[-] 
denotes  the  real  part  of  a  complex  number.  Here  f>UJ( x )  denotes  the  freciuency  domain  description  of  a  time 
domain  field  <f(x,t).  Now,  we  introduce  a  well  known  complex- valued  function,  referred  here  onward  as 
“admittance” ,  defined  as 


yu(x)  =  “■  (3-5) 

V 

In  the  linear  control  theory,  yu  ( x )  is  also  known  as  a  “transfer  function”  between  u  and  p  [32] .  The  notion 
of  admittance  is  useful  to  characterize  wave  transmission  and  reflection  at  given  section  in  a  duct.  In  the 
frequency  domain,  the  ratio  of  the  reflected  and  the  incoming  wave  at  a  particular  boundary  is  usually 
referred  as  the  “reflection  coefficient”,  denoted  by  TZu(x).  For  example,  at  the  outflow  boundary  1Zu(x)  is 
given  by, 

Uu(x)  =  j ,  (3-6) 


where  /  and  gx  correspond  to  the  frequency  domain  representation  of  /  and  gx,  respectively.  From  Eq.  (3.3), 
Eq.  (3.5)  and  Ecp  (3.6),  we  can  derive  the  relationship  between  the  reflection  coefficient  and  the  admittance, 
which  is  given  by 


x) 


1  ~  P  cy^jx) 

1  +  P  c34  (x) ' 


(3.7) 


Note  that  the  value  of  the  reflection  coefficient  depends  upon  the  type  of  boundary  condition.  For  example, 
for  an  infinitely  long  duct  extending  along  the  positive  direction,  1ZU  =  oo  and  y w  =  —  1/p  c,  whereas  for 
a  duct  terminating  on  a  rigid  wall,  —  1  and  yu  =  0.  The  reflection  coefficient  is  a  key  constituent  to 
the  time-domain  admittance  boundary  condition.  The  method  to  determine  the  reflection  coefficient  at  an 
outflow  boundary  is  discussed  next,  which  can  also  be  used  to  obtain  it  at  an  inflow  boundary. 


3.2.  Reflection  coefficient  at  an  outflow  boundary 

The  admittance  boundary  conditions  are  derived  based  on  the  well  known  Navier-Stokes  characteristic 
boundary  conditions  (NSCBC)  formulation  [33],  where  the  governing  equations  are  recast  in  the  “character¬ 
istic  form”,  in  which  conserved  variables  contain  the  dependence  of  wave  amplitudes  Figure  2  illustrates 
the  directions  of  characteristic  waves  along  the  x  direction  of  a  reference  Cartesian  computational  domain. 
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Following  an  approach  similar  to  [34]  and  [33],  characteristic  wave  amplitudes  in  the  present  study  are 
considered  as  locally  inviscid  and  are  function  of  primitive  variables.  They  are  expressed  as 
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where  the  characteristic  speeds  Xt  are  given  by 


Ai  =  U\  —  c, 

A2  =  A3  =  A4  =  U\ , 
A5  =  U\  +  c. 


(3.8a) 

(3.8b) 

(3.8c) 

(3.8d) 

(3.8e) 


(3.9a) 

(3.9b) 

(3.9c) 


Note  that  A,  for  i  =  1, 2, ...  5,  are  locally  defined  quantities  as  they  do  not  contain  any  assumption  with 
respect  to  space  and  time  dependence.  In  a  similar  manner,  these  quantities  can  also  be  defined  for  linearized 
Navier-Stokes  equations,  leading  to  a  very  important  physical  interpretation.  To  illustrate  this,  consider 
the  characteristic  wave  g  from  Eq.  (3.3).  This  Riemann  invariant  by  definition  is  conserved  along  the 
characteristic  direction  identified  by  the  equation  x  +  Ai t  =  constant,  where  Ai  =  u  —  c  has  already  been 
defined.  Therefore  the  following  advection  equation  is  valid  for  a  left-running  characteristic  wave 


dg  t  9g 

m+Xld^ 


=  0. 


(3.10) 


Substituting  the  expression  of  g(x,t)  from  Eq.  (3.3)  in  the  spatial  derivative  term,  we  get 


% 

dt 


(3.11) 


where  the  density  and  the  speed  of  sound  are  now  assumed  to  be  the  respective  mean  (constant  in  space) 
values.  Note  that  in  this  specific  case  the  definition  of  C\  becomes  slightly  different  from  that  of  (3.8a)  as  it 
contains  fluctuating  variables  p'  and  u' ,  mean  density  and  speed  of  sound,  as  well  as  constant  propagation 
speed  Ai.  The  former  equation  reveals  that  the  meaning  of  L\  (as  well  as  of  A5  for  a  right  running  character¬ 
istic  wave)  is,  for  a  linearized  system,  directly  associated  with  the  time  derivative  of  the  characteristic  wave. 
This  concept  can  be  further  expanded  in  order  to  obtain  information  about  the  behavior  of  characteristic 
boundary  conditions  for  Large  Eddy  Simulations. 

The  characteristic  wave  amplitudes  for  linearized  Navier-Stokes  equations  can  be  rewritten  in  the  following 
general  form 
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(■ u  ±  c) 


it  pC 


dvT\ 
dx  )  ’ 


(3.12) 


where  the  subscript  i  corresponds  to  1  for  an  outflow  boundary  and  it  is  associated  with  the  negative  sign, 
whereas  it  corresponds  to  5  for  an  inflow  boundary  and  it  is  associated  with  the  positive  sign.  If  these 
quantities  are  evaluated  at  the  boundary,  u  corresponds  to  the  velocity  value  at  the  boundary,  which  in  turn 
depends  on  the  boundary  type.  For  example,  it  will  correspond  to  u  =  Ut  for  an  inflow,  while  it  matches 
the  local  value  of  velocity  for  an  outflow.  As  mentioned  before,  we  derive  the  formulation  for  an  outflow 
boundary  without  loss  of  generality.  The  same  formulation  can  be  extended  to  an  inflow  boundary. 

At  an  outflow  boundary,  using  Eq.  (3.3)(b)  in  Eq.  (3.12),  we  get 

£;  =  ~(0  - 5)  -  HI)  =  -^<a  -  s)!i  =  -2^t  •  <313) 
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where  the  spatial  derivative  is  converted  to  a  temporal  derivative  using  (3.10).  We  can  clearly  observe  that 
the  specification  of  C\  at  an  outlet  boundary  directly  controls  the  time  variation  of  the  upstream  running 
acoustic  wave,  i.e.,  g(x,t).  Assuming  the  acoustic  waves  to  be  harmonic  in  the  frequency-domain,  i.e. , 
g(x,t )  =  3?  [guexult],  Eq.  (3.13)  can  be  further  simplified  to 

tx  =  -2  ipcugueiut.  (3.14) 

Past  studies  [1,  2]  based  on  similar  formulation  for  wave  amplitudes  have  shown  that  a  compromise  is  usually 
needed  between  the  imposed  mean  flow  quantities  and  the  acoustic  fluctuations  at  the  boundaries.  The  mean 
flow  quantities  are  imposed  based  on  the  linear  relaxation  coefficient  introduced  by  [14],  which  generates  a 
correction  term  in  the  A  expression,  which  drives  the  value  of  the  primitive  variable  at  the  boundary  to  the 
imposed  value.  For  example,  for  a  constant  pressure  outflow  boundary,  the  expression  of  the  outgoing  wave 
is  given  by 


A  =  -K{p-Poo),  (3.15) 

while  for  a  subsonic  inflow  boundary 

A  =  -K(u  -  ut),  (3.16) 


where  p^  and  ut  are  the  target  pressure  specified  at  the  outflow  boundary  and  the  velocity  specified  at  the 
inlet  for  a  subsonic  condition  according  to  Figure  1,  and  K  is  a  relaxation  coefficient.  We  can  observe  that 
whenever  a  pressure  drift  is  experienced  at  the  boundary,  this  term  acts  to  correct  the  drift  according  to  the 
specified  value  of  K.  Since  (p  —  Poo)  is  the  pressure  fluctuation  imposed  at  the  outlet  boundary,  assuming 
the  pressure  drift  fluctuation  to  be  harmonic  such  that  it  is  governed  by  characteristic  (linearized)  waves, 
using  the  definition  of  p  defined  in  Eq.  (3.2)  and  taking  its  Fourier  transform,  we  obtain 

A  =  pcK(fu  +gu)eiut.  (3.17) 

Since  the  value  of  A  has  been  now  linearized  at  the  boundary,  Eq.  (3.17)  and  Eq.  (3.15)  can  be  equated 
in  order  to  have  an  estimation  of  the  reflection  coefficient  that  the  classical  NSCBC  approach  provides,  i.e. 

A  »  A 


-2 ipcugu  =  pcK  +  gu )  .  (3.18) 

Therefore,  the  reflection  coefficient  1Z u  given  by  Eq.  (3.6)  at  the  outflow  boundary  with  no  external  excitation 
becomes 
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(3.19) 


We  can  observe  that  for  I\  — >  oo,  the  reflection  coefficient  tends  to  —1  which  indicates  a  complete  reflection 
of  the  outgoing  wave.  On  the  other  hand  7A  — >  0  when  K  — >  0,  which  implies  a  fully  non-reflective 
boundary.  At  this  point,  one  may  think  that  the  second  choice  is  always  correct  if  a  non-reflective  acoustic 
boundary  is  desired.  However,  the  condition  of  K  =  0  does  not  provide  any  constraint  on  the  mean  flow 
quantities,  leading  to  unwanted  drift  from  the  desired  mean  values.  It  further  implies  that  neither  the  mean 
flow  imposition,  nor  the  acoustic  behavior  can  be  simultaneously  satisfied  at  the  boundary,  but  in  some  sense 
a  compromise  is  needed.  Such  a  compromise  is  also  a  function  of  the  frequency  of  the  outgoing  acoustic 
wave,  as  it  can  be  observed  in  Eq.  (3.19)  that  higher  frequencies  assume  the  same  behavior  as  K  — ►  0  (fully 
non  reflective  boundary),  whereas  the  lower  frequencies  can  be  partly  reflected.  The  coupling  of  the  mean 
flow  quantities  imposition  with  the  acoustic  waves  at  the  boundary  is  undesirable  and  therefore,  it  requires 
a  special  treatment,  which  is  discussed  next. 


3. 3.  Generalized  plane  acoustic  waves  masking 

In  order  to  avoid  the  coupling  effect  between  the  mean  flow  imposition  and  the  acoustics  at  the  boundary 
discussed  above,  a  solution  has  been  proposed  by  [1]  and  [2],  which  is  known  as  the  concept  of  “plane  wave 
masking” .  It  introduces  a  small,  but  essential  modification  into  the  characteristic  wave  amplitude  expression 


by  explicitly  subtracting  the  acoustic  contribution  of  the  pressure  wave  amplitude  at  the  boundary  given 
by  Eq.  (3.2) (a).  At  a  fully  non-reflective  outflow  boundary,  the  acoustic  pressure  is  simply  given  by  the 
right-travelling  wave  (/),  as  the  left-travelling  wave  (gx)  is  absent,  i.e.,  p'  =  pcf.  Hence,  the  expression  for 
C\  given  by  Eq.  (3.15)  gets  modified  to 


C\  =  —K  {p  -  pcf  -  poo) . 


(3.20) 


Note  that,  here  we  are  considering  the  characteristic  formulation  which  contains  the  total  pressure  and 
velocity  fields.  It  is  clear  that  with  such  modification,  the  boundary  condition  does  not  depend  upon 
acoustic  fluctuations  as  they  have  been  explicitly  subtracted  and  at  the  same  time  the  mean  flow  constraint 
Poo  is  ensured.  There  are  two  important  observations  related  to  the  plane  wave  masking  approach.  First,  it 
only  considers  plane  waves  approaching  the  boundary,  i.e.,  the  acoustic  fluctuations  must  be  parallel  to  the 
inflow/outflow  boundary.  Second,  it  requires  that  the  acoustic  fields  must  be  known  at  the  boundary.  The 
knowledge  of  the  acoustic  fields  requires  the  knowledge  of  time-  and  surface-averaged  quantities  due  to  the 
requirement  of  planar  waves  approaching  the  boundary.  The  surface  averaging  is  performed  on  the  fictitious 
boundary  surface,  while  the  time-averaged  quantity  can  be  either  prescribed  or  dynamically  computed  as 
part  of  the  solution  process,  knowing  the  surface  average  value  in  time.  For  example,  we  have 


Ps 


1 

biv 


p(r)  dr , 


(3.21) 


where  ps  denotes  the  time  average  of  the  boundary  surface  averaged  value  of  the  pressure  field  and  tav 
represents  a  time  interval  under  which  the  time  averaged  quantity  remains  constant.  After  mean  and 
fluctuating  quantities  are  known  at  the  boundary,  the  right-travelling  wave  (/)  can  be  obtained  through 
Eq.  (3.3)(a). 

If  a  partially  reflective  boundary  condition  is  employed  and  an  external  acoustic  excitation  is  imposed  at 
the  boundary,  the  plane  wave  masking  approach  described  by  Eq.  (3.20)  requires  further  generalization.  In 
such  case,  the  acoustic  part  also  accounts  for  the  left-travelling  wave  ( gx ),  which  was  previously  eliminated. 
As  discussed  in  Section  3.1,  the  g  wave  specified  at  the  boundary  is  a  super-imposition  of  the  (partially) 
reflected  /  wave  coming  from  inside  of  the  domain  (i.e.  gx),  and  the  acoustic  external  excitation  gex t. 
Therefore,  the  pressure  term  that  needs  to  be  included  for  the  masked  wave  into  Eq.  (3.15)  is  exactly  given 
by  Eq.  (3.2) (a),  and  the  characteristic  wave  C\  becomes 


Ci  =  -K  (p  -  pc(f  +  gx)  -  poo)  +  £®xt, 


(3.22) 


where  £®xt  is  introduced  according  to  Eq.  (3.11)  that  completely  relates  the  time  derivative  of  the  imposed 
signal  to  the  characteristic  wave  amplitude 

£®xt  =  _2/5c5|^.  (3.23) 

As  mentioned  before,  the  left-travelling  g  wave  is  composed  of  two  effects,  therefore  it  can  be  expressed  as 


9  —  +  Sext 


T  f/ext. ' 


(3.24) 


where  the  [-]t  implies  a  time-domain  representation  and  it  comes  from  Eq.  (3.6).  From  Eq.  (3.22),  Eq.  (3.23) 
and  Eq.  (3.24),  we  get  the  following  expression  for  the  characteristic  wave  amplitude  at  the  outflow  boundary 


Ci  =  -K 


P~  Pc  ./  + 


('■ 


K,fu 


*7ext^  Poo 


o  —  d9ext 


(3.25) 


In  this  expression,  p  and  /  are  computed  at  each  time  step,  mean  quantities  p  and  c  are  imposed  or  calculated 
as  boundary  surface  averaged  quantities.  A  similar  expression  for  the  corresponding  characteristic  wave 
amplitude  at  the  inflow  boundary  is  given  by 

£5  =  -Kpc[u  -  ([7 Zugu]t  +  /ext  -  g)  -  uT]  -  2 (3.26) 


Both  Eq.  (3.25)  and  Eq.  (3.26)  contain  information  about  the  presence  of  an  external  excitation  and  an 
admittance  boundary  condition.  In  fact,  assuming  that  the  reflection  coefficient  is  known,  the  formulation 
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Figure  3:  Schematics  of  a  one-dimensional  choked  acoustic  duct. 


only  considers  the  value  of  the  /  ( g )  wave  for  an  outflow  (inflow)  at  the  boundary,  which  is  known  as  it 
comes  from  the  interior  of  the  computational  domain. 

The  time-domain  representation  of  the  reflected  wave  i.e.  [TZuifu]t  is  needed  to  completely  specify  the 
boundary  condition.  In  general,  it  is  always  possible,  for  a  linear  system,  to  switch  from  the  frequency  to 
a  time  domain  representation  [32].  Therefore,  once  the  reflection  coefficient  (transfer  function)  between  the 
input  /  and  the  output  gx  is  known  analytically,  the  acoustic  system  is  then  expressed  as 

x  =  Ax  +  Bu,  (3.27a) 

g  =  Cx  +  Du,  (3.27b) 

where,  g  is  the  desired  complete  left-running  wave  defined  at  the  boundary  in  the  time  domain,  x  is  the 
space  vector  and  u  is  the  input  vector.  For  the  generic  acoustic  boundary  condition,  the  input  vector  is 
given  by 

u  =  [/  5extf.  (3.28) 

Furthermore  the  matrices  A,  B.  C  and  D  are  uniquely  defined  by  the  inverse-transform  of  the  reflection 
coefficient  1ZU.  The  system  of  equations  given  by  Eq.  (3.27)  constitutes  the  link  between  the  admittance 
formulation  in  the  frequency  domain,  and  the  LES  solver  in  the  time  domain.  Particularly,  Eq.  (3.27)  (a)  is 
currently  solved  using  an  explicit  time-integration  method  with  the  time  step  restricted  by  the  CFL  criterion 
and  the  applied  signal  g  is  obtained  through  Eq.  (3.27)(b)  at  a  particular  time  step.  Note  that  this  is  not 
an  unique  approach  [2].  Same  method  can  be  used  for  an  inflow  boundary  by  simply  reversing  the  role  of  / 
and  g.  Next,  we  describe  how  to  determine  the  reflection  coefficient  for  an  injector,  which  will  complete  the 
description  of  time-domain  admittance  boundary  condition. 


3-4-  Reflection  coefficient  for  an  injector 

Here,  we  describe  the  way  to  determine  the  reflection  coefficient  7 Z  for  a  choked  injector,  which  will  be 
used  in  the  application  study  discussed  below.  However,  a  similar  approach  can  be  followed  for  all  the  other 
acoustic  cavities.  We  consider  the  one  dimensional,  linearized  Euler  equations,  given  by 


dP’ 

du' 

dP’ 

~dt 

+  P ^ 

~r  u— — 

OX 

du' 

du' 
+  u— 

1  dp' 

+  --f- 

dt 

dx 

p  dx 

dp' 

dp ' 

du' 

~9t  ' 

f  My  - 
dx 

f7p*r 

(3.29a) 

(3.29b) 

(3.29c) 


where  7  is  the  mean  specific  heat  ratio.  Assuming  a  space-time  harmonic  solution  for  the  acoustic  fields, 
i.e.,  =  pe^ut~kx\  u'(x,t)  =  ue*(wt~/sx)  and  p'(x,t)  =  where  (•)  is  the  complex  Fourier 


coefficient  and  k  is  the  wavenumber.  Substituting  the  harmonic  representation  into  Eq.  (3.29)  and  further 
simplification  yields  the  following  eigensystem 


1  u>  —  1  k  u  —  lkp 


0  iu>  —  i  ku 
0  —  ikyp 


ik 

P 

i  oj  —  i  k  u_ 


K 


=  0. 


(3.30) 
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The  non  trivial  solution  is  given  by  calculating  the  eigenvalues  of  the  K  matrix,  which  are  given  by 


ki  =  — ,  k>2  =  k+  =  — - k%  =  k  =  _ _ 


c(l  +  M) ' 


c(M  -  1) 


(3.31) 


where  c  and  M  are  respectively  the  mean  sound  speed  and  Mach  number  and  positive  and  negative  super¬ 
scripts  correspond  to  the  right-  and  left-travelling  acoustic  waves,  respectively.  The  corresponding  eigenvec¬ 
tors  are  given  by 


.+  V 
zr  =  — 


pc' 


u  =  — - 


P_ 

pc' 


By  separating  the  right-  and  left-travelling  waves,  the  acoustic  perturbations  can  be  expressed  as 

p'(x,t)  =  p+eiu>te~ik+x  +  p-eiu3te~ik~x, 
u'(x,t )  =  u+eiute~ik+x  +  u~eiu,te~ik~x, 


(3.32) 


(3.33a) 

(3.33b) 


and  therefore,  the  admittance  yu(x)  is  given  by 


u'  _  u+eiujte~ik+x  +  u-eiu3te~ik~ 

)y£)  p-\-Qiujtp— ik+x  |  n—ik~  a 


_|_  p  etcote 


Using  Eq.  (3.32)  into  Eq.  (3.34),  the  expression  for  the  admittance  simplifies  to 


(3.34) 


y(x,u)  =  - 


1  1  +  Pe 


ikx 


pci  -  Pe 


ikx 


(3.35) 


where 


P=^~,  k  =  k+-k~  =  - 2^r. 

u+  c(l  -  M  ) 


(3.36a) 


Here,  P  is  an  arbitrary  constant  that  needs  to  be  determined  by  imposing  the  boundary  condition.  Let  a  be 
the  value  of  the  admittance  for  a  choked  inflow,  then,  by  imposing  the  value  34;  (®  =  L)  =  a  and  re-defining 
/3  =  1/pc,  the  expression  for  the  admittance  at  x  =  0  (domain  boundary)  is  given  by 


yw(x  =  o)  =  p 


x2  - 1 


i/3- 


—2x  sin  (kL) 


X2  +  1  —  2xcos  (kL)  x2  +  1  —  2ycos  (kL) 


(3.37) 


where  x  =  (a  +  /3)/(a  —  /?).  At  this  point  the  reflection  coefficient  can  be  obtained  by  using  Eq.  (3.2)  and 
Eq.  (3.6),  and  is  given  by 


34  =  = 

TV 


W  /  -9 


nul  - 1 


P1  pc(f  +  g)  pc(TZul  + 1)' 


(3.38) 


Note  that  the  aim  of  the  imposition  of  a  reflection  coefficient  boundary  condition  is  to  have  a  certain  response 
of  a  certain  acoustic  wave  coming  from  inside  of  the  domain.  Therefore,  according  to  Figure  3,  =  f  / g 

since  g  is  the  incoming  wave  hitting  the  boundary  and  /  is  the  response  wave  which  will  contain  the  effect 
of  reflection  coefficient.  Further  simplification  of  Eq.  (3.38)  by  using  definition  of  \  and  Eq.  (3.37),  leads  to 
the  reflection  coefficient  given  by 


ft w  =  |x|e  =|x|  exp 


2  iuL 


(3.39) 


When  a  simple  one  dimensional  duct  is  acoustically  choked,  the  physical  condition  is  the  absence  of  mass 
flow  rate  fluctuations  at  the  inflow.  This  can  be  used  to  obtain  the  final  value  of  admittance  [35] ,  given  by 


u  u 

p ’  pc2 


7 P' 


(3.40) 
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where  the  non-linear  acoustic  terms  such  as  pu  has  been  neglected  and  the  isentropic  relation  p  =  p  /c2 
has  been  used.  From  Eq.  (3.40),  we  can  obtain  an  explicit  value  of  %.  In  fact,  substituting  the  value  of  f3 
and  a,  we  get 


1  -  M 
1  +  M‘ 


(3.41) 


We  can  further  observe  that  the  argument  of  the  exponential  term  in  Eq.  (3.39),  can  be  expressed  in  the 
form  iu>T,  where  r  has  a  dimension  of  time  and  it  is  given  by 


T 


W<  can  also  obtain  Eq.  (3.42)  by  considering  the  time  required  by  the  g  wave  coming  from  the  domain  to 
travel  upstream  of  the  injector,  hit  the  choked  face  plate  and  then  come  back  at  the  interface  of  the  domain. 
Since  g  is  an  acoustic  wave,  the  velocity  it  travels  in  either  direction  is  different  because  of  the  presence  of 
the  mean  flow.  Therefore,  it  can  be  verified  that 


L  L 
t  —  ^ — —  T  — — 
r  —  a  u  +  c 


(3.43) 


Finally,  the  expression  of  the  reflection  coefficient  can  be  rearranged  to 
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OJ 


1  -  M 
1  +  M 


eiuJT 


(3.44) 


Note  that  Eq.  (3.44)  corresponds  to  the  so  called  time  delay  with  a  gain  transfer  function.  Basically 
it  acts  to  the  input  signal  with  a  delay  (given  by  the  exponential  term)  and  a  gain,  which  instead  acts  on 
the  signal  amplitude.  Notice  that  the  gain,  given  by  Eq.  (3.43)  is  completely  controlled  by  the  mean  flow 
Mach  number  and  it  is  always  less  than  one  (for  subsonic  inflow).  This  suggests  that  whatever  input  signal 
g  enters  the  acoustic  domain,  its  amplitude  is  always  decreased  by  a  factor  This  effect  is  controlled  by  the 
choked  boundary  condition  which  in  this  way  acts  as  an  acoustic  damper.  As  a  consequence  the  choked  inlet 
becomes  a  partially  reflective  acoustic  boundary  condition  which  does  not  have  any  influence  on  the  phase 
of  the  incoming  signal.  The  signal  g  coming  from  the  domain  hits  the  choked  inflow,  creating  a  reflected  and 
a  transmitted  wave.  The  latter  leaves  the  domain,  left-ward,  while  the  reflected  part  comes  back  inside  the 
domain  with  a  reduced  amplitude.  Physically,  this  wave  system  is  created  in  order  to  satisfy  the  condition 
that  no  mass  flow  rate  fluctuations  must  occur. 

In  the  above  discussion  we  have  focused  on  one-dimensional  acoustic  duct  configuration  to  derive  the 
boundary  conditions.  However,  the  formulation  can  be  easily  generalized  to  other  types  of  acoustic  cavities. 
For  example,  if  the  duct  boundary  is  a  simple  wall  rather  that  a  choked  inlet,  the  value  of  a  is  zero,  as 
the  acoustic  wall  condition  does  not  allow  to  have  velocity  fluctuations.  Therefore,  under  such  condition, 
the  value  of  x  becomes  one,  implying  that  the  input  signal  amplitude  is  entirely  conserved  with  respect  to 
the  reflected  signal  and  the  reflection  coefficient  becomes  a  simple  time  delay  transfer  function.  It  further 
implies  that  the  reflected  wave  /  is  the  same  wave  g  with  some  time  delay,  being  the  amplitude  the  same. 
Furthermore,  in  the  present  formulation,  all  kind  of  viscous  and  heat  loss  effects  due  to  the  presence  of 
an  acoustic  boundary  layer  have  been  neglected.  Further  investigations  might  lead  to  a  more  complete 
formulation  that  includes  these  losses  inside  the  tube.  The  expected  effect  is  that  the  presence  of  losses 
contributes  to  the  further  decrease  of  the  wave  amplitude  as  well  as  its  phase.  Such  an  extension  will  be 
presented  in  a  future  study. 


3. 5.  Computational  assessment 

The  implementation  of  the  TDABC  formulation  discussed  above  is  assessed  now  through  a  canonical  test 
case.  We  consider  a  cylindrical  domain  of  length  L  =  20  cm  and  radius  f?  =  1.8  cm  and  verify  the  external 
excitation  and  the  admittance  boundary  condition  in  terms  of  a  reflection  coefficient.  Figure  4  shows  a 
schematic  of  the  computational  setup,  where  the  domain  consists  of  subsonic  inflow  and  outflow  boundaries. 
At  the  inflow  boundary,  nitrogen  is  injected  at  a  speed  of  100  m/s  along  the  axial  direction,  with  temperature 
of  298.15  K  and  pressure  of  1  atm,  whereas  at  the  outflow,  a  pressure  condition  of  1  atm  is  imposed. 
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Figure  4:  Assessment  of  the  external  excitation  and  the  admittance  boundary 


condition  in  a  cylindrical  domain. 


(a)  (b) 

Figure  5:  Amplitude  (a)  and  phase  (b)  representation  of  the  filter  imposed  as  reflection  coefficient  at  the  inflow. 
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(a)  (b) 


Figure  6:  Normalized  g  wave  (peg)  measured  at  both  outflow  and  inflow  (top).  Reflected  normalized  /  wave  ( pcf )  at  the  inflow 
after  filtering  (bottom). 


Figure  7:  Amplitude  spectrum  of  the  incoming  (g)  signal  (red)  and  the  reflected  (/)  signal  (blue). 


At  the  outflow,  an  external  excitation  is  imposed  in  terms  of  g  wave,  while  at  the  inflow,  a  partially 
reflective  boundary  condition  is  imposed  with  a  reflection  coefficient  H(u>).  The  form  of  the  reflection 
coefficient  does  not  have  any  physical  meaning  in  this  case,  however,  a  band-pass  filter  has  been  chosen  of 
the  following  form 


H0J 


K 

CL\UJ ^  CL2UJ  1 


(3.45) 


with  K,  =  1,  ai  =  —2.5  x  10-',  <22  =  104i.  The  form  of  the  filter  H(ui)  is  shown  in  Figure  5.  We  can  observe 
that  the  frequencies  below  80  Hz  keep  their  original  amplitude  and  frequencies  above  400  Hz  of  the  incoming 
signal  are  damped.  In  the  region  between  these  two  cut-off  values,  frequencies  are  excited  with  a  maximum 
peak  (resonant  point)  around  320  Hz,  which  return  an  amplitude  gain  of  about  5  times  with  respect  to  the 
incident  signal.  Again  the  partially  reflective  boundary  condition  must  be  read  as  H(co)  =  f/g  where  / 
and  g  represent  the  frequency  domain  description  of  the  reflected  signal  and  incoming  signal  respectively, 
evaluated  at  the  inflow  boundary. 

Figure  6  shows  the  randomly  generate  g  wave  in  pressure  units.  Figure  6(a)  compares  the  imposed 
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signal  at  the  outflow  boundary  with  the  same  signal  computed  at  the  inflow  boundary,  right  before  the  filter 
imposition.  We  can  observe  that  a  slight  phase  drift  occurs  because  the  signals  are  measured  at  two  different 
locations  of  the  domain.  However,  it  apparent  that  structure  of  the  signal  is  retained,  which  is  sufficient  for 
the  present  study.  Figure  6(b)  represents  the  /  wave  computed  at  the  inflow  boundary,  which  clearly  denotes 
a  low  frequency  content  signal.  In  fact,  Figure  7  compares  the  spectrum  amplitudes  of  both  the  signals.  We 
can  see  that  for  frequencies  up  to  80  Hz,  spectra  corresponding  to  both  the  signals  are  overlapped.  In 
addition,  frequencies  higher  than  400  Hz  are  removed.  The  peak  amplitude  occurs  at  a  frequency  of  about 
320  Hz,  with  a  value  of  about  ~  1050  Pa,  corresponding  to  about  five  times  of  the  corresponding  incoming 
signal  amplitude  at  the  same  frequency  (~  210  Pa. 

The  canonical  test  case  presented  in  this  section  demonstrates  the  reliability  of  the  plane  wave  masking 
approach.  The  major  advantage  of  the  approach  considered  in  this  study  is  the  ability  to  simulate  properly 
partially  reflective  boundary  conditions.  In  fact,  although  the  applied  filter  H(ui)  does  not  have  a  physical 
meaning,  different  situation  would  appear  when  a  combustion  chamber  face  plate  has  multiple  injectors.  With 
the  reflection  coefficient  developed  in  3.4,  the  modeling  of  multiple  injectors  can  be  easily  achieved  using  the 
proper  reflection  coefficient.  Before  applying  the  formulation  to  a  multi-element  system,  the  objective  is  to 
verify  the  generality,  accuracy  and  robustness  of  the  formulation  by  simulating  single  element,  shear  coaxial 
system,  which  is  discussed  below. 

4.  Problem  description 

In  the  present  study,  we  use  the  TDABC  formulation  to  simulate  thermo-acoustic  combustion  instability 
in  the  continuously  variable  resonance  combustor  (CVRC);  an  experimental  rig  studied  at  the  Purdue  Uni¬ 
versity.  Recently,  [12]  studied  the  mechanism  of  instability  and  the  role  of  flame  dynamics  on  it  through  LES 
employing  LEM  as  the  subgrid  model  for  scalar  mixing  and  kinetics.  The  simulations  results  showed  good 
agreement  with  the  experimental  data  predicting  the  limit  cycle  behavior  exhibited  by  the  acoustic  pressure 
fluctuations,  which  depends  upon  the  length  of  the  oxidizer  inlet.  In  the  present  study,  we  have  considered 
the  same  computational  setup  as  used  by  [12]  to  demonstrate  that  the  TDABC  formulation  can  predict  the 
thermo-acoustic  instability  and  the  flame  dynamics  in  the  CVRC  rig,  without  explicitly  modeling  the  com¬ 
plete  injector.  As  mentioned  before,  the  present  study  is  focused  on  the  reliability  of  the  use  of  admittance 
boundary  conditions  and  therefore,  QL  approximation  [26]  is  used  for  closure  of  the  filtered  reaction  rate. 
Note  that  in  the  CVRC  rig,  as  the  length  of  the  oxidizer  injector  is  altered,  the  thermo-acoustic  instability 
appears  or  disappears,  thus  illustrating  a  characteristic  behavior  of  the  rig  at  a  particular  length  of  the  oxi¬ 
dizer  inlet.  It  is  discussed  later  that  this  characteristic  feature  can  be  captured  with  the  QL  approximation, 
although  the  amplitude  and  phase  of  the  limit  cycle  behavior  exhibited  by  the  acoustic  pressure  fluctuations 
shows  some  differences  with  those  obtained  by  using  LEM  as  a  subgrid  closure. 

The  details  of  computational  setup,  choice  of  boundary  conditions  and  other  choices  are  provided  in 
[12].  Here,  we  briefly  summarize  the  relevant  details  of  the  computational  setup,  the  way  to  determine  the 
reflection  coefficient  for  the  CVRC  rig  and  further  details  of  the  simulations. 

f.l.  Details  of  computational  setup 

Figure  Figure  8  shows  a  schematic  of  the  CVRC  rig  [7,  9]  showing  its  major  components.  The  top-half 
of  the  figure  shows  the  entire  computational  domain  considered  in  the  past  studies  [11,  12,  36],  whereas  the 
bottom-half  of  the  figure  shows  the  case  where  the  injector  is  modeled  with  a  reflection  coefficient  through 
the  TDABC  formulation,  i.e.,  the  shaded  region  in  Figure  8  is  not  modeled  explicitly,  but  rather  it  is  modeled 
in  a  ID  sense  in  a  manner  similar  to  as  shown  in  Figure  3.  The  CVRC  rig  is  a  dump-combustor  with  a 
central  oxidizer  duct  and  a  co-axial  fuel  duct.  The  design  of  the  rig  allows  for  a  variation  of  the  oxidizer 
injector  length  LqX)  which  leads  to  stable/unstable  behavior  of  the  combustor.  Similar  to  the  past  studies 
[11.  12,  36],  the  inflow  boundary  is  considered  to  be  a  constant  mass  flow  rate  and  is  weakly  reflecting.  In 
addition,  the  fuel  injection  system  is  not  modeled.  All  the  other  dimensions  and  locations  of  the  injector 
post  tip  and  choked  outflow  nozzle  are  same  as  in  the  experiments. 

The  length  of  the  oxidizer  inlet  is  varied  and  we  study  flame  stabilization  and  combustion  instability  for 
a  fixed  combustor  length  Lcomh/D  =  18.61  but  for  three  different  oxidizer  injector  lengths  Lqx/D  =  4.40, 
5.86  and  6.84,  where  the  diameter  of  the  oxidizer  inlet  duct  D  =  Dqx  =  2.047  cm  is  used  as  a  reference 
scale.  We  simulate  six  cases,  three  employing  the  full  injector  with  the  conventional  characteristic  boundary 
conditions  and  three  employing  TDABC  formulation  using  the  reflection  coefficient  model  for  an  injector 
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Figure  8:  Schematic  of  the  CVRC  rig  in  two  dimensions  (central  plane)  showing  the  full  (top-half)  and  truncated  (bottom-half) 
injector  geometry.  The  shaded  region  is  excluded  in  the  truncated  geometry.  Lcom b,  Dc omb,  Dox,  and  Lox  denote  length  of 
the  combustor  section,  diameter  of  the  combustor  section,  diameter  of  the  oxidizer  injector  and  length  of  the  oxidizer  injector, 
respectively. 


Table  1:  Mean  value  used  for  evaluation  of  reflection  coefficient 


Variable 

^rnean 

P 

mean 

T 

mean 

P  mean 

M 

Value 

230.9  m/s 

1.65  MPa 

1030  K 

4.27  kg/nP 

0.4 

described  in  3.4.  These  cases  are  denoted  by  labels  Case  9F,  Case  12F,  Case  14F,  Case  9P,  Case  12P, 
and  Case  14P,  respectively,  where  the  number  corresponds  to  Lox  and  ‘F’  and  ‘P’  denote  full  and  partial 
(truncated)  injector,  respectively.  Case  9  (Lqx  =  9  cm)  is  shown  experimentally  to  be  “stable”  (i.e.,  low- 
amplitude  pressure  fluctuations)  while  Cases  12  and  14  (Lox  =  12  cm  and  14  cm,  respectively)  are  known 
to  be  unstable  with  different  levels  of  instability. 

The  inflow  boundaries  are  modeled  using  the  characteristic  boundary  condition  formulation  [13],  where 
mass  flow  rates,  species  mass  fractions  and  temperature  fields  are  prescribed.  The  inlet  Mach  number  for 
the  oxidizer  post  is  M  =  0.4.  The  outflow  is  choked  through  the  nozzle  and  therefore,  supersonic  boundary 
conditions  are  employed  at  the  nozzle  exit.  No-slip  walls  with  adiabatic  thermal  conditions  are  used.  The 
fuel  is  methane  (CH4)  and  the  oxidizer  is  a  mixture  of  O2  and  H2O  with  mass  fractions  of  0.42  and  0.58, 
respectively.  The  fuel  is  injected  through  the  annular  injector  at  a  constant  mass-flow  rate  rhf  =  0.027 
kg/s  and  constant  temperature  Tf  =  300  K.  The  oxidizer  is  injected  through  the  central  pipe  of  the  coaxial 
injector  at  a  constant  mass-flow  rate  wox  =  0.32  kg/s  and  constant  temperature  Tox  =  1030  K.  The 
operating  pressure  of  the  combustion  chamber  is  Pref  =  1.34  MPa  and  the  global  equivalence  ratio  is  0.8. 
The  Reynolds  number  corresponding  to  the  oxidizer  and  fuel  passages  are  481,000  and  33,000,  respectively. 
A  two-step  five  species  (CH4,  O2,  H20,  C02  and  CO)  reduced  kinetics  is  used  in  this  study  to  consider 
finite-rate  kinetics  effects.  The  two-steps  of  the  mechanism  are  given  by 

CH4  +  1.502  -»■  CO  +  2H20 
CO  +  0.5O2  o  C02. 

The  thermodynamic  properties  are  calculated  using  the  thermally-perfect  equation  of  state.  The  simulations 
are  conducted  for  about  XX  cycles  after  the  limit-cycle  behavior  is  reached. 

/.  2.  Reflection  coefficient  determination 

The  reflection  coefficient  is  determined  through  Eq.  (3.42)  and  Eq.  (3.44).  Note  that  this  boundary 
condition  is  only  applied  to  the  oxidizer  post,  while  the  fuel  slot  is  entirely  resolved.  As  schematically 
illustrated  in  Figure  8,  we  arbitrarily  truncate  the  injector  at  one  pipe  radius  upstream  of  the  mixing  region 
between  fuel  and  oxidizer  i.e.  Ltr  =  D ox/2  =  1.023  cm.  Since,  the  plane  wave  masking  approach  assumes 
that  the  acoustic  wave  hits  the  boundary  in  a  one  dimensional  manner,  therefore  three  dimensional  effects  are 
neglected.  In  addition,  the  mean  values  inside  the  modeled  part  of  the  injector  are  kept  constant,  although 
they  can  be  updated  during  the  simulation  according  to  [2].  The  sensitivity  of  results  on  choice  of  Lt r,  the 
three-dimensional  effects  and  time- varying  mean  values  will  be  considered  in  future  studies. 
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Table  2:  Summary  of  the  full  oxidizer  injector  length  (L ox),  mixing  length  (I/mix),  truncated  injector  length  (I/tr)  and  the 
length  used  to  determine  the  reflection  coefficient  (L) 


L0x  (cm) 

-^mix  (dll) 

Ltr  (cnr) 

L  (cm) 

9 

1.026 

1.023 

6.95 

12 

1.026 

1.023 

9.96 

14 

1.026 

1.023 

11.95 

Table  1  summarizes  the  mean  value  of  the  field  variables  within  the  modeled  part  of  the  injector,  which 
are  used  to  obtain  the  reflection  coefficient.  Note  that  the  mean  value  of  the  pressure  field  Pmea n  is  based 
on  the  past  study  [12],  and  is  slightly  different  from  the  experimental  data  (1.34 MPa).  The  difference  has 
been  attributed  to  the  use  of  adiabatic  thermal  condition  on  the  walls  of  the  combustor.  The  mean  speed  of 
sound  is  obtained  from  the  mean  axial  velocity  [/mean  and  the  Mach  number  ( M  =  0.4).  The  mean  values 
given  in  Table  1  are  used  to  compute  acoustic  fluctuations  at  the  inflow  boundary  at  each  LES  time  step,  and 
they  are  also  used  to  compute  the  g- wave  corresponding  to  the  truncated  location.  To  determine  the  /-wave 
and  close  the  problem,  the  reflection  coefficient  needs  to  be  determined.  Since  three  different  injector  length 
are  considered  in  this  study,  three  different  values  of  the  reflection  coefficient  are  computed.  However,  the 
truncated  geometry  remains  the  same,  which  is  one  of  the  major  advantages  of  the  TDABC  formulation.  For 
such  complex  reactive  flow  systems,  geometry  creation  and  grid  generation  are  computationally  intensive 
tasks.  Clearly,  with  the  TDABC  formulation  such  computational  costs  are  reduced,  and  are  suitable  for 
conducting  parametric  investigation  for  design  and  performance  evaluation. 

In  the  CVRC  rig,  the  length  of  the  mixing  region  is  constant  for  all  cases,  i.e. ,  Lmix  =  1.026  cm.  Therefore, 
the  length  needed  to  model  the  injector  is  obtained  through  L  =  Lox  —  Tm ix  —  LtI.  Table  2  summarizes 
the  original  injector  lengths  used  for  the  full  injector  simulations  (Case  9F,  Case  12F  and  Case  14F)  and 
the  respective  lengths  used  for  the  reflection  coefficient  determination,  which  in  turn  is  used  in  the  partial 
injector  simulations  (Case  9P,  Case  12P  and  Case  14P).  Following  the  approach  described  in  Section  3.3  and 
using  the  values  of  L ,  M  and  c,  we  determine  the  reflection  coefficient  for  the  9,  12  and  14  cm  cases  using 
Eq.  (3.42)  and  Eq.  (3.44). 

4-3.  Simulation  details 

A  multi-block,  structured  grid  with  a  baseline  grid  of  approximately  1.4  million  grid  points  is  used  in  the 
present  study.  The  quality  of  the  grid  is  important  to  simulate  such  problems,  particularly  in  the  shear-layer 
region.  Nearly  uniform  grid  clustering  in  these  regions  and  slow  stretching  (less  than  5%)  towards  the  outflow 
is  used  to  keep  the  grid  resolution  reasonable  for  practical  simulations.  The  minimum  grid  resolution,  0.045 
mm,  in  the  fuel/oxidizer  shear-layer  and  the  near  uniform  quality  there  allows  the  post  tip  region  to  be 
reasonably  resolved  by  approximately  50  points  along  the  axial  direction  up  to  the  dump  plane.  In  the 
transverse  direction,  there  are  around  16  grid  points  are  in  the  shear  layer  at  the  exit  of  the  fuel  injector 
(0.49  <  y/D  <  0.54)  and  18  points  at  the  dump  plane  (0.53  <  y/D  <  0.59). 

All  the  simulations  are  performed  initially  for  about  10  flow-through  times  to  allow  the  initial  transients 
to  pass  away  and  reach  a  statistically  stationary  state.  Here,  the  flow  through  time  is  approximately  1.8  ms 
and  is  estimated  based  on  the  bulk  velocity  at  the  oxidizer  inlet  and  the  total  axial  length  of  the  domain. 
Afterward,  turbulence  statistics  are  obtained  by  performing  a  running  time  average  of  field  variables  for  about 
14  flow-through  times.  The  convergence  of  the  turbulence  statistics  is  monitored  through  global  quantities 
such  as  the  mean  reattacliment  and  flame  lengths,  which  showed  convergence  after  about  10  flow-through 
times.  Note  that  the  acoustic  time  based  on  the  first  dominant  frequency  is  about  0.6  ms  and  therefore, 
simulations  are  long  enough  to  ensure  limit  cycle  behavior  is  captured. 


5.  Results 

In  this  section,  we  compare  the  results  obtained  from  the  simulations  employing  the  TDABC  formulation 
(Case  9P,  Case  12P  and  Case  14P)  with  those  obtained  from  full  injector  simulations  (Case  9F,  Case  12F 
and  Case  14F).  In  particular,  we  analyze  the  time-averaged  reactive  flow  features,  limit  cycle  behavior  of 
acoustic  pressure  fluctuations  and  the  instantaneous  flame  dynamics  to  demonstrate  the  predictive  ability 
of  the  TDABC  formulation  based  LES  investigation  of  thermo-acoustic  instabilities. 
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Figure  9:  Contours  of  the  time-averaged  axial  velocity  (top-half)  and  temperature  (bottom-half)  fields  in  the  central  plane  for 
all  the  six  cases.  Solid  black  curve  denotes  an  iso-line  of  T  =  2000  K  characterizing  the  mean  position  of  the  turbulent  flame 
brush. 


5.1.  Time  averaged  reactive  flow  field 

Figure  9  shows  the  time-averaged  contours  of  the  axial  velocity  and  temperature  fields  for  all  the  six 
cases.  We  can  observe  a  good  agreement  of  the  results  obtained  from  the  cases  with  the  fully  modeled 
injector  (left)  and  the  same  cases  where  the  injector  is  modeled  with  a  reflection  coefficient.  The  contours 
of  time-averaged  axial  velocity  shows  presence  of  a  corner  recirculation  zone  (CRZ),  which  appears  due  fuel 
and  oxidizer  jet  expansion  near  the  dump  plane,  which  impacts  further  downstream  on  the  combustor  wall 
leading  to  formation  of  a  hot  region  of  products.  The  extent  of  the  CRZ  is  nearly  the  same  for  all  the 
cases.  The  iso-line  of  T  =  2000  K  is  used  to  identify  the  mean  position  of  the  turbulent  flame  brush  and 
we  qualitatively  use  the  location  at  the  centerline  to  identify  the  mean  extent  of  the  flame  brush  [11].  The 
mean  flame  length  Xf/D  is  8.2,  6.8,  5.9,  7.0,  7.1  and  6.9  for  Case  9F,  Case  12F,  Case  14F,  Case  9P,  Case 
12P  and  Case  14P,  respectively.  We  can  observe  that  the  flame  length  decreases  with  an  increase  in  Lox  and 
TDABC  formulation  is  able  to  predict  this  behavior.  The  reduction  in  the  flame  length  suggests  that  the 
burning  region  becomes  more  compact  with  an  increase  in  the  inlet  length  suggesting  a  coupling  between 
the  injector  and  the  combustor. 

Figure  10  shows  contours  of  the  time-averaged  reaction-rate  of  CH4  and  space-local  Rayleigh  index  (f?) 
for  all  the  six  cases.  Qualitatively,  the  reaction  rate  contours  look  similar  and  they  indicate  the  region 
where  the  methane  is  consumed  in  a  time-averaged  sense,  thus  providing  details  of  the  flame  position.  In 
particular,  the  reaction  rate  is  higher  in  the  shear  layer  compared  to  other  parts  of  the  combustor.  This  is 
consistent  with  the  mean  location  of  the  flame  brush  shown  in  Figure  9.  We  can  also  observe  that  the  extent 
of  high  reaction  rate  region  increases  with  an  increase  in  Lox  and  there  is  a  noticeable  shift  upstream  with 
an  increase  of  Lox- 

The  Rayleigh  index  is  a  well  known  parameter  typically  used  to  characterize  the  coupling  between  the 
unsteady  heat  release  and  pressure  oscillation.  It  is  positive  when  coupling  is  in-phase  and  suggests  com¬ 
bustion  to  be  driving  the  growth  of  pressure  fluctuations  leading  towards  combustion  instability.  Based  on 
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Figure  10:  Contours  of  the  time-averaged  fuel  reaction-rate  (top-half)  and  space-local  Rayleigh  index  (bottom-half)  in  the 
central  plane. 


the  conservation  equation  for  the  acoustic  energy,  a  space-local  time-averaged  Rayleigh  index  is  defined  as 
[5,  11] 


R=(1/r)J  b  -  bAypV  dt,  (5.1) 

where  r  is  the  time  of  averaging,  7  =  7 (T)  is  the  temperature  dependent  ratio  of  specific  heat  for  thermally 
perfect  gas,  and  p'  and  q'  are  the  pressure  and  heat-release-rate  fluctuations,  respectively.  Here,  T  denotes 
the  filtered  LES  temperature  field.  The  contours  of  Rayleigh  index  also  show  that  coupling  between  p'  and 
<7g  is  very  strong  in  the  region  of  strong  reactions.  In  Figure  10,  the  red  zone  indicates  a  region  of  instability 
while  blue  zone  indicates  damping  of  instability  because  pressure  and  heat  release  are  out  of  phase.  It  can 
be  observed  that  in  Case  9F  and  Case  9P,  red  and  blue  zones  coexist  downstream  the  dump  plane.  This 
indicates  that  the  thermo-acoustic  instability  appears/disappears,  and  therefore,  9  cm  case  is  referred  to  as 
a  “semi-stable”  case.  However,  in  12  cm  and  14  cm  cases,  the  value  of  R  is  predominantly  high  in  both  full 
and  partial  injector  simulations,  which  is  consistent  to  experimental  findings  as  these  cases  are  fully  unstable. 

Overall,  the  time-averaged  results  obtained  from  full  and  partial  injector  simulations  demonstrate  a  good 
agreement.  In  addition,  these  simulations  are  able  to  predict  stable/unstable  behavior  exhibited  by  the 
combustor  when  the  length  of  the  oxidizer  injector  is  changed  in  a  manner  consistent  to  the  experimental 
observations. 

5.2.  Analysis  of  pressure  oscillations 

In  table  3,  analyses  of  the  first  three  modes  frequencies  and  amplitudes  is  summarized.  These  data  is 
obtained  by  post-processing  pressure  data  at  location  x/D  =  18. 

Figure  11  contains  pressure  signal  at  x/D  =  18  for  all  three  cases.  These  signals  have  been  obtained  by 
starting  the  simulations  from  time  t  =  0  s.  This  results  show  that  the  same  level  of  instability  is  obtained 
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Table  3:  Dominant  frequencies  and  their  corresponding  limit  cycle  amplitudes  at  x/D  =  18  on  the  combustor  wall. 


Case 

fi  (Hz) 
(Hz) 

Hi 

(kPa2/Hz) 

h 

(Hz) 

-A-2 

(kPa2/Hz) 

/3 

(Hz) 

H3 

(kPa2/Hz) 

9F 

1663 

117.3 

2760 

24.7 

3336 

2.3 

9P 

1579 

274.4 

2672 

2.83 

3360 

0.5 

Experiment 

1392 

17.2 

2704 

0.5 

3772 

N/A 

12F 

1597 

593.5 

3154 

50.1 

4751 

16.1 

12P 

1551 

882.3 

3103 

52.9 

4654 

6.6 

Experiments 

1385 

1045.0 

2777 

58.4 

4169 

N/A 

14F 

1611 

1054.7 

3213 

25.4 

4832 

1.4 

14P 

1487 

941.1 

2974 

114.0 

4462 

12.7 

Experiments 

1331 

909.5 

2655 

74.6 

3986 

N/A 
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Figure  11:  Time  evolution  of  the  pressure  fluctuation  at  x/D  =  18  on  the  combustor  wall  starting  from  the  ignition  transient. 
Red  curves  and  blue  curves  denote  the  simulation  with  full  meshed  injector  and  with  admittance  boundary  condition  respectively. 
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Figure  12:  Time  evolution  of  the  pressure  fluctuation  at  x/D  =  18  on  the  combustor  wall  for  approximately  10  acoustic  cycles. 
Purple  symbol  denotes  experimental  data  [38]  and  solid  orange  and  black  curves  denote  simulations  with  full  injector  (without 
admittance  boundary  condition)  and  partial  injector  (with  admittance  boundary  condition),  respectively. 


in  either  calculations,  including  the  transient  phase.  However,  difference  in  pressure  amplitude  is  observed, 
especially  for  cases  9  and  14.  In  fact,  although  case  12  displays  good  agreement  in  signal  amplitude,  the  other 
two  cases  suggest  that  the  pressure  fluctuation  amplitude  is  over  predicted.  This  might  be  linked  to  some 
source  of  acoustic  damping  that  is  not  taken  into  account  with  the  current  version  of  the  reflection  coefficient. 
In  fact,  acoustic  damping  is  a  function  of  frequency [37],  therefore  its  magnitude  can  change  depending  of 
the  signal  and  therefore  depending  of  the  injector  size.  Future  work  will  include  an  extended  model  for  the 
reflection  coefficient,  including  frictional  and  thermal  losses  due  to  the  acoustic  boundary  layer,  so  that  a 
separate  analysis  for  acoustic  losses  can  be  performed.  Overall,  the  pressure  fluctuations  signals  display  good 
agreement  with  either  full  injector  analyses  and  experimental  data  obtained  from  Purdue  measurements  data 
set [38]  as  shown  in  Figure  12,  revealing  that  this  approach  is  actually  working  at  least  for  the  current  case. 

Figure  5.2  shows  spatial  structure  of  the  first  two  modes  and  their  phase  along  the  centerline  of  the 
combustor  for  all  cases.  All  cases  show  a  pressure  node  for  the  first  longitudinal  mode  at  about  x/D  =  10 
downstream  of  the  dump  plane.  This  mode  correspond  to  a  half-wave  standing  mode  in  the  combustor.  The 
second  mode  shows  two  nodes  in  the  combustor  at  around  x/D  =  4  and  14  for  all  cases.  The  third  mode 
(not  shown  here)  is  not  very  distinct  in  amplitude  in  all  cases,  although  Case  14  shows  the  presence  of  three 
possible  nodes  at  around  x/D  =4,  10  and  16.  The  phase  change  occurring  across  the  nodes  by  180°  shows 
that  the  modes  within  the  combustor  correspond  to  standing  waves.  The  amplitude  of  all  the  modes  at  the 
dump  plane,  i.e. ,  x/D  =  0  is  significantly  higher  in  Cases  12  and  14  compared  to  the  semi-stable  Case  9. 
These  observations  are  consistent  with  the  variation  of  the  peak-to-peak  oscillations  of  pressure  fluctuations 
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Figure  13:  Mode  shape  and  phase  for  the  first  two  longitudinal  modes. 
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(a)  Case  12F  (b)  Case  12P 

Figure  14:  Contours  of  the  spanwise  vorticity  u>s  for  Cases  12F  and  12P  in  the  positive  half  of  the  symmetry  plane.  The  six 
frames  are  separated  in  phase  by  roughly  60°. 


across  different  cases  shown  in  Fig.  12.  The  amplitude  of  the  first  propagating  mode  at  the  oxidizer  inlet 
decreases  with  an  increase  in  the  oxidizer  length  while  the  second  mode  has  a  higher  magnitude  in  the 
unstable  cases  compared  to  the  semi-stable  Case  9.  The  higher  magnitude  of  first  mode  at  the  inlet  for  Case 
9  may  be  responsible  for  movement  of  the  flame  further  downstream  compared  to  the  other  two  cases.  Even 
for  the  mode  shapes,  the  plane  wave  masking  approach  reveals  a  good  level  of  agreement,  except  for  some 
phase  lag  observed  for  the  second  modes. 

5.3.  Flame  dynamics 

Figure  14  shows  the  instantaneous  contours  of  the  span  wise  vorticity  W3  for  Cases  12F  and  12P  at 
six  different  time  instants,  approximately  separated  by  a  phase  of  60°  and  taken  within  a  cycle  starting  at 
15  ms.  We  can  clearly  observe  that  the  magnitude  of  u> 3  in  the  combustor  dump  plane  region  does  not  remain 
constant,  which  is  associated  with  the  fluctuations  of  the  oxidizer  and  fuel  mass  flow  rates  occurring  due 
to  the  traveling  acoustic  waves  [12].  This  in  turn  affects  the  vortex  shedding  phenomenon  at  the  separated 
shear  layer.  These  features  are  similar  to  those  reported  in  past  studies  [12,  39].  For  all  cycles,  the  vortex 
shedding  frequency  closely  corresponded  to  that  of  f\\  1597  Hz  and  1551  Hz,  respectively  for  Cases  12F 
and  12P.  The  beginning  of  each  cycle  is  characterized  by  strong  vorticity  packets  released  from  the  dump 
plane  towards  the  chamber  walls.  After  the  impact,  the  vortex  breaks  generating  counter-rotating  structures 
in  correspondence  of  the  chamber  corner.  These  structures  are  more  emphasized  in  the  admittance  case. 
Afterwards  no  clear  vorticity  evidence  is  present  in  the  chamber  because  the  wave  is  far  from  the  dump  plane, 
except  some  vorticity  pockets  shed  from  the  mixing  layer  zone.  When  the  acoustic  wave  approaches  back  to 
the  dump  plane  the  big  vortex  is  again  formed,  possibly  due  to  the  coupling  between  the  acoustic  mode  with 
the  vorticity  mode  determined  by  the  fact  that  the  pressure  wave  amplitude  needs  to  be  adjusted  because 
of  the  change  in  the  cross  sectional  area.  Overall  the  mechanism  of  vorticity  release  is  well  reproduced  by 
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Figure  15:  Contours  of  the  mixture  fraction  field  z  near  the  dump-plane  for  Cases  12F  and  12P  in  the  positive  half  of  the 
symmetry  plane.  The  six  frames  are  separated  in  phase  by  roughly  60°  and  correspond  to  same  time-instants  as  Figure  14. 
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Figure  16:  Contours  of  the  flame  index  FI  and  the  heat-release  rate  HRR  for  Cases  12F  and  12P  in  the  symmetry  plane  at  the 
same  six  time  instants  within  one  cycle. 


the  admittance  case.  Figure  15  shows  instantaneous  contours  of  the  mixture-fraction  field  z  obtained  from 
Cases  12F  and  12P  at  the  corresponding  time  instants  of  Figure  14.  The  mixture  fraction  is  defined  using 
elemental  carbon  mass  fraction  as  [29]: 


Zc,  —  Z. 


c,Ox 


Zc,f  ^c,Ox 

where,  the  carbon  based  passive  scalar,  Zc  is  given  by, 

zc  =  y  —  fi.. 

V  Wk  k 


(5.2) 


(5.3) 


In  the  above  equation,  Wk  represents  the  molecular  weight  of  the  kth  species  and  Wc  is  the  atomic  weight  of 
elemental  carbon.  The  summation  spans  the  carbon  containing  species,  CH4,  CO  and  CO2.  The  subscripts 
“Ox”  and  “f”  correspond  to  the  passive  scalar’s  value  at  the  oxidizer  and  fuel  inlets  respectively.  The 
stoichiometric  mixture  fraction,  zst  =  0.095  based  on  this  definition.  From  the  contours  of  z  thus  defined, 
the  intermittent  nature  of  fuel  flow  is  apparent  -  the  fuel  mass  flow  rate,  rh f  is  affected  by  the  local  magnitude 
of  pressure  oscillation  such  that  a  period  of  quasi-steady  fuel  injection  is  followed  by  sudden  drops  in  flow 
rates  (when  locally,  the  pressure  is  higher  than  the  mean).  We  observe  qualitatively  similar  behavior  in 
both  these  cases  and  the  features  are  similar  to  those  reported  in  a  recent  LES  investigation  [12].  The  flame 
structure  can  also  be  characterized  by  using  the  flame  index  [40] ,  which  is  defined  as 


FI  = 


Wf  ■  VPQx 

|vrf||VF0x| 


(5.4) 


It  is  representative  of  the  nature  of  burning,  whether  premixed  (positive)  or  diffusion  (negative).  Figure  16 
compare  the  flame  index  FI  as  well  as  the  heat  release  for  the  12F  and  12P  cases.  It  can  be  observed 
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the  presence  of  both  positive  and  negative  values  of  the  flame  index,  recognizing  the  double  nature  of  the 
combustion  zone  as  a  partially  premixed  flame.  Previously,  researchers  [11,  36,  39]  have  noted  them  to  be 
triple-flames  or  tri-branchial  flames.  Here  too  we  note  that  similar  flame  structures  occur  when  fresh  fuel 
mixture  makes  contact  with  the  hot-products  in  the  recirculation  region.  Due  to  a  highly  unsteady  nature 
of  the  flow,  these  locations  are  not  quasi-stationary  but  move  in  time  and  space,  and  even  in  the  azimuthal 
direction.  Additionally  at  some  locations,  the  intersection  of  rich-premixed  flame  and  a  weak  diffusion  flame 
is  seen  as  a  double-flame  structure.  Presence  of  independent  premixed  flames  closer  to  the  dump  plane  and 
diffusion  flames  further  away  in  the  combustor  are  also  seen.  Thus,  all  possible  types  of  burning  modes  can 
be  seen  depending  upon  the  instant  of  observation.  The  flame  structure  and  its  burning  modes  are  very 
similar  in  both  calculations,  meaning  that  the  admittance  implementation  does  not  affect  the  flame  behavior 
and  dynamics.  In  fact,  it  seems  that  this  is  completely  governed  by  the  mixing  zone,  i.e.  the  zone  between 
the  fuel  slot  ending  and  the  dump  plane,  where  propellants  start  to  mix  and  interact  with  the  left  traveling 
waves,  which  is  explicitly  solved. 

6.  Conclusions 

Study  of  combustion  instabilities  in  a  typical  shear  coaxial,  multi-element  systems  by  LES  is  challenging 
from  from  computational  point  of  view  due  to  the  complex  geometry  and  a  need  to  resolve  multiple  scales 
present  in  such  systems.  In  this  study,  we  present  application  of  the  time  domain  admittance  boundary  con¬ 
ditions,  that  have  been  already  tested  with  LES  in  recent  works  [1,  2]  to  study  thermo-acoustic  longitudinal 
instabilities  in  a  model  shear  coaxial,  high-pressure,  single  element  combustor.  Within  the  assumption  of 
one  dimensional,  acoustic  wave  approaching  the  boundary,  the  admittance  boundary  condition,  translated 
as  a  reflection  coefficient  can  easily  provide  the  response  of  a  forced  acoustic  cavity  in  the  linearized,  inviscid 
conditions.  This  approach  fits  very  well  in  the  modeling  of  multi-injectors  face  plate,  as  each  injector  cavity 
can  be  associated  with  an  explicit,  analytic  reflection  coefficient  that  modulates  either  the  amplitude  and 
the  phase  of  the  initial  signal  coming  from  the  combustion  chamber.  The  first  attempt  of  this  long-term 
goal  is  discussed  in  this  work,  where  a  single  injector,  self-unstable,  combustion  chamber  is  considered.  This 
rig,  known  as  CVRC  [7,  8]  expresses  spontaneous  longitudinal  instability  for  specific  length  of  the  injector. 
The  injector  itself  is  characterized  by  a  shear-coaxial  element:  the  upstream  part  flows  oxidizer,  while  the 
circular  annular  slot  flows  fuel.  The  admittance  model  obtained  for  a  single  injector  is  completely  deter¬ 
mined  by  knowing  the  injector  length  and  the  mean  flow  properties,  which  have  been  determined  by  previous 
calculations  and  from  the  experiments.  Therefore  three  injector  lengths  have  been  compared  by  using  the 
full  explicit  cavity  representation  and  the  admittance  boundary  condition.  Pressure  trace  results  obtained 
from  the  TDABC  calculations  showed  good  agreement  with  the  full  injector  case  and  the  experiment  as  well, 
revealing  a  capturing  of  the  unstable  frequencies  in  a  reasonable  manner.  Some  differences  arise  from  the 
signal  amplitude  point  of  view,  but  it  is  retained  to  be  not  only  a  side  effect  of  the  TDABC,  as  the  same 
shifts  have  been  observed  in  previous  calculations  for  the  full  injector  case  [12],  and  have  been  attributed  to 
the  use  of  adiabatic  wall  boundary  condition.  Comparison  between  the  full  pressure  signals  in  all  the  cases, 
starting  from  the  same  initial  conditions  provides  an  evidence  that  the  different  levels  of  instability  dictated 
by  the  injector  lengths,  and  also  the  mode  shapes  have  been  quite  well  captured.  The  vorticity  analysis 
showed  the  presence  of  a  similar  cycle  of  the  vorticity  modes  that  couples  with  the  acoustic  mode  in  cor¬ 
respondence  of  the  dump  plane,  determining  the  release  of  large  vortical  structures  impinging  the  chamber 
walls  and  causing  localized  heat  release.  Finally,  the  study  of  flame  index  reveals  the  presence  of  a  partially 
premixed  flame  as  shown  by  the  explicit  injector  modeling.  Overall,  this  work  illustrated  the  application 
of  TDABC  can  be  a  promising  tool  that  can  be  used  to  reduce  the  overall  size  of  the  computational  grid, 
i.e.,  the  computational  cost  and  at  the  same  time  retaining  the  overall  injector  response,  which  plays  an 
essential  role  in  the  combustion  instability  sustainment.  In  future,  the  method  will  be  extended  to  study 
multi-element  combustion  chambers,  transverse  instability,  and  non  perfect  gaseous  propellant. 
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Abstract  We  present  a  large-eddy  simulation  based  investigation  of  combustion  instability 
in  the  Continuous  Variable  Resonance  Combustor  (CVRC);  a  high-pressure,  shear-coaxial 
injector  combustor  studied  experimentally  at  Purdue  University.  An  important  characteristic 
of  the  CVRC  setup  is  the  role  that  the  oxidizer  injector  length  plays  in  the  stable/unstable 
combustion  dynamics  occurring  within  the  combustor.  We  perform  three  simulations  cor¬ 
responding  to  different  stability  regions;  one  is  a  semi-stable  case  whereas  the  other  two 
cases  are  unstable.  The  acoustic  pressure  fluctuation  exhibits  a  limit  cycle  behavior  in  all 
cases.  An  abrupt  change  in  the  predicted  amplitude  between  stable  and  unstable  cases  is  also 
observed,  consistent  with  the  experimental  trends.  Further  investigations  to  characterize  the 
mechanism  driving  such  abrupt  change  in  the  stability  pattern  when  the  oxidizer  injector 
length  is  varied,  show  that  acoustic  interactions  with  the  flow  field  lead  to  subtle  changes 
in  the  vorticity  (and  mixing)  dynamics,  which  significantly  alters  the  distribution  of  species 
and  heat  release.  In  addition,  aspects  related  to  flame  stabilization  such  as  the  mean  flame 
anchoring  location  and  the  mode  of  burning,  premixed  or  non-premixed,  are  also  affected. 
The  analysis  of  flame  structures  shows  the  presence  of  multi-mode  burning  regions  where 
premixed  and  non-premixed  flames  appear  to  coexist.  However,  the  dominant  burning  mode 
switches  from  premixed  to  non-premixed  within  an  acoustic  cycle,  potentially  playing  an 
important  role  in  flame  stabilization. 

Keywords  Large  eddy  simulation  ■  Linear  eddy  mixing  •  Combustion  instability  • 
Non-premixed  combustion 


S.  Srinivasan  (El)  ■  R.  Ranjan  ■  S.  Menon 

School  of  Aerospace  Engineering,  Georgia  Institute  of  Technology, 
270  Ferst  Drive,  Atlanta,  GA,  30332-0150,  USA 
e-mail:  ssrinivasa7@mail.gatech.edu 

S.  Menon 

e-mail:  suresh.menon@ae.gatech.edu 


4tJ  Springer 


238 


Flow  Turbulence  Combust  (2015)  94:237-262 


1  Introduction 

Combustion  instability  is  a  phenomenon  observed  in  several  systems  such  as  liquid/solid 
rocket  engines,  premixed  gas  turbines,  ramjets,  and  afterburners  under  certain  operating 
conditions.  It  is  understood  to  be  the  result  of  nonlinear  coupling  of  unsteady  heat  release 
with  local  pressure  (acoustic)  fluctuations  resulting  in  large- amplitude  pressure  oscillations 
[1-7].  Such  oscillations  manifest  very  quickly  in  time,  resulting  in  large  thermo-mechanical 
stresses  and  ultimately  causing  catastrophic  damage.  Eliminating  or  controlling  combustion 
instability  has  been  a  focus  of  many  past  studies.  However,  both  experimental  and  numerical 
methods  face  several  challenges  in  their  ability  to  capture  and  investigate  this  phenomenon. 
Sustaining  combustion  instability  in  a  test  facility  can  be  nearly  impossible  due  to  the  pos¬ 
sibility  of  damage.  Furthermore,  due  to  high  pressure  and  hot  operating  conditions,  detailed 
measurements  are  nearly  impossible.  Typically,  only  the  pressure  fluctuation  data  is  avail¬ 
able  from  wall  sensors  and  combustion  instability  is  inferred  from  such  a  signature.  A 
facility  called  the  continuously  variable  resonance  combustor  (CVRC)  in  Purdue  Univer¬ 
sity  [8-10]  has  been  shown  to  exhibit  spontaneous  combustion  instability  and  is  the  focus 
of  this  study.  In  this  rig,  the  injector  length  can  be  changed  during  or  in-between  the  tests. 
It  has  been  shown  that  the  acoustic  wave-modes  in  the  injector  can  either  constructively  or 
destructively  interact  with  the  acoustic  modes  of  the  combustor  resulting  in  stable  or  unsta¬ 
ble  combustion  behavior  [10].  Thus,  this  facility  offers  a  unique  opportunity  to  investigate 
different  operating  conditions  that  bracket  the  conditions  for  combustion  instability. 

The  choice  of  appropriate  numerical  models  and  realistic  boundary  conditions  are  vital 
to  the  successful  simulation  of  real  world  systems  that  exhibit  combustion  instability.  Due 
to  the  unsteady  nature  of  these  problems,  large  eddy  simulation  (LES)  and  detached  eddy 
simulation  (DES)  are  two  of  the  appropriate  numerical  approaches.  In  the  past,  LES  has 
been  actively  used  for  many  combustion  instability  studies  in  ramjets  or  dump  combustors 
[2,  11,  12]  and  gas  turbine  combustors  [13-15].  The  CVRC  configuration  has  also  been 
studied  using  both  LES  and  DES.  Both  axisymmetric  and  three-dimensional  (3D)  DES  [16- 
18]  and  LES  [19,  20]  have  been  conducted  to  investigate  the  sensitivity  of  predictions  to 
various  operating  parameters.  It  was  found  using  axisymmetric  DES  [21]  that  when  the 
choked  slotted  inlet  of  the  experiment  (discussed  further  below)  was  replaced  by  a  subsonic 
inflow  boundary  condition,  the  amplitude  of  oscillations  was  underpredicted,  although  the 
key  modes  were  excited  as  in  the  experiments.  The  flow  through  the  slotted  injector  was 
also  modeled  and  it  was  shown  that  in  the  axisymmetric  configuration,  vortical  structures 
shed  from  the  slot,  persisted  well  into  the  regions  of  combustion.  On  the  other  hand  in  a  3D 
simulation,  these  structures  were  much  less  organized  and  more  dissipated.  These  results 
suggest  that  3D  effects  cannot  be  ignored.  These  studies  also  confirmed  the  presence  of 
multiple  acoustic  modes  in  the  combustor  and  showed  that  some  of  the  key  modes  in  the 
combustor  are  predicted  in  reasonable  agreement  with  the  experimental  data.  However,  both 
the  amplitude  and  the  frequency  showed  differences  [18]. 

LES  has  also  been  used  to  study  the  limit  cycle  behavior  of  the  acoustic  pressure  fluctua¬ 
tion  for  different  cases  using  a  constant  mass  flow  rate  based  characteristic  inflow  boundary 
condition  in  lieu  of  the  slotted  inlet  [19,  20].  Although  different  codes  and  subgrid  closures 
were  employed  in  these  studies,  the  prediction  of  acoustic  modes  was  consistent.  How¬ 
ever,  some  differences  related  to  the  flame  length  and  other  mean  quantities  were  noted; 
the  fundamental  frequency  was  over-predicted,  attributed  to  the  adiabatic  wall  conditions 
that  do  not  account  for  heat  loss  from  the  system.  Guezennec  et  al.  [20]  studied  flame  hold¬ 
ing  dynamics  for  two  different  injector  lengths  using  the  adiabatic-wall  approximation,  but 
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were  still  able  to  reproduce  the  semi-stable  behavior  in  the  short  injector  case  and  the  more 
unstable  behavior  for  the  long  injector  case,  consistent  with  the  experimental  results. 

All  previous  3D  LES  and  DES  studies  showed  that  the  mixing  of  fuel  and  oxidizer  occurs 
downstream  of  the  injector  post  tip,  as  typically  observed  in  many  shear  coaxial  systems. 
However,  in  the  CVRC,  due  to  a  high  strain-rate  in  the  mixing  layer,  the  diffusion  flame 
cannot  be  sustained  and  instead,  the  flame  is  typically  anchored  at  the  dump  plane  corner 
as  a  partially  premixed  flame.  Downstream  of  the  dump  plane,  the  flame  burning  mode 
becomes  more  complex  due  to  mixing  of  the  reactant-product  mixture  with  the  remain¬ 
ing  oxidizer.  In  addition  to  the  premixed  mode,  the  non-premixed  burning  mode  is  also 
observed.  In  some  cases,  features  reminiscent  of  the  triple  flame  structure  seen  in  canonical 
studies  [22]  were  also  qualitatively  observed  in  the  CVRC  simulations  [19,  23].  However, 
the  3D,  unsteady  and  cyclic  nature  of  burning  in  this  rig  makes  a  complete  interpretation 
difficult  and  other  possibilities  can  coexist,  as  shown  in  this  paper.  The  flame  anchoring 
process  is  also  complicated  due  to  partial  premixing.  For  example,  due  to  premixing  down¬ 
stream  of  the  oxidizer  post-tip,  the  leading  flame  can  propagate  upstream  (lift  off  from  the 
dump  corner)  if  the  boundary  conditions  are  correctly  specified.  As  will  be  shown  in  this 
paper,  flame  propagation  in  the  CVRC  is  linked  to  the  pressure  oscillation  signature  and  is 
a  feature  of  combustion  instability  in  this  rig. 

The  objective  of  the  present  study  is  to  investigate  flame  dynamics  for  different  injector 
lengths.  Three  cases  are  chosen  -  one  semi-stable  and  two  unstable  operating  cases  occur¬ 
ring  due  to  three  different  injector  lengths  under  otherwise  identical  operating  conditions. 
The  previous  study  [20]  is  extended  to  study  flame  dynamics  and  pressure-heat  release  cou¬ 
pling  for  these  operating  conditions.  Comparisons  with  experimental  data  are  made  where 
available. 

The  article  is  arranged  as  follows.  Section  2  describes  the  formulation,  the  modeling 
conditions,  the  numerical  setup  and  grid  assessment.  This  is  followed  by  Section  3  where 
details  of  the  three  cases  and  the  observations  of  pressure  signature,  flame  dynamics  and 
combustion  instability  are  analyzed  and  compared  with  past  predictions  and  data.  Finally, 
conclusions  and  future  directions  are  summarized  in  Section  4. 


2  Formulation  and  Methodology 

The  numerical  methodology  is  based  on  the  well-established,  second-order  accurate  (in  both 
space  and  time)  finite-volume  solver  for  the  unsteady  Favre-filtered  multi-species  compress¬ 
ible  LES  equations  [24].  A  hybrid  scheme,  which  switches  between  a  second-order-accurate 
central  scheme  and  a  third-order-accurate  MUSCL  (Monotone  Upstream-centered  Schemes 
for  Conservation  Laws)  scheme  is  employed  [25].  A  localized  dynamic  switch  based  on 
pressure  and  density  gradients  determines  the  spatial  discretization  scheme  to  use  locally 
[24,  26].  Past  studies  have  shown  that  the  hybrid  approach  can  capture  regions  of  high  gra¬ 
dients  (as  in  shocks  or  thin  shear  layers  between  fuel  and  oxidizer)  and  also  regions  of 
turbulent  fluctuations  away  from  these  strong  gradients  accurately  [24-27]. 

The  subgrid-scale  (SGS)  momentum  and  energy  fluxes  are  closed  using  a  subgrid  eddy 
viscosity  model,  which  is  obtained  using  the  local  grid  filter  A  and  the  subgrid  kinetic 
energy  Lsgs.  An  additional  transport  equation  is  solved  for  &sgs  and  localized  dynamic  eval¬ 
uation  is  used  to  obtain  all  the  model  coefficients  [25,  28].  Details  of  the  LES  equations, 
numerical  method  and  these  closures  are  presented  in  several  articles  cited  earlier  and 
therefore  avoided  here,  for  brevity. 
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The  closure  of  reaction-diffusion  in  the  current  approach  is  a  two-scale  scalar  transport 
model  called  the  linear  eddy  mixing  (LEM)  model,  which  too  has  been  described  elsewhere 
[29-33]  and  therefore,  is  not  repeated  here.  The  LEM  approach  when  used  in  a  LES  (called 
LEMLES  hereafter)  is  a  two-scale  method  whereby,  the  reaction-diffusion  small-scale  pro¬ 
cess  and  turbulent  stirring  by  sub-grid  eddies  (i.e.,  eddies  smaller  than  A)  are  solved  on  a 
ID  grid  embedded  inside  each  LES  cell  at  their  respective  time-scales.  Concurrently,  the 
large-scale  turbulent  transport  (by  eddies  larger  than  A)  of  the  scalar  fields  in  the  3D  domain 
is  achieved  using  a  Lagrangian  transport  algorithm  that  convects  the  subgrid  scalar  fields 
ensuring  mass  conservation.  The  fully  coupled  LEMLES  has  been  used  for  many  combus¬ 
tion  applications  [31,  32,  34-38].  Further  details  of  the  LEMLES  formulation  are  available 
in  the  cited  literature  and  only  specific  information  relevant  for  this  study  are  reported  below. 

2. 1  The  CVRC  test  conditions  and  modeling  approach 

Figure  la  shows  a  sketch  of  the  CVRC  rig  [8]  where  the  shaded  region  indicates  the  mod¬ 
eled  domain.  The  view  of  the  computational  domain  is  shown  in  Fig.  lc  along  with  the 
dimensions  of  the  oxidizer  injector  tube  and  the  combustor.  The  relative  locations  of  the 
LES  oxidizer  and  fuel  inflow  planes,  and  the  recessed  position  of  the  injector  post  tip  with 
respect  to  the  dump  plane  are  shown  in  Fig.  Id.  The  rig  is  essentially  a  dump-combustor  with 
a  central  oxidizer  duct  and  a  coaxial  fuel  duct.  The  design  of  the  rig  allows  for  a  variation 
of  the  oxidizer  injector  length  Lox-  which  leads  to  stable/unstable  behavior  of  the  combus¬ 
tor.  Some  approximations  are  necessary  to  simplify  the  computational  domain  for  LES.  In 
the  experiments,  oxidizer  flow  occurs  through  the  slotted  inlet  section  (see  Fig.  lb)  and  is 
assumed  to  be  choked.  In  this  study  and  as  in  previous  studies  [19,  20],  we  do  not  resolve  the 
slotted  inlet  but  assume  that  the  inflow  occurs  with  a  fixed  mass  flow  rate.  Further  details 
regarding  the  inflow  boundary  condition  are  provided  below. 


Cenetering  Knobs 
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(a) 


Experimental  rig  [8];  data  acquired  at  x/D 
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(b)  Slotted  inlet  [10]. 


« Las- 

Oxidizer 

injector 

Fuel 

injector 

Experimental  chamber  corner  ■ — 

supersonic 

- - *  _ Hyodt _ 

♦  0o  =  2.047  cm 

Xh=i.i 

cm 

jo^Scm 

"E 

-12 

-3.0  0 

38.1  (cm)  x 

(c)  Modeled  geometry. 


1 

s 

i 

* 

_  '  4 

5  3 

a  m 

(d)  Nearfield  of  the  fuel 


injector. 


Fig.  1  The  experimental  and  modeled  geometry  details.  Dimensions  are  in  cm  except  in  (a) 
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The  fuel  injection  system  is  also  not  modeled  but  is  assumed  to  come  through  a  narrow 
annular  slot  as  in  the  experiments  and  consistent  with  past  studies  [16-20].  All  the  other 
dimensions  and  locations  of  the  injector  post  tip  and  choked  outflow  nozzle  are  as  in  the 
experiments.  The  length  of  the  oxidizer  inlet  is  varied  and  we  study  flame  stabilization  and 
combustion  instability  for  a  fixed  combustor  length  Lcomt,/D  =  18.61  but  for  three  different 
oxidizer  injector  lengths  Lqx/D  =  4.40,  5.86  and  6.84,  where  the  diameter  of  the  oxidizer 
inlet  duct  D  =  Dqx  =  2.047  cm  is  used  as  a  reference  scale.  The  three  configurations  are 
referred  to  as  Case  9,  Case  12  and  Case  14,  respectively,  where  the  number  corresponds 
to  Lox  in  centimeters.  Case  9  (Lox  =  9  cm)  is  shown  experimentally  to  be  “semi-stable” 
(i.e.,  low-amplitude  pressure  fluctuations)  while  Cases  12  and  14  (Lox  =  12  cm  and  14  cm, 
respectively)  are  known  to  be  unstable  with  different  levels  of  instability. 

The  inflow  boundaries  are  modeled  using  characteristic  boundary  conditions  [39]  where 
the  mass  flowrates,  the  species  mass  fractions  and  the  temperature  are  prescribed.  In  the 
experiments,  both  the  fuel  and  the  oxidizer  inlets  are  choked  to  provide  well  defined  acous¬ 
tic  boundary  conditions.  Under  isentropic  assumptions,  the  constant  mass  flowrate  based 
boundary  condition  is  associated  with  an  impedance,  Z,  which  depends  on  the  Mach  num¬ 
ber,  Ma  as  Z  =  —l/Ma  (here,  Ma=0.4  for  the  oxidizer)  and  hence,  has  a  finite  value. 
The  experimental  oxidizer  injector  is  possibly  associated  with  an  impedance,  which  differs 
from  the  conventionally  choked  throat  due  to  the  slotted  design.  Its  impedance,  however,  is 
unknown  and  the  recent  DES  [18]  suggests  that  its  impact  is  mostly  restricted  to  the  vortic- 
ity  distribution  in  its  immediate  downstream  region  but  does  not  have  a  major  effect  on  the 
dominant  acoustic  modes.  Nevertheless,  this  issue  will  be  revisited  in  the  future. 

Outflow  is  choked  through  the  nozzle  and  supersonic  conditions  are  employed  at  the  noz¬ 
zle  exit.  No-slip  walls  with  adiabatic  thermal  conditions  are  used.  Although  heat  loss  from 
the  walls  is  likely  to  play  some  role  as  noted  earlier  [19,  40],  there  is  no  experimental  data 
pertaining  to  the  thermal  conditions  at  the  wall.  Therefore,  we  focus  here  mainly  on  flame 
stabilization  during  combustion  instability  and  its  sensitivity  to  the  variation  in  the  injector 
length  without  accounting  for  any  heat  loss  through  the  walls.  However,  to  investigate  the 
sensitivity  of  the  thermal  boundary  condition  to  the  stability  behavior  of  the  combustor,  we 
simulate  two  additional  cases  corresponding  to  the  baseline  Case  12,  labeled  as  Case  12T1 
and  Case  12T2,  where  isothermal  boundary  conditions  are  employed  on  the  combustor  wall 
with  temperatures  of  1800  K  and  1200  K,  respectively.  Harvazinski  et  al.  [41]  examined  the 
effect  of  isothermal  boundary  condition  by  simulating  cases  with  four  different  combustor 
wall  temperatures,  namely,  300,  600,  900  and  1200  K.  At  300  and  600  K,  no  combustion  was 
observed  to  occur,  whereas  limit  cycle  behavior  was  observed  at  900  and  1200  K.  In  partic¬ 
ular,  a  reduction  in  the  amplitude  of  the  instability  was  observed  relative  to  the  setup  with 
adiabatic  boundary  conditions.  These  results  indicate  that  the  flame  holding  dynamics  and 
stability  of  the  combustor  due  to  a  coupling  of  the  heat-release  with  the  acoustic  pressure 
oscillations  can  be  studied  by  employing  adiabatic  boundary  condition  on  the  combustor 
wall. 

The  fuel  is  methane  (CH4)  and  the  oxidizer  is  a  mixture  of  O2  and  H2O  with  mass 
fractions  of  0.42  and  0.58,  respectively.  The  fuel  is  injected  through  the  annular  injector 
at  a  constant  mass-flow  rate  /hf  =  0.027  kg/s  and  constant  temperature  7f  =  300  K.  The 
oxidizer  is  injected  through  the  central  pipe  of  the  coaxial  injector  at  a  constant  mass-flow 
rate  mox  =  0.32  kg/s  and  constant  temperature  7ox  =  1030  K.  The  operating  pressure  of 
the  combustion  chamber  is  Prcf  =  1.34  MPa  and  the  global  equivalence  ratio  is  0.8.  The 
Reynolds  number  corresponding  to  the  oxidizer  and  fuel  passages  are  481,000  and  33,000, 
respectively. 
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Finite-rate  kinetics  is  employed  in  this  study.  Again,  some  approximation  is  required  to 
make  the  problem  tractable.  A  two-step,  five  species  (CH4,  O2,  FLO,  CO2  and  CO)  reduced 
kinetics  is  used  in  this  study  based  on  earlier  studies  [42]  and  is  same  as  the  one  employed 
earlier  for  this  rig  [20].  The  two-steps  of  the  mechanism  are  given  by 

CH4  +  1.502  -*  CO  +  2H20 
CO  +  0.5O2  ^  C02. 

The  mechanism  involves  correction  functions  that  depend  on  the  local  equivalence  ratio,  <j> 
to  modify  the  pre-exponential  factors  appearing  in  the  two  rate  expressions.  The  parameters 
used  earlier  [42]  are  retained  in  their  unmodified  form  and  tested  for  the  flow  conditions  of 
the  current  investigation.  Although  a  two-step  model  is  a  major  approximation,  for  combus¬ 
tion  instability,  proper  heat  release  is  more  critical  than  radical  predictions  and  therefore,  is 
considered  acceptable  [18]. 

Since  the  LEM  subgrid  model  is  used,  the  laminar  rates  are  used  in  the  subgrid  LEM, 
which  do  not  require  explicit  closure.  The  thermodynamic  properties  are  calculated  using 
the  thermally-perfect  equation  of  state. 

2.2  Assessment  of  the  numerical  setup 

Generally,  the  grid  quality  in  the  region  of  heat  release  is  important  due  to  the  presence  of 
large  scalar  gradients.  The  resolution  in  the  shear  layer  in  the  base  of  the  injector  post  tip 
is  also  important  for  the  shear  injector  system  [20,  26,  43].  Nearly  uniform  grid  clustering 
in  these  regions  and  slow  stretching  (less  than  5  %)  towards  the  outflow  is  used  to  keep  the 
grid  resolution  reasonable  for  practical  simulations.  A  multi-block  structured  grid  with  a 
baseline  grid  of  approximately  1.4  million  grid  points  is  employed  for  most  of  the  reported 
simulations.  Figure  2  shows  the  computational  grid  in  the  positive  half  of  the  symmetry  x—y 
plane  with  a  close-up  view  of  the  grid  in  the  shear-layer  region  near  the  dump  plane  and 
the  fuel  injector.  The  minimum  grid  resolution  is  0.045  mm  and  occurs  in  the  fuel/oxidizer 
shear-layer.  Additionally,  the  near  uniform  quality  there  allows  the  post  tip  region  to  be 
reasonably  resolved  by  approximately  50  points  along  the  axial  direction  up  to  the  dump 
plane.  In  the  transverse  direction,  there  are  around  16  grid  points  in  the  shear  layer  at  the 
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Fig.  2  The  computational  grid  in  the  positive  half  of  the  symmetry  x  —  y  plane  with  a  close-up  view  of  the 
shear  layer  near  the  oxidizer  injector  and  the  dump  plane  of  the  combustor 
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f  (Hz) 

(a)  Turbulent  kinetic  energy  spectra 

Fig.  3  Turbulent  kinetic  energy  spectra  (a)  at  x/D 
evolution  of  the  pressure  fluctuations  (b)  at  x/D  =  18 
Case  12F  (dashed  cur\’e).  The  spectra  for  Case  12  is  sc 


(b)  Pressure  fluctuations 


=  0.6  on  the  centerline  of  the  combustor  and  time 
on  the  combustor  wall,  for  Case  12  (solid  curve)  and 
aled  by  a  factor  of  103  for  sake  of  clarity  in  (a) 


exit  of  the  fuel  injector  (0.49  <  y/D  <  0.54)  and  18  points  at  the  dump  plane  (0.53  < 
y/D  <  0.59).  Past  studies  [20,  26,  37]  have  shown  that  these  resolutions  are  reasonable 
for  an  engineering  level  LES  of  such  complex  configurations.  The  subgrid  LEM  field  is 
resolved  with  12  LEM  cells  per  LES  cell  based  on  the  estimate  of  the  Kolmogorov  length 
scale  computed  from  the  subgrid  kinetic  energy,  the  local  grid-size  and  the  laminar  viscosity. 

All  simulations  are  performed  initially  for  about  7  flow-through  times  to  allow  the  ini¬ 
tial  transients  to  wash  out  and  reach  a  statistically  stationary  state.  Here,  the  flow  through 
time  is  approximately  1.8  ms  and  is  estimated  from  the  bulk  velocity  at  the  oxidizer  inlet 
and  the  total  axial  length  of  the  domain.  Later,  turbulence  statistics  are  obtained  by  per¬ 
forming  a  running  time  average  of  field  variables  for  about  14  flow-through  times.  The 
convergence  of  the  turbulence  statistics  is  monitored  through  global  quantities  such  as  the 
mean  reattachment  (;tr)  and  flame  (xf)  lengths  (discussed  later).  Convergence  was  achieved 
after  approximately  10  flow-through  times.  Note  that  the  acoustic  time  based  on  the  first 
dominant  frequency  is  about  0.6  ms  and  therefore,  simulations  are  long  enough  to  ensure 
limit  cycle  behavior  is  captured.  All  simulations  are  performed  using  1488  cores  with  Intel 
Xeon  Sandy  Bridge  architecture,  with  a  core  speed  of  2.6  GHz.  The  computational  cost  of 
one  flow-through  time  is  approximately  6,000  CPU  hours. 

The  LES  grid  quality  is  partly  determined  by  analyzing  flow  features  such  as  the  turbu¬ 
lence  spectrum  in  the  shear  layer  and  the  acoustic  signature  for  the  reacting  flow  once  limit 
cycle  behavior  is  achieved.  Figure  3a  shows  the  kinetic  energy  spectrum  obtained  for  Lqx  = 
12  cm  (Case  12)  and  another  case  with  a  finer  grid  of  around  3.2  million  points  (called  Case 
12F)  at  a  location  in  the  shear  layer  (x/D,  y/D)  =  (0.6,  0)  in  the  symmetry  plane.  In  Case 
12F,  the  azimuthal  grid  resolution  is  improved.  In  both  cases  the  turbulent  kinetic  energy 
spectra  capture  the  inertial  range  and  the  dominant  peaks  in  a  reasonable  manner.  Figure  3b 
shows  the  pressure  fluctuation  signature  p'  =  p  —  p  at  x/D  =  18  at  the  wall  (a  location 
where  pressure  data  is  available  for  comparison  and  discussed  later).  Here  p  denotes  the 
mean  (LES  resolved)  pressure  at  the  corresponding  location.  Note  that  p  is  the  pressure 
fluctuation  that  includes  both  the  acoustic  and  the  turbulent  fluctuations.  Since  the  magni¬ 
tude  of  fluctuations  associated  with  an  acoustic  instability  observed  in  typical  combustors 
is  usually  much  higher  than  the  hydrodynamic  turbulent  fluctuations,  we  will  refer  p  to  be 
the  acoustic  pressure  hereafter.  The  dominance  of  the  acoustic  content  is  apparent  from  the 
contours  of  the  instantaneous  pressure  fluctuation  shown  in  Fig.  4.  Here  we  can  observe 
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Fig.  4  Contours  of  instantaneous  fluctuating  pressure  field  p'  in  the  symmetry  x  —  y  plane  obtained  from 
Case  12 


that  the  spatial  variation  of  the  fluctuating  pressure  is  mainly  due  to  acoustics  with  small- 
scale  perturbations  imposed  by  the  turbulent  fluctuations.  The  time  is  non-dimensionalized 
by  defining  a  cycle  number  as:  Cycle  number  =  (t  —  fo)/i,  where  to  is  an  arbitrary  start¬ 
ing  time  and  f\  is  the  dominant  frequency  corresponding  to  the  first  unstable  mode.  We 
can  observe  that  both  cases  show  the  limit  cycle  behavior.  The  peak-to-peak  instantaneous 
pressure  oscillations  range  from  about  -18  %  to  30  %  of  the  mean  value  in  both  cases, 
with  slightly  higher  values  predicted  by  Case  12F.  We  observe  a  very  good  agreement  in 
cycle-to-cycle  variations  of  the  acoustic  pressure  oscillations  and  the  overall  signature. 

Analyses  of  the  acoustic  mode  and  phase  of  the  excited  frequencies  show  very  good 
agreement  between  the  two  grids.  The  spectral  content  of  the  acoustic  pressure  oscillations 
is  obtained  by  first  smoothing  p'  through  convolution  with  the  Hanning  window  function, 
followed  by  an  application  of  the  fast  Fourier  transform  (FFT)  to  obtain  the  power  spectral 
density  (PSD).  The  three  lowest  excited  frequencies  are  for  Case  12  (Case  12F):  1613  Hz 
(1643  Hz),  3268  Hz  (3285)  and  4881  Hz  (4928  Hz).  Analysis  of  their  mode  shapes  shows 
that  the  first  mode  has  a  node  (around  x/D  ~  11),  whereas  two  nodes  (around  x/D  ~  5 
and  x/D  ~  14)  are  observed  in  the  second  mode.  Both  cases  predict  nodes  at  the  same 
location  although  the  amplitude  of  the  first  mode  is  36  %  higher  for  Case  12F.  The  nodes 
are  identified  as  locations  where  mod(//)  ~  0  and  a  phase  shift  of  180°  occurs  across 
them.  Here,  mod(//)  denotes  amplitude  corresponding  to  a  particular  mode,  obtained  from 
the  PSD  of  the  acoustic  pressure  oscillations.  The  close  agreement  between  both  grids  in 
predicting  the  key  modes  of  interest  suggests  that  the  baseline  grid  is  adequate  for  such 
studies.  Further  discussion  and  comparison  with  data  are  given  below. 


(c)  CH4  mass  fraction 


(d)  CH4  reaction  rate 


Fig.  5  Contours  of  the  time-averaged  flow  properties  in  the  symmetry  x  —  y  plane.  Iso-lines  for  (7  =  0  m/s 
and  T  =  2000  K  are  shown  in  (a)  and  (b),  respectively.  Top  and  bottom  halves  correspond  to  Cases  12  and 
12F,  respectively 
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Both  instantaneous  and  time-averaged  data  are  analyzed  for  grid  sensitivity.  Obviously, 
some  instantaneous  fine-scale  features  are  expected  when  the  grid  is  refined,  but  the  time- 
averaged  data  shows  minimal  effect.  This  is  demonstrated  in  Fig.  5  where  contours  of 
the  time-averaged  fields  on  a  symmetry  plane  for  the  two  cases  are  shown.  We  observe 
a  good  agreement  between  the  two  cases  for  prediction  of  the  overall  features  of  the  cor¬ 
ner  recirculation  zone  (CRZ),  the  high  temperature  core  downstream  of  the  dump-plane, 
and  the  distribution  of  fuel  and  its  burning  rate.  In  the  next  section,  we  will  revisit  these 
time-averaged  data  for  the  three  cases  with  different  Lox  to  highlight  the  similarities  and 
differences  when  the  stability  of  the  system  is  changed. 

The  predicted  frequencies  and  amplitudes  for  Case  12  and  the  corresponding  exper¬ 
imental  data  are  shown  in  Table  1.  Since  Case  12  involves  adiabatic  conditions  at  the 
wall,  heat-loss  effects  are  not  taken  into  account.  Heat  loss  can  affect  flame  holding  and 
consequently,  the  stability  behavior  of  the  combustor.  For  example,  in  the  adiabatic  wall 
approximation,  the  mean  pressure  of  the  combustor  is  likely  to  be  over-predicted.  This  in 
turn  affects  the  sound  speed,  resulting  in  the  modification  of  the  acoustic  response  of  the 
system  [19].  To  assess  the  sensitivity  to  the  adiabatic  wall  approximation,  the  previously 
mentioned  isothermal  cases,  Case  12T1  and  Case  12T2,  are  considered  for  the  Lox  =  12cm 
baseline  configuration.  In  the  setups  for  these  cases,  temperatures  of  1800  K  and  1200  K, 
respectively,  are  specified  at  the  combustor  walls. 

Similar  to  Case  12,  we  observe  a  limit  cycle  behavior  in  both  Case  12T1  and  Case  12T2. 
Table  1  compares  the  first  three  dominant  frequencies  and  corresponding  amplitudes  of  the 
acoustic  pressure  fluctuations  obtained  from  Cases  12,  12T1  and  12T2  with  the  experi¬ 
mental  data.  We  can  observe  that  as  the  temperature  is  lowered,  the  dominant  frequencies 
show  a  minor  reduction  by  approximately  1  —  3  %  compared  to  Case  12.  However,  the 
amplitudes  of  the  acoustic  oscillations  show  significant  variation.  In  particular,  Case  12T1 
predicts  higher  amplitudes  for  all  three  modes.  But  with  a  decrease  in  the  combustor  wall 
temperature,  as  expected,  the  calculated  amplitudes  decrease.  Clearly,  the  unstable  behavior 
of  the  combustor  is  not  affected  in  the  three  cases  considered  here,  although  the  amplitudes 
appear  to  be  sensitive  to  the  conditions  on  the  combustor  wall.  This  implies  that  the  flame 
holding  dynamics  and  instability  behavior  of  the  combustor  can  be  studied  with  adiabatic 
conditions.  Therefore,  we  only  analyze  results  for  the  adiabatic  Cases  9,  12  and  14  hereafter. 


3  Results  and  Discussion 

Experimental  investigations  of  the  CVRC  setup  have  shown  that  the  variation  of  Lox 
leads  to  spontaneous  combustion  instabilities.  In  particular,  the  system  remains  stable 
when  Lqx  <  9.5  cm  and  Lqx  >  18  cm,  and  is  unstable  for  9.5  cm  <  Lqx  <  16  cm  [10]. 


Table  1  Dominant  frequencies  and  their  corresponding  limit  cycle  amplitudes  at  x /D  =  18  on  the 
combustor  wall  for  the  baseline  case  with  different  thermal  boundary  conditions  on  the  combustor  wall 


Case 

/l  (Hz) 
(Hz) 

Ai 

(kPa2/Hz) 

fl 

(Hz) 

a2 

(kPa2/Hz) 

h 

(Hz) 

a3 

(kPa2/Hz) 

Experiments 

1385 

1045.0 

2777 

58.4 

4169 

26.1 

12 

1613 

351.8 

3268 

25.0 

4881 

2.9 

12T1 

1602 

789.3 

3204 

29.8 

4771 

6.1 

12T2 

1600 

404.5 

3150 

18.9 

4750 

7.1 
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(a)  Case  9 


300  780  1260  1740  2220  2700 

(b)  Case  12 


(c)  Case  14 


Fig.  6  Contours  of  the  time-averaged  axial  velocity  (top  half)  and  temperature  (bottom  half)  fields  in  the 
x  —  y  symmetry  plane.  Solid  lines  denote  iso-lines  of  U  =  0  m/s  in  the  top-half  and  T  =  2000  K  in  the 
bottom-half  of  each  subfigure 


Although  no  time-averaged  data  is  available  from  the  experiments,  some  key  features  pre¬ 
dicted  by  the  simulations  facilitate  discussions  that  follow  based  on  instantaneous  pressure 
fluctuation  data.  We  compare  the  three  cases  with  different  Lox  in  the  following  discussions. 

3.1  Time  averaged  fields 

Figure  6  shows  the  time-averaged  axial  velocity  and  the  temperature  fields  for  the  three 
cases  in  the  entire  combustor.  A  large  corner  recirculation  zone  primarily  containing  hot 
burned  products  is  observed  in  all  cases  downstream  of  the  dump  plane.  The  iso-line  of 
U  =  0  m/s  shown  in  Fig.  6  identifies  the  extent  of  the  CRZ,  and  is  nearly  the  same  for  all 
the  cases  with  xr/ D  =  3.9,  3.7  and  4.2  for  cases  9,  12  and  14,  respectively.  The  iso-line 


(a)  Case  9 


(b)  Case  12 


(c)  Case  14 


Fig.  7  Contours  of  the  time-averaged  methane  reaction  rate  (top  half)  and  space-local  Rayleigh  index  R 
(bottom  half)  in  the  x  —  y  symmetry  plane 
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of  T  =  2000  K  is  used  to  identify  the  mean  position  of  the  turbulent  flame  brush  and  we 
qualitatively  use  the  location  at  the  centerline  to  identify  the  mean  extent  of  the  flame  brush 
[19].  The  mean  flame  length  Xf/D  is  5.2,  4.1  and  3.6  for  the  three  cases  respectively  and 
suggests  that  the  flame  length  decreases  with  an  increase  in  L ox-  The  reduction  in  the  flame 
length  is  indicative  of  the  burning  region  becoming  more  compact  with  an  increase  in  the 
inlet  length.  The  structure  of  the  flame  and  its  anchoring  mechanism  as  well  as  its  coupling 
with  the  pressure  oscillations  will  be  discussed  later. 

The  Rayleigh  index  is  a  well  known  parameter  typically  used  to  characterize  the  coupling 
between  unsteady  heat  release  and  pressure  fluctuation.  It  is  positive  when  coupling  is  in- 
phase  and  suggests  combustion  to  be  driving  the  growth  of  pressure  fluctuations  leading 
towards  combustion  instability.  Based  on  the  conservation  equation  for  the  acoustic  energy, 

/t~h  T 

(y  —  V/yp'q'g  dt 

[1,  19]  where  r  is  the  time  of  averaging,  y  =  y(T)  is  the  temperature  dependent  ratio  of 
specific  heat  for  thermally  perfect  gas,  and  p  and  q'g  are  the  pressure  and  heat-release-rate 


fluctuations,  respectively.  Here,  T  denotes  the  filtered  LES  temperature  field.  The  integrated 
Rayleigh  index  R  is  obtained  by  performing  integral  of  R  on  a  finite-width  slice  normal  to 

the  axial  direction  through  R  =  R  dA^j  A.Ybin  where  A  is  the  cross-sectional  area  of 

the  slice  with  A.rbin  as  its  finite  width.  The  integrated  Rayleigh  index  provides  an  overall 
measure  of  the  coupling  between  heat  release  and  pressure  fluctuations,  whereas  the  space- 
local  Rayleigh  index  represents  a  local  coupling  effect  that  can  be  used  to  interpret  flame 
holding  dynamics  as  discussed  below. 

In  Fig.  7  the  time-averaged  reaction  rate  contours  of  CH4  show  that  the  reaction  rate 
is  higher  in  the  shear  layer  compared  to  other  parts  of  the  combustor.  This  is  consistent 
with  the  mean  location  of  the  flame  brush  shown  in  Fig.  6.  The  extent  of  high  reaction  rate 
region  increases  with  an  increase  in  Lox  and  there  is  a  noticeable  shift  upstream  with  an 
increase  of  Lox  -  This  observation  will  be  revisited  later  in  the  context  of  flame  holding.  The 
contours  of  Rayleigh  index  also  show  that  the  coupling  between  p'  and  qg  is  very  strong 
in  the  region  of  large  reaction  rates.  This  is  confirmed  in  Fig.  8,  where  axial  variation  of 
the  Rayleigh  index  is  shown.  The  value  of  R  is  predominantly  positive,  particularly  in- 
between  the  location  of  the  dump  plane  and  the  reattachment  in  all  three  cases,  and  two 


x/D 

Fig.  8  Profile  of  the  time-averaged  integrated  Rayleigh  index  along  the  axial  direction 
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Fig.  9  Transverse  profiles  of  the  time-averaged  methane  mass  fraction  at  different  axial  locations  in  the 
bottom  half  of  the  combustor 


separated  peaks  are  observed.  The  first  peak  occurs  downstream  of  the  dump  plane,  whereas 
second  peak  occurs  close  to  reattachment  location.  The  first  peak  location  corresponds  to 
the  region  where  intense  heat  release  is  observed  in  the  shear  layer,  whereas  the  second  peak 
corresponds  to  mixing  and  burning  regions  occurring  due  to  vortex  impingement  on  the 
wall-surface.  These  two  locations  also  exhibit  different  types  of  flame  structure  as  discussed 
below. 

It  is  clear  that  Cases  12  and  14  are  more  unstable  compared  to  Case  9,  and  this  obser¬ 
vation  is  consistent  with  the  experimental  data.  Further  downstream  of  the  reattachment 
location,  R  decreases  rapidly  beyond  x/D  >  4  suggesting  all  the  amplification  is  confined 
to  a  small  axial  region  downstream  of  the  dump  plane.  Upstream  of  the  dump  plane  and  just 
downstream  of  the  injector  there  is  also  some  amplification  for  Cases  12  and  14  indicating 
that  some  burning  occurs  there  as  well,  although  much  weaker  than  in  the  combustor. 

Figure  9  shows  the  time-averaged  profile  of  the  fuel  mass  fraction  7f  =  Tch4  along 
the  transverse  direction  at  three  different  axial  locations  x/D  =  0,  1.5  and  3,  which  are 
within  the  axial  extent  of  the  CRZ.  At  the  dump  plane,  i.e.,  x/D  =  0,  the  profile  of  If 
shows  a  peak  due  to  the  fuel  injection,  which  occurs  just  upstream.  Further  downstream, 
the  peak  location  moves  closer  to  the  wall  and  the  profile  becomes  broader  in  the  transverse 
direction.  This  occurs  due  to  spreading  of  the  shear  layer,  which  enhances  mixing  of  the  fuel 
with  the  oxidizer  as  well  as  some  mixing  in  the  recirculation  zone.  Note  that  the  magnitude 
has  dropped  significantly  indicating  consumption  of  the  fuel  species  as  well.  In  all  cases  at 
x/D  =  3,  the  maximum  value  of  fuel  mass  fraction  reduces  to  about  3  %  of  the  value  at  the 
fuel  inlet  location  and  the  fuel  is  consumed  well  before  x/D  =  12. 

3.2  Analysis  of  pressure  oscillations 

We  now  assess  the  predictions  against  available  pressure  fluctuation  data  from  the  exper¬ 
iments  [44].  Figure  10  shows  the  pressure  fluctuation  signature,  p'  at  x/D  =  18  on  the 
combustor  wall  for  all  cases  separately  for  20  and  10  acoustic  cycles.  The  results  for  10 
cycles  are  presented  for  the  sake  of  clarity.  We  observe  the  limit  cycle  behavior  of  pressure 
fluctuations  in  all  cases,  consistent  with  previous  experimental  and  numerical  studies  [8, 
19].  As  Lox  is  increased  from  Case  9  to  Case  12,  the  magnitude  of  peak-to-peak  oscillations 
increases  whereas  it  remains  nearly  the  same  in  Cases  12  and  14.  The  sudden  increase  in 
the  magnitude  of  pressure  oscillations  from  Case  9  to  Case  12  can  be  attributed  to  the  com¬ 
bustion  instability  as  described  in  Section  3.1.  It  is  also  observed  that  the  positive  peaks  in 
the  fluctuation  are  much  higher  than  the  negative  ones  and  this  is  also  a  feature  seen  in  the 
data.  This  behavior  impacts  flame  motion  and  overall  dynamics  as  discussed  below.  Note 
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(e)  Case  14  (f)  Case  14 

Fig.  10  Time  evolution  of  the  pressure  fluctuation  at  x/D  =  IB  on  the  combustor  wall  for  20  (a,  c,  e)  and 
10  (b,  d,  f)  acoustic  cycles.  Symbol  (□)  denotes  experimental  data  [44] 


that  Case  9  is  a  semi-stable  case  and  does  show  a  limit  cycle  behavior.  However,  the  cycle 
to  cycle  variation  of  the  pressure  fluctuation  is  much  smaller  compared  to  the  other  two 
unstable  cases. 

Table  2  shows  the  first  three  dominant  frequencies  and  corresponding  amplitudes  of  the 
acoustic  pressure  fluctuations  shown  in  Fig.  10.  Also  included  are  the  measured  data.  As 
mentioned  before,  the  spectral  content  of  the  acoustic  pressure  oscillations  is  obtained  by 
first  smoothing  the  signal,  followed  by  application  of  the  FFT.  Figure  1 1  shows  the  PSD 
plot  of  the  acoustic  pressure  oscillations  obtained  for  Case  12,  where  the  three  dominant 
frequencies  are  also  highlighted.  The  numerical  simulation  over-predicts  the  frequency  of 
the  first  two  modes  by  approximately  18  %  in  all  cases.  In  Case  9,  the  amplitude  of  the 
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Table  2  Dominant  frequencies  and  their  corresponding  limit  cycle  amplitudes 
combustor  wall 

at  x/D 

=  18  on  the 

Case 

/l  (Hz) 

Ai 

h 

a2 

h 

M 

(Hz) 

(kPa2/Hz) 

(Hz) 

(kPa2/Hz) 

(Hz) 

(kPa2/Hz) 

9 

1686 

74.7 

2791 

20.3 

3373 

1.6 

Experiment 

1392 

17.2 

2704 

0.5 

3772 

0.3 

12 

1613 

351.8 

3268 

25.0 

4881 

2.9 

Experiments 

1385 

1045.0 

2777 

58.4 

4169 

26.1 

14 

1592 

423.2 

3130 

29.5 

4722 

8.3 

Experiments 

1331 

909.5 

2655 

74.6 

3986 

24.0 

dominant  modes  is  over-predicted  compared  to  experiments,  whereas  in  the  unstable  cases, 
i.e.,  Cases  12  and  14,  the  amplitudes  are  under-predicted.  The  significant  difference  in  the 
amplitude  of  the  first  two  modes  between  stable  (Case  9)  and  unstable  (Cases  12  and  14) 
cases  is  consistent  with  the  experimental  data.  The  pressure  achieved  in  the  simulations  is 
higher  than  the  experiments  by  about  19  %  and  this  can  cause  an  increase  in  the  speed  of 
sound,  thus  shifting  the  acoustic  frequency.  It  can  also  impact  the  amplitude  of  the  fluctua¬ 
tions.  The  higher  operating  pressure  is  possibly  due  to  the  lack  of  heat-loss  modeling  in  our 
simulations  [19,  20].  As  mentioned  in  Section  2.2,  the  amplitudes  of  observed  instability 
are  sensitive  to  the  type  of  boundary  conditions,  even  though  the  stability  pattern  remains 
the  same. 

Figure  12  shows  spatial  structure  of  the  first  two  modes  and  their  phase  along  the  center- 
line  of  the  combustor  for  all  cases.  All  cases  show  a  pressure  node  for  the  first  longitudinal 
mode  at  about  x/D  =11  downstream  of  the  dump  plane.  This  mode  corresponds  to  a  half¬ 
wave  standing  mode  in  the  combustor.  The  second  mode  shows  two  nodes  in  the  combustor 
at  around  x/D  =  5  and  14  for  all  cases.  The  third  mode  (not  shown  here)  is  not  very  dis¬ 
tinct  in  amplitude  in  all  cases,  although  Case  14  shows  the  presence  of  three  possible  nodes 
at  aroundx/Z)  =  4,  10  and  16.  The  phase  change  occurring  across  the  nodes  by  180°  shows 
that  the  modes  within  the  combustor  correspond  to  standing  waves.  The  amplitude  of  all  the 


Fig.  11  Power  spectral  density  (PSD)  of  acoustic  pressure  oscillations  for  Case  12 
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Fig.  12  Mode  shape  and  phase  for  the  first  two  longitudinal  modes 


modes  at  the  dump  plane,  i.e.,  x/D  =  0  is  significantly  higher  in  Cases  12  and  14  com¬ 
pared  to  the  semi-stable  Case  9.  These  observations  are  consistent  with  the  variation  of  the 
peak-to-peak  oscillations  of  pressure  fluctuations  across  different  cases  shown  in  Fig.  10. 
The  amplitude  of  the  first  propagating  mode  at  the  oxidizer  inlet  decreases  with  an  increase 
in  the  oxidizer  length  while  the  second  mode  has  a  higher  magnitude  in  the  unstable  cases 
compared  to  the  semi-stable  Case  9.  The  higher  magnitude  of  first  mode  at  the  inlet  for  Case 
9  may  be  responsible  for  movement  of  the  flame  further  downstream  compared  to  the  other 
two  cases  as  observed  in  Fig.  7. 

3.3  Flame  dynamics  and  stabilization  mechanism 

Instantaneous  snapshots  of  the  flowfield  at  the  positive  half  (v/D  >  0)  of  the  symmetry 
plane  ( z/D  =  0)  are  shown  for  an  arbitrary  cycle  corresponding  to  time-instants  that  are 
approximately  separated  in  phase  by  an  angle  of  60°.  Notwithstanding  the  inevitable  cycle- 
to-cycle  variations,  global  commonalities  are  observed  that  lends  the  combustion  process, 
a  cyclic  character.  The  similarities  and  differences  between  the  three  cases  are  discussed 
below. 

Figure  13  shows  the  contours  of  spanwise  vorticity  for  Cases  9  and  12.  Case  14  is 
not  shown  since  it  exhibits  a  behavior  qualitatively  similar  to  Case  12.  It  is  evident  from 
these  snapshots  that  the  level  of  vorticity  in  the  CRZ  is  not  constant.  This  is  related  to  the 
fluctuations  in  mass  flowrates  (oxidizer  and  fuel),  occurring  due  to  the  traveling  acoustic 
waves.  Consequently,  vortex  shedding  at  the  separated  shear  layer  is  affected,  as  also  has 
been  observed  elsewhere  [23].  Globally  (i.e.,  for  all  cycles),  the  vortex  shedding  frequency 
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(a)  Case  9  (b)  Case  12 

Fig.  13  Spanwise  vorticity  from  Cases  9  and  12  at  the  positive  half  of  the  symmetry  plane.  The  six  frames 
are  separated  in  phase  by  approximately  60° 


closely  corresponded  to  that  of  f\\  1600  Hz,  1644  Hz  and  1635  Hz,  respectively  for  Cases 
9,  12  and  14.  Based  on  the  oxidizer  diameter,  the  bulk  inflow  velocity  and  the  shedding  fre¬ 
quency,  the  Strouhal  number,  St  ~  0.12  for  these  cases,  which  is  within  the  jet  preferred 
mode  shedding  frequency  range  St  ~  0.1  —  0.3  [45].  A  noticeable  difference  between  Case 
9  and  Cases  12/14  is  a  more  rapid  merging  of  the  shed  vortices  for  the  latter  two  cases.  This 
is  probably  related  to  the  larger  magnitudes  of  p'  relative  to  Case  9  [see  Fig.  10]  which  can 
affect  the  convective  motion  of  the  shed  vortices. 

The  corresponding  sequence  of  mixture-fraction  evolution  is  shown  in  Fig.  14.  The 
mixture  fraction  is  defined  using  elemental  carbon  mass  fraction  as  [46]: 


Zc  ZCjOx 
~  “  Zc,f  -  Zc, Ox 

Here,  the  carbon  based  passive  scalar,  Zc  is  defined  as: 


T—Y* 

rw* 


(3.1) 


(3.2) 


In  the  above  equation,  Wk  represents  the  molecular  weight  of  the  kth  species  and  Wc  is  the 
atomic  weight  of  elemental  carbon.  The  summation  spans  the  carbon  containing  species, 
CH4,  CO  and  CO2.  The  subscripts  “Ox”  and  “f”  correspond  to  the  passive  scalar’s  value  at 
the  oxidizer  and  fuel  inlets  respectively.  The  stoichiometric  mixture  fraction,  zst  =  0.095 
based  on  this  definition.  From  the  contours  of  z  thus  defined,  the  intermittent  nature  of  fuel 
flow  is  apparent  -  the  fuel  mass  flowrate,  ;?if  is  affected  by  the  local  magnitude  of  pressure 
oscillation  such  that  a  period  of  quasi-steady  fuel  injection  is  followed  by  sudden  drops  in 
flowrates  (when  locally,  the  pressure  is  higher  than  the  mean). 
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(a)  Case  9  (b)  Case  12  (c)  Case  14 

Fig.  14  Mixture  fraction  field  near  the  dump-plane  in  the  positive  half  of  the  symmetry  plane  for  Cases  9, 
12  and  14.  These  frames  correspond  to  the  same  time-instants  as  Fig.  13.  The  stoichiometric  mixture  fraction 
iso-contour  is  shown  using  a  black  line 


The  fuel  flowrate  computed  at  the  exit  of  the  fuel  injector  and  normalized  by  the  inlet 
value,  mo  is  shown  in  Fig.  15.  In  the  instantaneous  plots.  Fig.  15a-d,  the  sudden  drops  in 
mf  are  particularly  correlated  with  the  peak  of  p'  at  x/D  =  0  (dump  plane)  suggesting 
progressively  increasing  coupling  between  p  (at  x  =  0)  and  mf  (at  the  fuel  injector  exit) 
from  Case  9  to  Case  12.  Case  14  is  not  shown  here,  but  has  a  behavior  similar  to  Case 
12.  In  the  same  figure,  p'  at  the  x/D  =18  location  has  also  been  plotted  to  demonstrate 
the  phase-shifted  nature  of  acoustic  pressure  at  different  axial  locations.  This  is  consistent 
with  the  mode  and  phase  shape  plots  of  Fig.  12.  In  all  further  discussions,  the  x/D  =  0 
point  is  used  as  the  reference  location.  The  phase  averaged  fuel  mass  flow  rate  and  p'  at 
x/D  =  0,  computed  from  50  acoustic  cycles  is  shown  in  Fig.  15e  for  Case  12.  The  time- 
period  over  which  a  decrease  in  mass-flow  rate  occurs  is  smaller  than  the  time-duration 
when  the  flow  rate  fluctuates  about  m o,  consistent  with  the  instantaneous  response  shown 
in  Fig.  15c.  Furthermore,  the  part  of  the  cycle  where  rhf  decreases,  corresponds  to  that  when 
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(b)  Case  9:  Closeup 
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(c)  Case  12 


(d)  Case  12:  Closeup 


Fig.  15  Cyclic  variation  of  the  normalized  fuel  mass  flowrate  thf/tho  and  pressure  fluctuation  p' / po  at 
two  different  locations.  The  six  time-instants  corresponding  to  Fig.  14  are  also  shown  as  symbols.  Here, 
po  =1.34  MPa 
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Fig.  16  PDF  of  normalized  mass 
flow-rate  of  the  fuel  tiif/mo.  The 
dotted  reference  line  correspond 
to  lhf/mo  =  1 


p  increases.  Similarly,  the  part  of  the  cycle  where  m f  is  nominally  steady,  corresponds  to 
a  cycle- window  of  decreasing  p' .  Due  to  the  similarity  in  qualitative  trends  between  the 
phase-averaged  and  the  instantaneous  responses,  the  instantaneous  fields  are  mainly  used 
for  discussing  flame  dynamics  in  the  following  discussions.  The  phase-averaged  plots  for 
Case  12  are  included  wherever  necessary  to  augment  the  discussions. 

The  oscillations  observed  in  the  mass  flowrate  at  the  exit  of  the  injector  about  the  pre¬ 
scribed  flowrate  is  further  highlighted  in  the  probability  density  function  (PDF)  of  the 
normalized  mass  flowrate  shown  in  Fig.  16.  We  can  observe  that  the  PDF  assumes  a  neg¬ 
atively  skewed  shape  with  longer  tails  along  both  positive  and  negative  direction  about  the 
mean,  which  further  underscores  the  presence  of  highly  unsteady  and  intense  fluctuations 
in  the  mass  flowrate.  The  comparison  of  the  mixture  fraction  sequences  (in  Fig.  14)  with 
those  of  vorticity  in  (Fig.  13)  indicates  the  importance  of  vorticity  in  transport  of  fuel  to  the 
CRZ.  Additionally,  as  mentioned  in  the  discussion  of  Fig.  13,  the  distinct  merging  patterns 
of  Case  12/14  relative  to  Case  9  result  in  differences  in  the  fuel  concentration  in  the  CRZ 
closer  to  the  dump-plane.  This  is  also  evident  in  the  mean  profile  of  the  fuel  mass  fraction 
in  Fig.  9b. 

The  sequence  of  the  heat  release  rate  (FIRR)  distribution  is  shown  in  Fig.  17  for  all  cases. 
The  heat-release  region  is  localized  around  the  peripheries  of  the  combustor/CRZ  vortices 
and  decreases  near  the  dump-corner  at  the  moments  when  fuel  supply  becomes  quasi-steady. 
However,  sustained  combustion  occurs  when  the  injected  fuel  eventually  premixes,  preheats 
and  reacts  in  the  combustor  shear-layer.  Some  HRR  can  be  seen  upstream  of  the  dump-plane 
especially  for  Case  14  at  certain  instances.  Typically,  coaxial  configurations  are  usually 
associated  with  diffusion  flames  that  are  lifted  or  attached  to  the  injector  lip  [26].  In  the 
CVRC  as  well,  there  are  moments  when  the  flame  is  convected  closer  to  the  fuel  injector 
[see  Fig.  176c]  but  such  combustion  cannot  be  sustained  since  the  strain  rate  dynamically 
changes  with  the  phase  of  the  cycle  to  allow  stabilization  of  a  diffusion  flame  along  the 
stoichiometric  mixture  fraction  isoline. 

It  is  seen  that  the  oxidizer  mass  flowrate  also  fluctuates  due  to  pressure  fluctuations  in 
the  inlet.  However,  since  the  oxidizer  flow  rate  is  much  larger  than  the  fuel  mass  flowrate, 
combustion  is  limited  by  the  latter.  On  the  other  hand,  due  to  its  larger  magnitude,  oxidizer 
mass  flowrate  affects  combustion  dynamics  via  vorticity  to  a  larger  extent  relative  to  the 
fuel  mass  flowrate.  To  investigate  the  effect  on  HRR,  the  correlation  of  instantaneous  fluc¬ 
tuations  in  ihf  and  the  integrated  heat  release,  tjg  is  shown  in  Fig.  18a.  Both  quantities  have 
been  normalized  by  reference  values  equal  to  the  prescribed  fuel  mass  flowrate  and  the  max¬ 
imum  value  (over  time)  of  the  global  heat-release,  respectively.  The  correlation  is  mostly 
negative  in  all  cases  such  as  the  one  shown  here,  for  Case  12.  This  suggests  a  scenario  where 
the  fuel  injection  and  the  flame  associated  events  in  the  combustor  are,  in  an  average  sense, 
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(a)  Case  9  (b)  Case  12  (c)  Case  14 

Fig.  17  Heat  release  distribution  in  the  symmetry  plane  at  the  same  locations  and  time-instants  as  in  Fig.  13 


(a)  Time  evolution  (Case  12)  (b)  PDF 

Fig.  18  Time  evolution  and  PDF  of  the  correlation  between  heat  release  and  fuel  mass  fraction  The 
six  time-instants  corresponding  to  Fig.  14  are  denoted  by  (•)  in  subfigure  (a).  The  time  evolution  is  only 
shown  for  Case  12 
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mutually  exclusive.  Stronger  negative  correlation  is  observed  between  q'„  and  m'f  in  Cases 
12  and  14  (not  shown)  compared  to  Case  9  (not  shown),  which  further  demonstrates  that 
Cases  12  and  14  are  more  unstable  compared  to  Case  9.  As  can  be  qualitatively  observed 
for  Case  12,  the  instant  of  large  HRR  in  the  combustor  corresponds  to  a  period  of  reduced 
fuel  injection  [see  Figs.  15c  and  d].  The  predominantly  negative  correlation  is  also  evident 
from  the  shape  of  its  PDF  shown  in  Fig.  18b,  which  is  negatively  skewed.  Additionally,  we 
observe  a  long  tail  in  the  PDF,  particularly  for  Cases  12  and  14,  implying  less-frequent  but 
very  strong  fluctuations  in  the  mass  flowrate  and  the  unsteady  heat-release. 

The  high  temperature/HRR  regions  are  occasionally  convected  upstream  of  the  dump 
plane.  To  quantify  these  flame-excursions,  the  temporal  evolution  of  the  most  upstream  axial 
location  of  the  flame  in  the  symmetry  plane  is  shown  in  Fig.  19.  This  is  just  a  qualitative 
measure  to  compare  the  bounds  of  flame-excursions  relative  to  its  mean  anchoring  location. 
The  flame-location  is  defined  on  the  basis  of  combination  of  T  >  2000  K  and  the  local 
heat-release  rate,  qHRR  >  lx  1010  J/m3-s.  The  temperature  condition  was  chosen  based  on 
the  observation  that  the  heat-release  contours  predominantly  coincided  with  the  T  =  2000 
K  iso-line.  This  choice  for  an  iso-line  has  also  been  used  earlier  [19].  The  heat-release 
threshold  is  chosen  by  considering  the  time-averaged  contours  at  the  symmetry  plane  and 


(a)  Case  9 


(b)  Case  12 


(c)  Case  14  (d)  Case  12:  Phase  averaged 


Fig.  19  The  instantaneous  axial  location  of  the  flame.  Black  dotted  line  in  each  figure  indicates  the  temporal 
mean  location  of  the  flame  for  the  duration  shown  here.  The  p'  curve  is  plotted  at  x/D  =  0 
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(a)  Flame  index  (ti) 


(b)  HRR  (ii) 


(c)  Flame  index  (t2) 


(d)  HRR  (t2) 


Fig.  20  Flame  index  and  HRR  for  two  different  instants  of  time  in  a  Case  12  cycle.  The  cross-sectional  view 
of  these  quantities  at  x /D  =  1 . 17  is  also  shown  in  the  right 


computing  a  spatial  average  over  the  reacting  regions,  i.e.,  regions  where  the  methane  reac¬ 
tion  rate  is  non-zero.  Naturally,  the  downstream  bounds  (x  >  0)  of  the  flame-excursions 
are  sensitive  to  these  choices,  but  the  upstream  limit  is  found  to  be  relatively  insensitive  as 
long  as  a  temperature  higher  than  the  oxidizer  temperature  was  chosen.  As  seen  in  Fig.  19, 
all  cases  show  flame-movement  upstream  of  the  dump  plane  to  different  extents  with  Cases 
9  and  14,  respectively,  bracketing  the  lower  and  the  upper  displacement  values.  It  is  notable 
that  in  Cases  12  and  14,  the  peaks  and  troughs  in  the  p'  curve  (at  x/D  =  0)  nominally 
correspond,  respectively,  to  troughs  and  peaks  in  the  displacement  curve.  This  is  even  more 
apparent  in  the  phase  averaged  plot,  Fig.  19d  for  Case  12.  This  suggests  a  strong  and  direct 
influence  of  acoustics  on  the  flame  movement.  On  the  other  hand  for  Case  9,  the  correlation 
between  the  two  curves  appears  to  be  relatively  not  as  emphatic. 

The  flame  structure  can  also  be  characterized  by  using  the  flame  index.  The  flame  index 
is  defined  here  as  [32]: 


FI  = 


VTf  VTqx 


|djf| 


(3.3) 


|VTf||VToxl 

and  is  representative  of  the  nature  of  burning,  whether  premixed  (positive)  or  diffusion 
(negative).  Since  it  is  the  product  of  the  classical  Takeno  index  and  reaction  rate,  non¬ 
zero  values  correspond  to  the  actual  reacting  layers.  Only  sample  images  are  shown  here. 
Figures  20a  and  b  correspond  to  instants  when  heat-release  has  decreased  in  the  combustor 
due  to  fuel  injection  intermittency  and  Figs.  20c  and  d  correspond  to  an  instant  when  HRR  is 
significant.  At  the  time  when  the  mass  flowrate  becomes  quasi-steady,  occasionally  highly 
localized  high  HRR  “spots”  such  as  those  in  Fig.  20b  (see  points  marked  “a”  and  “b”)  are 
observed.  Previously,  researchers  [19,  20,  23]  have  noted  them  to  be  triple-flames  or  tri- 
branchial  flames.  These  are  marked  by  their  location  at  the  intersection  of  the  T  =  2000 
K  iso-line  and  the  z  =  zst  lines.  Here  too  we  note  that  similar  flame  structures  occur  when 
fresh  fuel  mixture  makes  contact  with  the  hot-products  in  the  recirculation  region.  Due  to  a 
highly  unsteady  nature  of  the  flow,  these  locations  are  not  quasi-stationary  but  move  in  time 
and  space,  and  even  in  the  azimuthal  direction.  Additionally  at  some  locations,  the  intersec¬ 
tion  of  rich-premixed  flame  and  a  weak  diffusion  flame  is  seen  as  a  double-flame  structure. 
Presence  of  independent  premixed  flames  closer  to  the  dump  plane  and  diffusion  flames 
further  away  in  the  CRZ  are  also  seen.  Thus,  all  possible  types  of  burning  modes  can  be 
seen  depending  upon  the  instant  of  observation. 

The  time-evolution  of  the  dominant  burning  mode  is  shown  in  Fig.  21.  This  is  com¬ 
puted  by  performing  volume  integration  of  the  HRR  conditioned  on  the  sign  of  the  flame 
index.  The  ratio  of  the  premixed  HRR  contribution  to  the  total  HRR  is  plotted  here.  A  value 
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Fig.  21  The  time  evolution  of  the  ratio  of  HRR  conditioned  on  FI  >  0  to  total  HRR  is  plotted  along  with 
p'  at  x/D  =  0 


larger  than  half,  therefore,  indicates  the  dominance  of  premixed  mode  burning  at  a  given 
time  instant.  The  time-averaged  HRR  due  to  premixed  burning  (HRR |  r/.-o)  contributed  to 
approximately  60  %  of  the  total  HRR  in  all  three  cases.  The  LES  predicted  pressure  p'  at  the 
measurement  point  x/D  =  0  is  overlaid  in  order  to  correlate  the  flame  structure  with  what 
is  typically  measured.  In  the  instantaneous  plots.  Fig.  21a-c,  the  peaks  of  the  conditional 
heat-release  (FI  >  0)  are  almost  aligned  with  the  peaks  of  //,  at  x/D  =  0.  Conversely, 
troughs  (FI  <  0)  are  closer  to  the  troughs  of  p  .  The  phase  averaged  plot  for  Case  12  in 
Fig.  2 Id  also  confirms  this  relationship  between  p'  and  the  premixed  HRR. 

Previously  in  Fig.  19,  it  was  shown  that  the  troughs  of  p'  (at  x/D  =  0)  coincided  with  the 
downstream  movements  of  the  leading  heat-release  location.  Correlating  these  two  trends, 
it  therefore  follows  that  during  these  moments,  the  burning  mode  is  predominantly  non- 
premixed.  This  is  found  to  be  consistent  with  the  sequences  of  the  flame  index  (not  shown 
here),  where  instances  corresponding  to  weak  HRR  near  the  dump-corner  also  corresponds 
to  instances  where  premixed  burning  and  total  HRR  in  general  is  small  (but  dominated 
by  non-premixed  burning).  Therefore,  these  instances  correspond  to  moments  in  the  cycle 
where  fuel-flow  into  the  combustor  has  just  resumed  (compare  frames  3-5  in  Figs.  14 
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and  17).  Conversely,  the  instances  of  strong  upstream  motion  of  the  flame  correspond  to 
instances  where  HRR  is  primarily  due  to  premixed  flame  burning  and  the  flame  is  either 
anchored  at  the  step  or  moves  upstream.  Key  to  the  understanding  of  this  apparent  mode 
switching  is  the  localization  of  non-premixed  burning  in  the  CRZ  as  discussed  earlier.  Since 
the  residence  time  of  the  unburned  fuel  entrained  during  the  quasi-steady  injection  phase 
is  large  in  this  region,  the  HRR  due  to  the  non-premixed  burning  does  not  show  as  much 
variations  as  the  premixed-burning  mode.  Indeed,  on  computation  of  the  mean-normalized 
variance  of  HRR  conditioned  on  the  flame  index.  Cases  9,  12  and  14  were  associated  with 
values  of  0.37,  0.43  and  0.37,  respectively,  for  the  non-premixed  component  of  the  total  heat 
release.  For  the  premixed-mode,  these  ratios  were  0.69,  0.90  and  0.91.  The  relative  invari¬ 
ance  associated  with  the  former  burning  mode,  especially  for  the  unstable  Cases  12  and  14, 
therefore,  represents  a  crucial  aspect  of  flame-stabilization  in  the  CVRC. 


4  Conclusions 

LES  of  the  CVRC  setup  is  performed  for  three  different  injector  configurations,  which  cor¬ 
respond  to  one  semi-stable  and  two  unstable  cases.  The  simulations  were  able  to  reproduce 
both  qualitatively  and  quantitatively,  the  limit  cycle  behavior  and  the  typical  signature  of 
combustion  instability.  The  dominant  frequencies  corresponding  to  the  first  three  longitu¬ 
dinal  modes  are  observed  to  be  similar  to  those  in  the  experiments.  Although  their  values 
were  over-predicted  possibly  due  to  a  higher  operating  pressure  and  burnt  products  temper¬ 
ature,  qualitatively,  however,  the  trends  of  the  experiments  are  captured.  Cases  12  and  14 
are  found  to  be  more  unstable  compared  to  Case  9.  The  pressure  oscillations  also  impact 
flame  characteristics  and  its  stabilization.  With  a  change  in  the  injector  length,  vorticity 
dynamics  is  impacted  resulting  in  changes  to  the  time  averaged  distribution  of  scalar  fields 
and  heat  release.  Instantaneously,  the  pressure  fluctuation  is  negatively  correlated  with  mass 
flowrate  and  the  latter,  in  turn,  is  negatively  correlated  with  the  heat  release.  The  mass 
flowrate  fluctuations  impact  instantaneous  flame  anchoring  locations,  showing  correlations 
with  acoustics  too.  The  leading  edge  flame  location  is  found  to  oscillate  about  a  mean  loca¬ 
tion.  It  is  found  that  flame  movements  upstream  of  the  dump  plane  are  least  in  Case  9, 
consistent  with  the  time-averaged  picture.  The  time-averaged  reaction  rate  contours  promi¬ 
nently  show  heat-release  occurring  close  to  the  fuel  injector  for  Cases  12  and  14,  although 
the  maximum  heat  release  region  is  still  located  inside  the  combustor  for  all  three  cases. 

The  analysis  of  the  flame  structure  reveals  presence  of  multiple  burning  modes,  which 
include  both  premixed  and  non-premixed  flame  structures  that  coexist  locally  as  well  as 
in  exclusion.  However,  the  dominance  of  a  certain  mode  of  burning  (premixed  or  non- 
premixed)  is  shown  to  depend  on  the  phase  of  the  cycle.  Therefore,  the  pressure  oscillation 
level  and  its  phase  dictate  the  switching  between  the  dominant  modes  of  heat  release.  The 
non-premixed  mode  based  heat  release  magnitude  is  relatively  more  invariant  than  that  due 
to  the  premixed  mode,  possibly  representing  an  important  feature  of  flame  stabilization  in 
the  CVRC  setup. 

Many  issues  still  remain  to  be  addressed.  Sensitivity  of  the  predicted  frequencies  and 
amplitudes  to  some  of  the  obvious  modeling  simplifications  needs  to  be  assessed.  In  this 
study,  the  sensitivity  to  heat  loss  at  the  walls  was  investigated  using  isothermal  bound¬ 
ary  conditions.  While  the  frequency  response  showed  little  sensitivity  when  compared 
with  the  adiabatic  baseline  configuration  case,  the  predicted  amplitudes  showed  signifi¬ 
cant  sensitivity.  Nevertheless,  the  predictions  still  showed  considerable  deviation  from  data. 
Future  studies  will  focus  on  the  analysis  of  heat-loss  effects  in  more  detail  to  explain  these 
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discrepancies.  In  addition  to  the  assumptions  regarding  thermal  boundary  conditions,  over¬ 
prediction  of  mean  temperature  and  pressure  in  the  CVRC  is  also  related  to  the  use  of 
simple  two-step  kinetics.  Although  the  laminar  flame-speed  is  tuned  for  CVRC  conditions, 
the  adiabatic  temperatures  are  over-predicted  due  to  absence  of  many  endothermic  reac¬ 
tions  present  in  a  more  detailed  mechanism.  Finally,  the  acoustic  response  is  affected  by  the 
assumption  of  characteristics  based  treatment  of  the  inflow  boundary  conditions.  In  the  real- 
system,  the  injector  is  slotted  and  choked.  The  sensitivity  to  inflow  boundary  conditions 
will  be  assessed  by  including  the  slotted  injector  in  the  computations. 
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Abstract 

We  present  a  large-eddy  simulation  (LES)  based  investigation  of  transverse  thermo-acoustic  combustion 
instability  in  a  rectangular  combustion  chamber.  The  configuration,  referred  to  as  transverse  instability 
combustor  (TIC)  rig,  is  a  high  pressure,  shear  coaxial,  seven  element  combustor,  representative  of  a  typical 
liquid  rocket  engine.  The  seven  injector  elements  are  designed  to  supply  both  fuel  and  oxidizer  with  different 
possible  combinations  so  that  stable/unstable  combustion  can  be  studied.  Experimental  investigation  of  the 
TIC  rig  at  Purdue  University  has  shown  presence  of  transverse  thermo-acoustic  instabilities  resulting  from 
a  non-linear  coupling  of  the  unsteady  heat  release  due  to  combustion  with  the  vortical  structures  impinging 
on  the  combustion  chamber  walls  [1,  2].  These  vortical  structures  originally  contain  both  fuel  and  oxidizer 
and  their  impact  on  the  combustion  chamber  wall  leads  to  formation  of  a  concentrated  region  of  unsteady 
heat  release.  The  non-linear  coupling  of  the  unsteady  heat  release  with  the  transverse  acoustic  waves  leads 
to  appearance  of  a  self-sustained  limit-cycle  behavior  of  the  acoustic  pressure  fluctuations.  Appearance  of 
thermo-acoustic  instabilities  in  practical  engines  can  possibly  damage  the  combustor  due  to  stress  and  heat 
flux.  In  the  present  study,  we  first  simulate  the  model  combustor  with  only  three  active  injector  elements  and 
modeling  rest  of  the  injectors  as  a  constant  mass  inlet  section.  Such  a  modification  of  the  geometry  alters 
physics  of  the  injection  process,  especially  near  the  combustion  chamber  walls  leading  to  a  stable  combustion 
within  the  rig.  LES  is  able  to  predict  the  stable  combustion  exhibited  by  the  three-element  configuration, 
thus  demonstrating  ability  of  LES  to  capture  complex  reactive  flow  physics.  The  numerical  investigation  is 
currently  being  extended  to  simulate  the  entire  TIC  rig  comprising  of  seven  injector  elements  to  analyze  the 
self-sustained  transverse  instabilities  and  the  flame  holding  dynamics  under  such  conditions. 

Keywords:  Transverse  combustion  instability,  large  eddy  simulation,  multi-element,  shear-coaxial 


1.  Introduction 

Thermo-acoustic  combustion  instability  is  a  phenomenon  that  is  observed  in  several  reactive  flow  systems 
such  as  liquid/solid  rocket  engines,  premixed  gas  turbines,  ramjets,  and  afterburners  under  certain  operating 
conditions.  It  is  understood  to  be  the  result  of  a  non-linear  coupling  of  the  unsteady  heat  release  with  the 
local  pressure  (acoustic)  fluctuations  leading  to  a  large-amplitude  pressure  oscillations  [3-9] .  Such  instability 
can  occur  in  two  forms,  usually  referred  to  as  longitudinal  or  transverse  instability.  They  can  quickly  manifest 
themselves  in  time  leading  to  large  stresses  and  heat  fluxes,  and  can  possibly  damage  the  combustion  system. 
Therefore,  eliminating  or  controlling  combustion  instability  has  been  a  focus  of  many  past  studies.  However, 
both  experimental  and  numerical  methods  face  several  challenges  in  their  ability  to  capture  and  predict 
this  phenomenon.  For  example,  experimental  investigation  of  a  sustained  combustion  instability  is  nearly 
impossible  due  to  the  possibility  of  damage.  Furthermore,  due  to  high  pressure  and  hot  operating  conditions, 
detailed  measurements  are  difficult  to  obtain.  Numerical  investigation  of  such  phenomenon  is  also  difficult 
as  it  requires  accurate  and  robust  methods  and  models  to  simulate  realistic  test  conditions.  In  this  study 
we  demonstrate  the  ability  of  LES  to  predict  transverse  combustion  instability  by  simulating  a  model  high 
pressure,  shear-coaxial,  multi-element  combustion  system. 
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An  experimental  test  rig  called  the  transverse  instability  combustor  (TIC)  in  Purdue  University  [1,  2,  10] 
has  been  shown  to  exhibit  spontaneous  and  self-sustained  transverse  combustion  instability  and  is  the  focus 
of  this  study.  The  test  rig  comprise  of  a  seven  injector  elements,  which  can  inject  fuel  and  oxidizer  with 
different  combinations  within  a  rectangular  combustion  chamber.  It  is  shown  in  the  experimental  investiga¬ 
tion  that  the  concentrated  heat  release  on  the  side  walls  of  the  chamber  resulting  from  the  impingement  of 
the  vortical  structures  on  the  side  walls  can  interact  with  the  transverse  acoustic  waves  causing  appearance 
of  self-sustained  limit-cycle  behavior,  i.e. ,  transverse  combustion  instability.  Numerically  modeling  this  rig 
is  challenging  due  to  several  factors  such  as,  complex  geometry,  finite-rate  kinetics,  unsteady  flow  physics, 
test  conditions,  turbulence  chemistry  interaction  etc.  Here,  we  use  LES  to  investigate  the  self-sustained 
transverse  instability  and  the  flame  dynamics  within  the  TIC  rig. 

Due  to  the  unsteady  nature  of  the  combustion  instability,  LES  or  detached  eddy  simulation  (DES)  are 
usually  considered  to  be  appropriate  to  study  such  dynamical  systems.  In  the  past,  LES  has  been  actively 
used  for  many  combustion  instability  studies  in  ramjets  or  dump  combustors  and  gas  turbine  combustors 
[4,  11-21].  These  studies  have  shown  the  need  to  accurately  model  the  three-dimensional  (3D)  and  unsteady 
effects  in  addition  to  an  accurate  modeling  of  the  injector  element  geometry.  The  injector  geometry  alters 
the  characteristic  impedance  of  the  system,  which  in  turn  affects  the  frequency  and  amplitude  of  the  acous¬ 
tic  fluctuations.  Typically,  combustion  instabilities  comprises  of  multiple  acoustic  modes,  and  therefore, 
requires  an  accurate  modeling  of  geometry,  boundary  conditions  and  operating  conditions  to  ensure  that 
all  the  relevant  modes  are  captured.  For  example,  in  past  studies  of  longitudinal  combustion  instability  in 
the  continuously  variable  resonance  combustor  (CVRC)  rig  [19-21],  the  fundamental  frequency  was  over¬ 
predicted  and  this  was  attributed  to  the  adiabatic  wall  conditions  employed  by  the  numerical  investigations, 
which  do  not  account  for  heat  loss  from  the  system.  The  modeling  of  combustor  walls  with  an  isothermal 
condition  lead  to  improvement  in  the  prediction  of  characteristics  of  the  acoustic  fluctuations. 

The  objective  of  the  present  study  is  to  investigate  stable/unstable  combustion  within  the  TIC  rig  for 
different  configurations  of  the  seven  injector  system.  The  first  case  considers  a  configuration  where  only  three 
injectors  are  active  and  rest  injectors  are  modeled  as  constant  mass  inflow  sections.  This  case  is  known  to  have 
a  stable  combustion  behavior  [2],  and  therefore,  is  chosen  to  demonstrate  that  the  computational  approach 
employed  in  the  present  study  can  capture  the  reactive  flow  physics  and  the  flame  dynamics.  The  second 
case  is  the  original  TIC  configuration,  which  has  all  the  seven  injector  elements  active,  and  is  considered  to 
demonstrate  that  the  numerical  method  employed  in  the  present  study  can  capture  the  unsteady  dynamics 
of  the  self-sustained  transverse  instabilities.  We  analyze  the  mechanism  of  stable/unstable  combustion  in 
these  two  cases  by  studying  the  interaction  of  flow  and  flame  dynamics  with  the  change  in  the  configuration. 

The  article  is  arranged  as  follows.  Section  2  describes  the  details  of  the  TIC  rig.  This  is  followed  by  Sec.  4 
where  the  numerical  methodology  and  the  computational  setup  are  discussed.  The  results  are  presented  in 
Sec.  4  for  instantaneous  and  time  averaged  reactive  flow  field.  Finally,  conclusions  and  future  directions  are 
summarized  in  Sec.  5. 

2.  Details  of  Experimental  Setup 

The  transverse  instability  combustor  (TIC)  combustion  system  is  an  experimental  test  rig,  which  com¬ 
prises  of  seven  shear  coaxial  injector  elements  in  a  row  ending  into  a  rectangular  combustion  chamber  [10]. 
Each  injector  element  can  supply  gaseous  fuel  or  oxidizer,  thus  leading  to  different  possible  configurations. 
The  oxidizer  used  in  this  test  rig  is  decomposed  hydrogen  peroxide,  while  two  different  types  of  fuels  have 
been  used  at  the  same  time,  namely  RP1  and  ethane  [10].  RP1  fuel  is  used  mainly  because  of  its  ability  to 
shows  spontaneous  ignition  in  the  presence  of  hot  decomposed  hydrogen  peroxide,  and  therefore,  it  avoids 
the  need  to  have  a  spark  within  the  combustion  chamber.  On  the  other  hand  ethane  is  used  as  the  main 
fuel  and  is  considered  to  investigate  different  possible  configurations  of  typical  rocket  engine  propellants. 
Figure  1  shows  a  schematic  of  the  TIC  rig  comprising  of  the  seven  injectors  and  the  rectangular  chamber. 
We  can  observe  the  presence  of  a  quartz  window,  which  is  used  for  the  high  speed  video  data  processing  in 
experimental  investigations.  The  study  is  primarily  focused  on  the  central  injector,  referred  here  onwards 
as  as  the  “study  injector”,  whereas  the  other  six  injector  elements  are  referred  as  the  “driving  injectors”, 
because  these  injectors  presumably  provide  majority  of  the  thermal  energy  needed  to  sustain  the  transverse 
instability.  The  inflow  conditions  for  all  the  seven  elements  are  choked.  A  major  difference  between  the 
driving  and  the  study  elements  is  the  presence  of  a  choke  plate,  apparent  in  Figure  1,  which  is  due  to  a  need 
to  have  a  different  resonant  frequency  of  the  central  injector  compared  to  the  side  injectors.  The  choked 
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Figure  1:  Schematic  of  the  transverse  combustion  instability  (TIC)  rig  showing  the  injector  elements  and  the  rectangular 
chamber  [22]. 
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Figure  2:  Geometrical  details  of  the  seven  injectors  of  the  TIC  rig. 


plate  is  constituted  by  coaxial  inlets  as  illustrated  in  Figure  1,  where  the  blue  area  indicates  the  oxidizer  inlet 
configuration,  while  the  orange  part  indicates  the  fuel  inlet.  This  detail  is  ignored  in  the  computational  setup 
and  each  oxidizer  inlet  section  is  treated  as  a  uniform  inlet,  where  the  original  mass  flow  rate  is  spread  on 
the  whole  circular  cross  section.  The  geometrical  details  of  the  TIC  rig  employed  in  the  present  investigation 
is  summarized  in  Figure  2,  where  all  the  dimensions  are  expressed  in  centimeters.  A  zoomed-in  view  shows 
the  configuration  of  the  coaxial  fuel  slot,  which  is  slightly  longer  in  the  case  of  the  central  study  injector. 

In  the  experiments  changing  the  inflow  configuration  of  the  seven  injector  elements  lead  to  different  levels 
of  combustion  instability  within  the  combustor  [1,  2,  10].  Figure  3  shows  the  possible  three  configurations 
pertaining  to  the  injectors,  namely,  the  oxidizer  alone  setup,  oxidizer  and  ethane  setup  and  oxidizer  and  RP1 
setup.  We  denote  the  configuration  with  both  fuel  and  oxidizer  flow  by  O  and  the  oxidizer  only  flow  by  X. 

Table  1  summarizes  the  different  conditions  considered  in  the  experimental  investigation.  Experimental 
studies  have  shows  that  the  most  unstable  configuration  is  the  first  case,  which  reveals  a  peak-to-peak 
pressure  fluctuation  of  about  65%  of  the  mean  chamber  pressure.  Therefore,  this  configuration  appears  to 
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Figure  3:  Possible  configuration  of  each  injector  in  the  TIC  rig. 


Table  1:  Experimental  test  conditions  for  the  TIC  rig 


Case  number 

Configuration 

Pc  [kPa] 

p'  [kPa] 

p’  [%Pc] 

1W  [Hz] 

1 

00X0X00 

965 

620 

65 

2032 

2 

oxxoxxo 

830 

415 

50 

1807 

3 

xoxoxox 

815 

70 

8 

1855 

4 

xooooox 

895 

175 

20 

1920 

Table  2:  Operating  conditions  of  the  driving  elements 


Parameter 

Value 

O/F,  (h2o2/rpi) 

5.94 

O/F,  (02/RP 1) 

2.51 

H202  Flow  rate  per  element  [kg/s] 

0.196 

02  Flow  rate  per  element  [kg/s] 

0.083 

RP 1  Flow  rate  per  element  [kg/s] 

0.033 

RP 1  inlet  temperature  [K] 

298.15 

Oxidizer  inlet  temperature  [K] 

1029 

Inlet  pressure  [kPa] 

965 
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Table  3:  Operating  conditions  of  the  study  element 


Parameter 

Value 

Inlet  pressure  [kPa] 

965 

F/O  density  ratio 

4.5 

Injector  O/F  ratio 

3.08 

Equivalence  ratio 

1.21 

H2O2  Flow  rate  [kg/s] 

0.182 

O2  Flow  rate  [kg/s] 

0.076 

C2HQ  Flow  rate  [kg/s] 

0.025 

C2HQ  Inlet  temperature  [K] 

319 

Oxidizer  inlet  temperature  [K] 

1029 
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Figure  4:  Sketch  of  vortex  shedding  on  chamber  walls. 


be  the  most  interesting  setup  for  numerical  investigation  and  is  considered  in  the  present  study. 

Table  2  and  3  summarizes  all  the  details  of  the  operating  conditions  of  the  driving  and  study  elements, 
respectively,  which  include  oxidizer  to  fuel  ratio,  inlet  mass  flow  rate  of  fuel  and  oxidizer,  inlet  temperature 
and  inlet  pressure. 

As  mentioned  before,  in  the  TIC  rig,  the  self-sustained  acoustic  oscillations  occur  due  to  a  non-linear 
coupling  of  the  unsteady  heat  release  with  the  transverse  acoustic  waves.  According  to  the  Rayleigh  criterion, 
if  the  acoustic  pressure  fluctuation  p'  is  positively  coupled  with  the  fluctuating  heat  release  q'  (i.e.  the  phase 
between  them  is  within  zero  and  180  degrees),  then  energy  is  supplied  in  phase  to  the  acoustics  of  the  chamber, 
and  as  a  result,  an  amplification  of  the  acoustic  pressure  amplitude  occurs.  The  space-local  Rayleigh  index, 
RI  is  defined  as 


A  t  J0  pq  ’ 


where  (•)  denote  a  time  averaged  quantity  over  the  time  interval  At.  RI  by  definition  varies  from  -1  to  1.  A 
positive  values  of  RI  indicates  self  sustained  oscillations,  while  a  negative  values  suggest  that  the  acoustic 
fluctuations  and  the  unsteady  heat  release  are  out  of  phase,  leading  to  a  decay  of  the  acoustic  fluctuations. 

One  of  the  possible  reason  for  thermo-acoustic  instability  observed  in  the  pasts  studies  [23-26]  is  the 
vortex  shedding  phenomenon,  which  leads  to  a  continuous  release  of  vortical  structures  from  the  injectors. 
The  impingement  of  these  structures  on  the  chamber  walls  leads  to  a  concentrated  heat  release,  which  shows 
a  highly  unsteady  dynamics.  If  the  local  pressure  maximum  is  present  in  the  instance  of  intense  heat  release 
due  to  combustion,  then  a  positive  Rayleigh  index  occurs,  thus  leading  to  a  self-sustained  oscillation.  Past 
studies  have  predicted  that  the  vortex  impingement  on  the  chamber  walls  occurs  at  approximately  5 h,  where 
h  is  the  step  height  between  the  injector  and  the  wall.  For  this  reason,  in  the  experimental  investigation  of 
the  TIC  rig,  the  step  height  was  chosen  to  ensure  that  the  vortex  impingement  occurs  close  to  the  location 
of  a  local  pressure  maxima. 

Figure  4  shows  a  sketch  of  the  vortex  shedding  phenomenon  on  the  chamber  walls.  The  time  between 
the  vortex  shedding  and  vortex  impingement  is  expressed  as 
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where  h  is  the  unknown  step  height  and  uox  is  the  mean  oxidizer  speed.  The  time  difference  between  the 
vortex  shedding  and  the  vortex  impingement  to  the  wall  of  the  chamber  can  be  estimated  as  one  fourth  of 
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the  first  transverse  acoustic  mode  and  is  given  by 


_  T  _  1 

From  Eq.  (2)  and  Eq.  (3),  we  can  estimate  the  step  height,  which  is  given  by 


20 /' 


(3) 

(4) 


The  first  transverse  mode  can  be  estimated  by  knowing  the  mean  speed  of  sound  and  the  chamber  width. 
In  a  similar  manner,  the  oxidizer  posts  of  the  driving  injectors  were  designed  to  be  half-wave  resonators  of 
the  first  transverse  mode  and  their  length  is  given  by 
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where 


A  = 


fw  ’ 


(6) 


with  aOXl  and  fw  being  the  oxidizer  speed  of  sound  and  the  transverse  frequency  of  the  chamber,  respectively. 
The  central  study  element  was  designed  following  the  same  approach,  with  a  slight  different  length,  which 
was  set  to  be  three  quarters  of  the  second  transverse  mode. 

The  major  objective  of  the  present  numerical  investigation  is  to  reproduce  the  most  unstable  case  reported 
by  the  experimental  studies.  However,  before  that,  we  follow  the  approach  of  Shipley  [2],  where  a  reduced 
geometry  case  with  three  active  injectors  was  considered  to  reduce  the  computational  cost.  This  aspect  is 
specifically  related  to  the  computational  setup,  which  is  discussed  below. 


3.  Details  of  computational  setup 

In  this  section,  we  first  briefly  describe  the  numerical  methodology.  Afterward,  we  provide  details  of  the 
three  and  seven  injector  configurations.  The  seven  injector  configuration  is  studied  experimentally,  how¬ 
ever,  the  three-injector  configuration  is  investigated  first  to  demonstrate  predictive  ability  of  the  numerical 
methodology  employed  in  this  study.  In  particular,  this  configuration  is  used  to  establish  the  computational 
framework  employed  in  this  study  and  some  of  the  choices  such  as  use  of  a  finite-rate  reduced  chemical 
kinetics,  computational  grid,  turbulence  closures  etc. 

3.1.  Numerical  methodology 

The  numerical  methodology  is  based  on  the  well-established,  second-order  accurate  (in  both  space  and 
time)  finite- volume  solver  for  the  unsteady  Favre-filtered  multi-species  compressible  LES  equations  [27].  A 
hybrid  scheme,  which  switches  between  a  second-order-accurate  central  scheme  and  a  third-order-accurate 
MUSCL  (Monotone  Upstream-centered  Schemes  for  Conservation  Laws)  scheme  is  employed  [28].  A  localized 
dynamic  switch  based  on  pressure  and  density  gradients  determines  the  spatial  discretization  scheme  to  use 
locally  [27,  29].  Past  studies  have  shown  that  the  hybrid  approach  can  capture  regions  of  high  gradients 
(as  in  shocks  or  thin  shear  layers  between  fuel  and  oxidizer)  and  also  regions  of  turbulent  fluctuations  away 
from  these  strong  gradients  accurately  [27-30].  The  subgrid-scale  (SGS)  momentum  and  energy  fluxes  are 
closed  using  a  subgrid  eddy  viscosity  model,  which  is  obtained  using  the  local  grid  filter  A  and  the  subgrid 
kinetic  energy  fcsgs.  An  additional  transport  equation  is  solved  for  fcsgs  and  localized  dynamic  evaluation  is 
used  to  obtain  all  the  model  coefficients  [28,  31].  The  turbulence-chemistry  interaction  is  modeled  through 
the  quasi-laminar  approximation  [32],  i.e. ,  subgrid  turbulence-chemistry  interactions  are  neglected,  which  is 
reasonable  assumption  for  the  present  study.  Note  that  the  subgrid  turbulence  chemistry  interaction  is  often 
considered  to  be  crucial  for  LES  of  turbulent  combustion.  However,  in  some  of  the  past  studies  [33,  34],  it 
has  been  found  that  such  an  interaction  does  not  play  a  pivotal  role,  although  it  does  affect  results  in  certain 
aspects.  Details  of  the  LES  equations,  numerical  method  and  these  closures  are  presented  in  several  articles 
cited  earlier  and  therefore  avoided  here,  for  brevity. 
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Figure  5:  Schematic  of  the  reduced  geometry  in  the  three  injector  configuration. 


3.2.  Three  injector  configuration 

The  three-injector  configuration  is  a  reduced  geometry  case  with  three  active  injectors  and  four  implicitly 
modeled  injectors.  Note  that  this  configuration  is  known  to  exhibit  stable  combustion  within  the  TIC  rig. 
Therefore,  the  ability  of  the  numerical  framework  can  be  assessed  in  terms  of  prediction  of  stable/unstable 
combustion.  Figure  5  shows  the  reduced  geometry  used  in  the  present  study.  This  particular  configuration 
correspond  to  case  1  in  Table  1.  The  geometry  simplification  is  achieved  by  removing  the  four  injector 
elements  on  both  sides  of  the  combustion  chamber.  In  Case  1,  only  oxidizer  flows  in  the  last  two  driving 
injectors,  and  therefore,  these  injectors  are  replaced  with  a  constant  mass  flow  rate  inlet  section.  The 
details  of  the  dimensions  of  the  reduced  geometry  in  the  three  injector  configuration  is  shown  in  Figure  6. 
We  can  observe  that  the  oxidizer  inlets  are  modeled  as  a  constant  mass  flow  rate  and  there  is  no  explicit 
representation  of  the  choked  plate.  Additionally,  only  the  study  element  fuel  slot  is  explicitly  modeled  in 
this  study.  In  fact,  as  the  other  fuel  slots  does  not  have  fuel  flowing  through  them,  there  is  no  specific  need 
to  model  the  fuel  cavity  (as  represented  in  the  zoomed-in  view  in  Figure  6). 

Figure  7  shows  the  details  of  the  computational  grid  of  the  three-injector  configuration.  The  computa¬ 
tional  domain  is  spatially  discretized  using  a  multi-block  structured  grid.  The  grid  parameters  are  chosen  to 
ensure  adequate  resolution  in  the  vicinity  of  the  flame  zone  and  the  shear  layer,  where  both  turbulent  trans¬ 
port  and  combustion  processes  interact  with  each  other.  Note  that  it  is  essential  to  have  enough  resolution  in 
this  region  to  capture  unsteady  mixing,  transport  and  heat-release  processes  as  they  directly  affect  the  flow 
and  flame  dynamics,  particularly  the  flame  anchoring  mechanism.  In  addition,  the  grid  in  the  vicinity  of  the 
dump  plane  should  be  carefully  designed  as  the  dump  plane  links  the  coaxial  injector  elements  with  the  rest 
of  the  combustion  chamber.  Taking  into  all  these  considerations,  a  multi-block  structured  grid  comprising 
of  564  blocks  is  generated  with  approximately  8.5  million  computational  cells. 

The  operating  pressure  of  the  combustion  chamber  is  Pref  =  0.96  MPa.  The  study  injector  comprises  of 
oxidizer  and  fuel  injectors.  The  oxidizer  is  a  mixture  of  O2  and  H2O  with  mass  fractions  of  0.42  and  0.58, 
respectively  [22].  The  experimental  investigation  of  the  TIC  rig  was  originally  performed  using  ethane  as 
the  fuel.  However,  in  the  present  study  we  consider  methane  (CH4)  as  the  fuel.  A  reduced  version  of  the 
chemical  kinetics  for  ethane  is  currently  under  development  and  will  be  considered  in  a  future  study.  Note 
that  a  similar  approach  has  been  used  at  Purdue  University  [2]  for  investigation  of  the  the  seven  injectors 
configuration,  where  the  self-sustained  instability  has  been  demonstrated.  Therefore,  the  choice  of  methane 
as  the  fuel  instead  of  ethane  seems  reasonable  for  current  investigation  of  transverse  instability. 
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Figure  6:  Dimension  of  the  three  injectors  case  (measurements  in  centimeters). 


Figure  7:  Geometry  and  computational  grid  employed  by  the  three  injector  configuration. 


The  boundary  conditions  play  an  important  role  on  the  dynamics  of  reactive  flow  within  the  combustor. 
Particularly,  they  affect  the  vorticity  dynamics  immediately  downstream  of  the  dump  plane,  which  can  affect 
the  overall  stability  pattern  of  the  combustor.  The  mass  flow  rates  of  O2  and  H2O  through  the  study  injector 
are,  0.076  kg/s  and  0.182  kg/s,  respectively  and  the  oxidizer  is  injected  at  T\  =  1029  K.  The  fuel  is  injected 
though  the  coaxial  inlet  surrounding  the  study  element.  The  inlet  temperature  of  the  fuel  is  T2  =  319  K  and 
the  mass  flow  rate  is  0.023  kg/s.  The  two  driving  injectors  located  at  both  sides  of  the  study  element  have 
only  oxidizer  flowing  through  them  according  to  the  most  unstable  configuration.  As  shown  in  Figure  6, 
the  driving  sections  represent  the  last  two  driving  injectors  in  the  original  seven  injector  configuration  on 
each  side  of  the  combustion  chamber.  Both  of  these  sections  are  rectangular  and  a  constant  mass  flow  rate 
inflow  boundary  condition  is  used  for  these  section.  According  to  the  past  experimental  [22]  and  numerical 
[2]  investigations  of  the  TIC  rig,  the  driving  sections  contain  either  oxidizer  or  RP1  as  a  fuel.  However,  the 
reduced  methane  chemistry  adopted  here  does  not  consist  of  RP1  and  therefore,  we  consider  the  equilibrium 
products  between  H2O2  and  RP1,  with  mass  flow  rate  of  0.196  kg/s  and  0.033  kg/s  for  H2O2  and  RP1, 
respectively  and  temperature  of  Th2o2  =  1029  K  and  Tpp\  =  298,  respectively.  Since  each  driving  section 
is  supposed  to  model  two  of  these  injectors,  therefore  the  mass  flow  rate  for  one  driving  section  is  obtained 
as  0.458  kg/s.  The  equilibrium  composition  (mass-fraction)  is  given  by  YH2o  =  0.67752,  Yco2  =  0.09257, 
Yh2o  =  0.22986,  Yh2o  =  0.00005,  with  an  adiabatic  flame  temperature  of  T3  =  2621.61  K. 

All  of  the  inflow  boundaries  are  modeled  using  the  characteristic  boundary  conditions  [35]  where  the 
mass  flowrates,  the  species  mass  fractions  and  the  temperature  are  prescribed.  Outflow  is  choked  through 
the  nozzle  and  therefore,  supersonic  conditions  are  employed  at  the  nozzle  exit.  No-slip  walls  with  adiabatic 
thermal  conditions  are  used  for  the  chamber  walls.  Although  heat  loss  from  the  walls  is  likely  to  play  some 
role  as  noted  earlier  [19,  36],  there  is  no  experimental  data  pertaining  to  the  thermal  conditions  at  the 
wall.  Therefore,  we  focus  here  mainly  on  the  flame  dynamics  and  transverse  instability  mechanism  without 
accounting  for  any  heat  loss  through  the  walls. 

The  finite-rate  chemical  kinetics  is  employed  through  a  reduced  kinetics  to  make  the  problem  computa¬ 
tionally  tractable.  A  two-step,  five  species  (CH4,  02,  H20,  C02  and  CO)  reduced  kinetics  is  used  in  this 
study  based  on  earlier  studies  [37]  and  is  same  as  the  one  employed  in  past  studies  for  study  of  longitudinal 
instabilities  [20,  21].  The  two-steps  of  the  mechanism  are  given  by 

CH4  +  I.5O2  ->  CO  +  2H20 
CO  +  O.5O2  ^  C02. 

The  mechanism  involves  correction  functions  that  depend  on  the  local  equivalence  ratio,  <f>  to  modify  the 
pre-exponential  factors  appearing  in  the  two  rate  expressions.  The  parameters  used  earlier  [37]  are  retained 
in  their  unmodified  form  and  tested  for  the  flow  conditions  of  the  current  investigation.  Although  a  two-step 
model  is  a  major  approximation,  for  combustion  instability,  proper  heat  release  is  more  critical  than  radical 
predictions  and  therefore,  is  considered  acceptable  [18]. 

The  simulation  has  been  performed  for  approximately  13  milliseconds,  i.e. ,  about  18  flow  through  times. 
After  the  initial  transients  are  passed  and  the  flame  is  established  within  the  central  region  of  the  rectangular 
chamber  anchored  in  the  vicinity  of  the  dump  plane,  time  averaging  is  performed  to  obtain  turbulence 
statistics. 

3.3.  Seven  injector  configuration 

Figure  8  shows  the  seven  injector  combustor  geometry  along  with  the  details  of  the  computational  grid. 
In  particular,  the  most  challenging  part  of  the  grid  generation  step  is  to  have  adequate  resolution  with  a 
better  quality  grid  in  the  vicinity  of  the  dump  plane  where  the  coaxial  injectors  end  at  the  start  of  the 
rectangular  combustion  chamber.  Similar  to  the  three  injector  configuration  discussed  in  Sec.  3.2,  grid  is 
designed  to  have  enough  resolution  in  the  region  where  interaction  of  shear  layer  with  the  unsteady  flame 
dynamics  occur.  In  other  parts  of  the  combustion  chamber,  a  coarser  grid  resolution  is  used  by  stretching 
the  grid  appropriately.  For  example,  the  convergent  part  of  the  nozzle  and  the  outlet  zone  do  not  require 
fine  grid  resolution,  and  therefore,  the  grid  is  generated  by  exploiting  the  double  O-grid  structure  created 
in  the  injector  zone,  and  expanding  the  grid  till  the  original  circular  shape  gets  modified  to  an  octagonal 
shape.  Such  an  approach  eliminates  the  need  to  have  the  O-grid  topology  of  the  injector  part  up  to  the 
outflow  section  and  still  leads  to  better  quality  grid.  The  resulting  multi-block  structured  grid  comprises  of 
936  blocks  with  approximately  about  16  million  computational  cells. 
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Figure  8:  Geometry  and  computational  grid  employed  by  the  seven  injector  configuration. 


Contrary  to  the  three-injector  configuration,  the  full  injector  configuration  does  not  employ  any  simplifi¬ 
cation  compared  to  the  past  experimental  studies  except  the  reduced  chemical  kinetics.  Similar  to  the  three 
injector  case,  we  consider  the  fuel  to  be  methane  instead  of  ethane  and  RP1.  The  mass  flow  rate  of  methane 
is  chosen  with  respect  to  the  values  given  in  Table  2  and  3  by  matching  the  equivalence  ratio  used  in  the 
experiments.  In  this  case,  we  also  include  the  driving  injectors  on  the  two  sides  of  the  combustion  chamber 
and  therefore,  appropriate  mass  flow  rate  need  to  be  specified.  We  use  the  corresponding  equivalence  ratio 
used  for  these  injectors  given  in  Table  2,  and  by  representing  RP1  as  nCi2-ff26j  we  obtain  the  required 
mass  flow  rate.  The  boundary  conditions  and  all  other  computational  details  employed  in  the  study  of  this 
configuration  are  similar  to  the  three  injector  configuration  described  in  Sec.  3.2. 


4.  Results 

In  this  section,  we  first  describe  the  instantaneous  results  for  the  three  injector  configuration  with  em¬ 
phasis  on  flow  and  flame  dynamics.  Afterward,  we  describe  the  acoustic  pressure  fluctuation  in  the  three 
injector  configuration.  Finally,  we  describe  some  preliminary  results  obtained  from  the  ongoing  study  of  the 
seven  injector  configuration. 

4-1.  Three  injector  configuration 
4-1.1.  Instantaneous  reactive  flow  features 

The  quality  of  the  computational  grid  and  the  predictive  ability  of  the  employed  turbulence  closures 
are  assessed  first  to  ensure  that  the  follow-up  discussion  does  not  show  a  grid  sensitive  behavior.  Figure  9 
shows  the  spectrum  of  the  resolved  turbulent  kinetic  energy.  It  is  obtained  at  a  location  in  the  middle  of  the 
chamber  where  the  flame  development  occurs.  We  can  clearly  observe  an  agreement  with  the  —  5/3  slope, 
which  is  expected  to  be  observed  in  the  inertial  range  of  turbulent  fluid  flow.  This  demonstrates  that  the 
computational  grid  and  the  turbulence  closure  approximations  employed  in  the  present  study  are  adequate 
and  accurate. 

Figure  10  shows  contours  of  the  instantaneous  pressure  field  at  two  different  times  in  the  central  x  —  z  and 
x  —  y  planes.  We  can  observe  that  initially  there  are  acoustic  waves  throughout  the  combustion  chamber. 
These  waves  enter  the  injectors  and  experience  a  phase  shift  with  respect  to  the  dump  plane  because  of  the 
different  length  of  the  injectors.  After  the  initial  transient  phase,  the  pressure  field  becomes  nearly  uniform 
within  the  chamber,  although  some  low  intensity  acoustic  activity  still  remains  in  the  injectors.  These  low 
amplitude  perturbations  result  from  the  unstable  mixing  layer  and  the  area  change  occurring  at  the  dump 
plane.  We  can  also  observe  the  sonic  line  in  proximity  of  the  nozzle  that  eventually  leads  to  supersonic 
conditions.  Note  that  we  do  not  observe  any  transverse  instability  in  this  configuration,  which  is  consistent 
with  the  past  studies  [2]  and  demonstrate  predictive  ability  of  the  employed  computational  framework  in  this 
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Figure  9:  Pressure  trace  at  the  central  injector. 


Pressure  (Pa) 


Time:  0.2801 1 5  ms  Time:  0.2801 1 5  ms 

(a)  x  —  z  plane  (b)  x  —  y  plane 

Pressure  (Pa) 


Time:  9.823231  ms 


Time:  9.823231  ms 


(c)  x  —  z  plane 


(d)  x  —  y  plane 


Figure  10:  Contours  of  the  instantaneous  pressure  field  in  the  central  x  —  z  (a,  c)  and  x  —  y  (b,  d)  planes  at  initial  ( t  «  0.28 
ms)  and  later  ( t  «  9.8  ms)  times. 
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Figure  11:  Instantaneous  contours  of  temperature  and  species  mass  fraction  in  the  central  x  —  z  plane. 


study.  As  mentioned  before,  this  is  related  to  the  modeling  of  the  side  injectors  though  a  simple  constant 
mass  flow  inlets  rather  than  explicitly  representing  them  in  the  computational  setup.  This  approximation 
of  the  computational  geometry  leads  to  a  substantial  change  in  the  vortex  shedding  phenomenon,  which  in 
turn  is  responsible  for  the  transverse  instability  observed  in  the  full  TIC  rig. 

Figure  11  shows  the  instantaneous  contours  of  temperature  and  fuel  and  oxidizer  mass  fractions  in  the 
central  x  —  z  plane.  We  can  observe  the  region  of  hot  products  and  flame  development  close  to  the  central 
injector  in  Figure  11(a).  In  the  same  region,  we  can  also  observe  presence  of  complex  flow  structures,  which 
evolve  forming  vortices  and  developing  the  mixing  layer  between  the  fuel  and  the  oxidizer.  These  flow 
structures  are  clearly  not  visible  in  the  other  two  driving  injectors  because  of  the  lack  of  the  supplied  fuel 
and  therefore,  the  lack  of  shear  forces  at  the  interface  between  the  oxidizer  post  and  the  fuel  slot.  However, 
some  vortical  structures  are  formed  near  the  dump  plane  because  of  the  sudden  cross-sectional  area  change. 
These  structures  then  form  recirculation  regions  in  between  the  study  element  and  the  driving  element, 
where  higher  temperature  can  be  observed.  The  contours  of  the  oxidizer  shown  in  Figure  11(b)  shows  the 
convection  of  the  oxidizer  downstream,  which  reacts  with  the  fuel  forming  carbon  monoxide  and  carbon 
dioxide  (not  shown  here).  Note  that  that  the  mass  fraction  drops  by  almost  by  50%  in  the  central  part  of 
the  combustion  chamber  and  the  remaining  oxidizer  is  convected  downstream  because  of  the  lean  conditions 
at  which  the  combustion  takes  place.  Similarly,  methane  mass  fraction  shown  in  Figure  11(c)  also  drops  by 
half  length  of  the  chamber,  thus  demonstrating  a  complete  combustion.  Finally,  the  methane  reaction  rate 
shown  in  Figure  11(d),  highlights  the  flame  structure  established  near  the  central  injector.  We  can  observe 
that  the  flame  is  anchored  at  the  dump  plane,  where  the  vortex  formation  and  the  recirculation  zone  create 
a  region  of  small  velocity  magnitude. 
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Figure  12:  Time  evolution  of  the  pressure  signal  (a),  acoustic  fluctuation  (b)  at  the  central  injector  and  the  power  spectrum 
density  (c)  of  the  pressure  signal. 


4-2.  Acoustic  pressure  fluctuations 

Figure  12  shows  the  time  evolution  of  the  pressure  signal  at  the  interface  between  the  oxidizer  post  and 
the  fuel  slot  for  the  study  injector.  In  particular,  the  pressure  signal  is  recorded  only  in  the  oxidizer  region 
because  this  is  the  region  where  further  studies  will  be  conducted  for  the  development  of  a  reduced-order 
model  referred  as  time-domain  admittance  boundary  condition  formulation.  In  fact,  each  of  the  injectors 
essentially  behave  in  a  one-dimensional  (ID)  manner  from  an  acoustic  point  of  view.  Therefore,  the  interface 
between  the  oxidizer  injector  and  the  fuel  slot  is  of  particular  interest  because  it  represents  the  threshold 
between  a  ID  (oxidizer  post)  and  a  fully  3D  (mixing  region  and  combustion  chamber)  region.  The  time 
varying  pressure  field  is  obtained  after  the  initial  transient  phase,  and  we  can  observe  in  Figure  12  that 
the  time  varying  pressure  field  comprises  of  different  high  frequency  components.  The  first  two  of  these 
dominant  frequencies  are  the  most  important  and  are  examined  further  through  the  spectral  analysis  of  the 
same  signal.  These  dominant  modes  correspond  to  the  first  and  the  second  longitudinal  acoustic  mode  of 
the  study  injectors.  However,  the  other  part  of  the  signal  is  still  not  completely  negligible  and  it  may  result 
from  the  interaction  between  the  injector  acoustics  and  the  mixing  layer  formed  a  little  downstream. 

4-3.  Seven  injector  configuration 

In  this  section  we  present  some  preliminary  results  for  the  seven  injector  configuration.  Note  that  the 
simulations  are  currently  underway  and  detailed  results  will  be  reported  in  future. 
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Figure  13:  Instantaneous  contours  of  the  temperature  (a)  and  pressure  (b)  fields  at  2.5  ms. 
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Figure  13  shows  instantaneous  contours  of  the  temperature  and  pressure  fields  at  about  2.5  ms.  We  can 
observe  that  the  reacting  mixture  is  already  ignited  as  the  chamber  is  filled  with  the  hot  products.  The 
flame  development  occurs  throughout  the  chamber  and  is  characterized  by  large  scale  vortical  structures 
that  break  the  original  mixing  layer  formed  by  the  fuel  and  the  oxidizer  in  vicinity  of  the  dump  plane.  Part 
of  these  large  structures  created  by  the  most  external  driving  injectors  seems  to  impact  at  the  chamber 
walls,  however,  this  will  require  further  evaluations.  We  can  notice  two  interesting  features  of  the  pressure 
field.  First,  we  can  observe  appearance  of  a  pressure  pulse  in  the  bottom-right  part  of  the  chamber,  which 
may  represent  the  starting  point  of  the  transverse  wave  propagation.  The  second  feature,  is  the  presence 
of  high  pressure  longitudinal  waves  inside  the  injectors.  These  waves  are  mostly  one  dimensional  and  carry 
the  pressure  information.  When  these  waves  interact  with  the  mixing  zone,  i.e. ,  the  zone  right  before  the 
dump  plane,  where  fuel  and  oxidizer  start  to  mix,  the  reacting  mixture  is  locally  altered,  causing  a  different 
response  to  the  combustion  processes.  Such  a  behavior,  known  as  injector  dynamics  or  response,  is  crucial 
for  combustion  instabilities,  as  it  is  responsible  for  the  coupling  of  the  chamber  acoustics  with  the  unsteady 
heat  release  due  to  combustion. 

5.  Conclusions  and  future  work 

LES  based  investigation  of  the  TIC  rig  is  performed  to  analyze  transverse  thermo-acoustic  combustion 
instabilities  in  a  model  configuration  representative  of  a  typical  rocket  engine.  Two  different  geometrical 
configurations  for  the  TIC  rig  are  considered  in  the  present  study.  The  first  setup  is  a  reduced  three  injector 
element  configuration  where  the  combustion  behavior  is  reported  to  be  stable.  The  second  configuration  is 
the  complete  rig,  which  exhibit  presence  of  transverse  combustion  instabilities  due  to  a  non-linear  coupling  of 
the  transverse  acoustic  fluctuations  with  the  unsteady  heat  release  due  to  combustion.  The  reduced  geometry 
configuration  is  considered  to  establish  the  predictive  ability  of  the  employed  computational  framework  in 
this  study.  In  particular  it  is  used  to  asses  the  quality  of  the  computational  grid,  accurate  predictions  by  the 
employed  turbulence  closures,  finite-rate  kinetics  modeled  through  a  reduced  mechanism  and  modeling  of 
the  driving  injectors  by  a  constant  mass  inflow  section.  Due  to  removal  of  the  driving  injectors  near  the  side 
walls  of  the  combustion  chamber  in  the  first  setup,  the  vortex  shedding  pattern  is  altered  leading  to  a  stable 
combustion  with  the  flame  region  restricted  to  the  central  part  of  the  chamber.  These  results  are  consistent 
with  past  investigation  of  a  similar  configuration  of  the  TIC  rig  [2].  The  second  configuration,  which  is 
a  seven  injector  setup  is  currently  being  investigated.  Preliminary  results  show  appearance  of  transverse 
acoustic  disturbances,  which  may  interact  with  the  combustion  processes  leading  to  a  transverse  combustion 
instability. 

In  future  detailed  investigation  of  both  the  three-  and  seven-injector  configurations  will  be  performed  to 
analyze  the  flame  holding  dynamics  and  the  mechanism  behind  appearance  of  the  transverse  combustion 
instability.  In  addition,  the  time  varying  pressure  data  will  be  used  to  develop  a  time-domain  admittance 
boundary  condition  formulation,  which  will  allow  for  computationally  efficient  investigation  of  the  multi¬ 
element  configuration. 
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Quantitative  mathematical  models  describe  planar,  spontaneous,  reaction  wave  propaga¬ 
tion  (Zeldovich,  Comb. Flame  (1980),  39,  211-214)  in  a  finite  hot  spot  volume  of  reactive 
gas.  The  results  describe  the  complete  thermomechanical  response  of  the  gas  to  a  one- 
step,  high  activation  energy  exothermic  reaction  initiated  by  a  tiny  initial  temperature 
non-uniformity  in  a  gas  at  rest  with  uniform  pressure.  Initially,  the  complete  conservation 
equations,  including  all  transport  terms,  are  non-dimensionalized  to  identify  parameters 
that  quantify  the  impact  of  viscosity,  conduction  and  diffusion.  The  results  demonstrate 
unequivocally  that  transport  terms  are  tiny  relative  to  all  other  terms  in  the  equations, 
given  the  relevant  time  and  length  scales.  The  asymptotic  analyses,  based  on  the  reac¬ 
tive  Euler  equations,  describe  both  induction  and  post-induction  period  models  for  a  fast 
heat  release  rate  (induction  time-scale  short  compared  to  the  acoustic  time  of  the  spot), 
as  well  as  a  modest  heat  release  rate  (induction  time-scale  equivalent  to  the  acoustic 
time).  Analytical  results  are  obtained  for  the  fast  heating  rate  problem  and  emphasize 
the  physics  of  near  constant- volume  heating  during  the  induction  period.  Weak  hot  spot 
expansion  is  the  source  of  fluid  expelled  from  the  original  finite  volume  and  is  a  “piston- 
effect”  source  of  acoustic  mechanical  disturbances  beyond  the  spot.  The  post-induction 
period  is  characterized  by  the  explosive  appearance  of  an  ephemeral,  spatially  uniform 
high-temperature  and  pressure  spot  embedded  in  a  cold,  low-pressure  environment.  In 
analogy  with  a  shock  tube  the  subsequent  expansion  process  occurs  on  the  acoustic  time 
scale  of  the  spot  and  will  be  the  source  of  shocks  propagating  beyond  the  spot.  The  mod¬ 
est  heating  rate  induction  period  is  characterized  by  weakly  compressible  phenomena 
that  can  be  described  by  a  novel  system  of  linear  wave  equations  for  the  temperature, 
pressure  and  induced  velocity  perturbations  driven  by  nonlinear  chemical  heating,  which 
provides  physical  insights  difficult  to  obtain  from  the  more  familiar  “Clarke  equation” . 
When  the  heating  rate  is  modest,  reaction  terms  in  the  post-induction  period  Euler  equa¬ 
tions  exhibit  a  form  of  singular  behavior  in  the  high  activation  energy  limit,  implying 
the  need  to  use  a  nonlinear  exponential  scaling  for  time  and  space,  developed  originally 
to  describe  spatially  uniform  thermal  explosions  (Kassoy,  Quart.  Jl.  Mech.  Appl.  Math, 
1977,  50,71-89).  Here  again  the  result  will  be  the  explosive  appearance  of  an  ephemeral 
spatially  uniform  high  temperature  and  pressure  hot  spot.  These  results  demonstrate 
that  an  initially  weak  temperature  non-uniformity  in  a  finite  hot  spot  can  be  the  source 
of  acoustic  and  shock  wave  mechanical  disturbances  in  the  gas  beyond  the  spot  that  may 
be  related  to  rocket  engine  instability  and  engine  knock. 
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Zeldovich  et  al.  (1970)  are  concerned  with  preferential  autoignition  sites  occurring  in 
reactive  gases  characterized  by  a  momentary  nonuniform  temperature  distribution  vary¬ 
ing  around  a  relatively  low  mean  temperature.  A  transient,  cartesian,  one  dimensional 
model,  based  on  the  reactive  Euler  equations,  is  developed  to  describe  the  evolution  of 
the  combustion  process  from  an  initially  imposed  local,  negative  linear  temperature  gra¬ 
dient  in  a  hot  spot  surrounded  by  a  much  larger  semi-infinite  domain  at  relatively  low 
temperature.  After  correcting  a  typo  in  Eq.  3.2  of  the  1970  manuscript,  it  is  clear  that 
the  model  is  developed  for  a  characteristic  chemical  heat  release  time-scale  similar  to  the 
local  acoustic  time  scale,  based  on  the  distance  a  wave  can  propagate  during  the  heat 
release  process.  The  objective  is  to  identify  the  dependence  of  combustion  wave  evolution 
on  the  amplitude  of  the  linear  temperature  gradient.  They  seek  to  identify  critical  gradi¬ 
ents  that  facilitate  relatively  strong  shocks  that  can  couple  to  an  adjacent  reaction  zone 
leading  to  detonation  formation.  Following  up  on  these  ideas,  Zeldovich  (1980)  describes 
an  intuitive,  qualitative  theory  for  the  propagation  of  a  “spontaneous  reaction  wave” 
through  a  reactive  gas,  initiated  by  an  imposed  temperature  inhomogeneity  (hot  spot 
gradient)  in  an  initially  constant  pressure  gas  at  rest.  He  argues  that  the  inhomogeneity 
will  initiate  a  sequence  of  adiabatic  thermal  explosions  that  propagate  down  an  imposed 
negative  temperature  gradient  due  to  the  sensitivity  of  the  local  induction  time  to  the 
temperature  at  each  point,  with  the  result  that  a  reaction  front  can  be  identified  and 
tracked.  He  considers  “...  the  extreme  case  of  large  space  lengths  and  small  gradients 
so  that  one  may  neglect  interaction  between  adjacent  volumes  of  reacting  substance  (so 
that)...  in  each  particle  of  the  substance  thermal  explosion  occurs  independently.”  In 
other  words,  he  postulates  a  continuous  sequence  of  perfectly  constant  volume  thermal 
explosions.  Zeldovich  contrasts  this  type  of  propagating  chemical  reaction  wave  to  tra¬ 
ditional  transport  dominated  flames,  high-speed  deflagration  and  detonation  waves.  It  is 
implicit  in  such  a  process  that  the  localized  energy  addition  cannot  induce  gas  motion 
or  any  form  of  gas  dynamic  disturbance,  limitations  recognized  subsequently  by  many 
researchers  (Short  1995,  1997;  Kapila  et  al.  2002;  Seitenzahl  et  al.  2009;  Kassoy  2010, 
2014a,  2014b).  The  qualitative  theory  lacks  a  quantitative  mathematical  model  for  the 
evolution  of  the  reaction  wave,  including  relevant  time  and  length  scales,  the  character¬ 
istic  gradient  magnitude,  as  well  as  the  characteristic  chemical  power  and  the  energy 
deposition. 

Subsequently,  Zeldovich  et  al.  (1988)  used  numerical  solutions  based  on  the  Euler 
equations  to  study  the  effect  of  initial  concentration  and  temperature  gradients  on  the 
generation  of  pressure  waves  with  the  objective  of  explaining  detonation  initiation.  The 
model  and  interpretation  of  the  numerical  data  recognizes  the  importance  of  the  thermo¬ 
mechanical  response  of  the  gas  to  thermal  energy  deposition.  The  authors  state  “...that 
spontaneous  generation  of  shock  and  detonation  waves  may  occur  in  conditions  close  to 
self- ignition  of  the  reactive  mixture.”,  results  that  “...may  provide  insight  into  the  onset 
of  nonlinear  combustion  instability  in  various  technical  systems.”  (e.g.  rocket  engines  and 
knock  in  internal  combustion  engines  are  mentioned).  The  authors  cite  numerous  related 
technical  papers  by  themselves,  their  colleagues  and  others  addressing  the  detonation 
initiation  and  evolution  problem. 

Makhviladze  and  Rogatykh  (1991)  formulate  a  mathematical  model  for  reaction  initi¬ 
ation  and  evolution  in  a  localized  hot  spot,  with  an  imposed  negative  linear  temperature 
gradient,  initially  at  constant  pressure  with  zero  speed.  The  model  is  based  on  the  pla¬ 
nar,  reactive,  nonstationary  Euler  equations  with  one-step  Arrhenius  kinetics  used  to 
produce  transient,  spatially  distributed  heat  release.  The  nondimensional  space  and  time 
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variables  are  chosen  to  facilitate  a  characteristic  time-scale  for  heat  release  (the  induc¬ 
tion  time  of  a  thermal  explosion)  comparable  with  the  acoustic  time-scale  (wave  passage 
time)  in  the  spot.  Significant  nondimensional  parameters  are  identified  in  the  conserva¬ 
tion  equations,  boundary  and  initial  conditions  and  then  used  in  a  succession  of  numerical 
solutions  to  determine  solution  dependence  on  the  parameter  values.  The  authors  iden¬ 
tify  a  criterium  for  “...dangerously  explosive  regimes...,”  in  terms  of  the  nondimensional 
temperature  gradient  parameter  A,  Eq.  16  in  their  text.  An  ad  hoc  assumption  of  zero 
speed  is  used  to  define  a  reduced  equation  set  describing  constant  density,  adiabatic  heat 
addition  to  the  gas.  The  analytical  solution  is  used  to  describe  the  spatially  dependent 
time  for  maximum  heat  release  rate.  This  model  for  the  Zeldovich  spontaneous  reaction 
wave  is  characterized  by  a  thermal  explosion  propagating  down  the  negative  gradient  at 
a  specific  speed.  The  temperature  reaches  the  adiabatic  explosion  value  just  behind  the 
propagating  front,  with  a  concomitant  high-pressure  value  (pressure  rises  with  tempera¬ 
ture  in  a  constant  density  heat  addition  process.  Kassoy  (2010,  2014a, b)  has  explained  the 
physical  consequences  of  relatively  rapid  heat  addition  with  near  inertial  confinement.) 
Numerical  solution  of  the  full  equations  are  used  to  discuss  the  relationship  between 
a  propagating  spontaneous  “chemical”  reaction  wave  and  familiar  propagating  gasdy- 
namic  waves  (shocks  and  detonations).  The  authors  note  that  an  induction  period  with 
relatively  small  changes  in  dependent  variables  is  followed  by  a  full  scale  explosion  on 
a  substantially  shorter  “excitation”  time-scale  (Gu  et  al.  2003)  during  which  most  the 
heat  release  and  fuel  consumption  occurs.  It  is  this  relatively  rapid  heat  addition  process 
that  a  occurs  in  a  nearly  inertially  confined  gas  volume  as  described  in  the  cited  Kassoy 
references  above. 

During  the  1980’s  and  extending  to  the  present,  there  has  been  extraordinary  in¬ 
terest  in  using  asymptotic  and/or  computational  methods  to  resolve  reaction  initiation 
phenomena,  and/or  gasdynamic  consequences  arising  from  either  inhomogeneous  initial 
conditions  or  thermal  energy  deposition  into  a  gas  volume.  A  non-exhaustive  selection 
of  these  studies  is  cited  in  brevity  below,  primarily  to  inform  the  interested  reader  of 
the  modeling  diversity.  More  detailed  information  can  be  obtained  from  the  publication 
introduction  sections  and  their  bibliographies. 

Sileem,  Kassoy  &  Hayaslri  (1991)  use  numerical  methods  to  study  planar  detonation 
initiation  following  thermal  energy  deposition  into  a  reactive  gas  volume  adjacent  to  a 
planar  boundary.  Clarke,  Kassoy  &  Riley  (CKR)  (1984)  describe  a  related  modeling  effort 
where  a  hot  planar  boundary  is  an  energy  source  that  heats  the  adjacent  inert  gas  by 
conduction  causing  localized  gas  expansion.  The  induced  motion  (...“piston  effect “...)  is 
the  source  of  a  shock  wave  propagating  into  the  adjacent  cold  environment. 

Jackson  et  al.  (1989)  study  the  evolution  of  a  high  activation  energy  (e  — »  0)  chemical 
reaction  within  a  finite  slot  when  the  chemical  time-scale  for  the  induction  period  is  iden¬ 
tical  to  the  acoustic  time-scale.  A  traditional  thermal  explosion  formulation  facilitates 
a  quantitative  description  of  the  thermomechanical  response  of  the  gas  to  transient, 
spatially  resolved,  chemical  heat  addition,  initiated  by  an  O(e)  negative  temperature 
gradient  in  the  slot.  The  describing  equations  are  essentially  those  for  linear  acoustics 
driven  by  a  nonlinear  reaction  term  and  are  equivalent  to  “Clarke’s  equation”  (Clarke 
1978).  Numerical  solutions  of  the  system  show  that  the  induction  period  temperature 
and  pressure  perturbations  become  unbounded  in  the  vicinity  of  the  0(e)  temperature 
maximum  in  the  initial  condition  and  at  a  finite  thermal  explosion  time,  te.  The  failure  of 
the  numerical  method  as  t  — >  te  is  interpreted  to  mean  that  a  familiar  thermal  explosion 
logarithmic  singularity  characterizes  the  runaway  process.  The  authors  then  use  coor¬ 
dinate  expansion  asymptotics  to  describe  the  spatially  multiscale  evolution  of  the  hot 
spot.  The  solution  development  is  confined  to  the  vicinity  of  the  0(e)  initial  tempera- 
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ture  maximum.  A  post-induction  period  analysis  employs  nonlinear  rescaling  of  the  time 
and  space,  the  former  developed  originally  by  Kassoy  (1977),  to  describe  the  full  scale 
explosion  in  the  vicinity  of  the  original  0(e)  temperature  maximum.  The  results  show 
that  the  reactant  is  totally  consumed  on  exponentially  short  time  and  space  scales  while 
the  spatially  uniform  temperature  rises  to  the  adiabatic  explosion  value  in  an  essentially 
constant  volume  process,  with  a  concomitant  increase  in  pressure  and  nearly  no  induced 
fluid  speed.  The  post  induction  theory  is  also  confined  to  a  very  thin  region  adjacent  to 
the  original  temperature  maximum. 

The  consequences  of  spatial  inhomogeneities  in  pressure,  temperature,  concentration 
and  speed,  on  the  evolution  of  a  reaction  process  at  relatively  modest  activation  energy  are 
predicted  by  Short  (1995,  1997).  He  provides  a  thorough  review  of  the  literature  available 
in  that  period.  A  high  activation  energy  theory  (based  on  the  familiar  small  parameter  e  = 
R'Tq/E'  <C  0(1))  is  formulated  to  describe  the  initiation  of  a  chemical  process  by  0(e) 
spatial  inhomogeneities  in  the  initial  values  of  the  dependent  variables  leading  ultimately 
to  the  appearance  of  a  detonation.  His  models  describe  chemical  heat  deposition  into  a 
volume  of  reactive  gas,  characterized  by  dimension  l'R ,  when  the  induction  time  scale  of 
the  thermal  explosion,  denoted  by  t'R,  is  compared  to  the  acoustic  time  scale  t'a  =  i'R/d0 
where  c'0  is  the  characteristic  speed  of  sound.  He  considers  models  for  the  time-scale  ratio 
H  =  t'R/t'a  =  1  and  also  //  <C  0(1)  (“long-wave  length  analysis”).  The  former  describes 
a  weakly  compressible  response  of  the  gas  to  minor  heat  addition  during  the  induction 
period  of  a  thermal  explosion.  In  contrast,  the  latter  corresponds  to  nearly  constant 
volume  heat  addition.  Short  recognizes  the  limitations  of  the  Zeldovich  concept  cited 
above  and  develops  an  asymptotic  analysis  for  variable  density  corrections  to  the  lowest 
order  constant  volume  solution  valid  for  /i  =  0. 

In  contrast  to  the  self-initiation  phenomena  in  the  references  above  (small  amplitude 
initial  disturbances),  direct  initiation  of  gaseous  detonations  is  the  subject  of  a  paper 
by  Eckett  et  al.  (2000).  A  spherical  blast  wave,  generated  by  the  rapid  deposition  of  a 
large  amount  of  thermal  energy  into  a  small  volume  of  reactive  gasf  ,  ignites  a  chemical 
reaction  in  a  reactive  gas  through  which  it  propagates.  The  study  seeks  to  determine  blast 
wave  properties  (critical  energy)  that  lead  to  a  sustained  spherical  detonation,  associated 
with  the  ’’competition  between  heat  release,  wave  front  curvature  and  unsteadiness.” 

Vasquez-Espi’  and  Linan  (2001)  model  the  initiation  of  a  high  activation  energy  chem¬ 
ical  reaction  in  a  reactive  gas  following  “instantaneous”  spatially  resolved  thermal  energy 
deposition  to  create  a  well-defined  hot,  high  pressure  spot  (it  is  assumed  that  the  energy 
addition  occurs  at  constant  volume  and  that  “...there  is  no  time  for  the  generation  of 
motion...”,  thus  neglecting  the  thermomechanical  response  of  the  gas  to  energy  addi¬ 
tion.)  The  problem  formulation  is  developed  for  reaction  time  scales  of  the  order  of  the 
local  acoustic  time,  yt  =  0(1).  The  acoustically  linearized  reactive  Euler  equations  with 
a  nonlinear  chemical  energy  term  found  by  Clarke  (1978)  are  derived.  Highly  resolved 
numerical  methods  are  used  to  ascertain  a  critical  value  of  the  “Dalnnkohler  number,” 
(l//r).  Beyond  the  critical  value,  a  well-defined  ignition  process  occurs  because  the  lo¬ 
cal  chemical  power  addition  is  large  enough  to  overcome  the  cooling  effect  of  local  gas 
expansion. 

Kapila  et  al.  (2002)  develop  a  model  for  detonation  formation  arising  from  an  exist¬ 
ing  tiny  linear  temperature  gradient  in  a  semi-infinite  domain.  The  compressible  non- 
dimensional  equations  are  valid  when  the  characteristic  thermal  energy  deposition  time 
(really  the  thermal  explosion  induction  time)  is  similar  in  magnitude  to  the  local  acoustic 

f  Traditional  blast  wave  theory  is  based  on  an  unphysical  idealization;  instantaneous  depo¬ 
sition  of  energy  into  a  point. 
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time.  Familiar  high  activation  energy  thermal  explosion  theory  is  employed  to  study  the 
impact  of  asymptotically  small  gradients  on  induction  period  history.  The  analysis  leads 
to  a  recognition  that  the  post  induction  period  time-scale  will  be  exponentially  short 
compared  to  the  local  acoustic  time.  The  asymptotic  methodology  enables  a  cause-effect 
understanding  of  the  physics  of  shock  formation  that  is  difficult  to  obtain  from  numer¬ 
ical  experiments  alone.  “Accurate  and  well-resolved  numerical  computations  are  (used) 
to  determine  the  mode  of  detonation  formation  as  a  function  of  the  size  of  the  initial  gra¬ 
dient.”  Solutions  are  obtained  for  a  wide  range  of  temperature  gradients  to  demonstrate 
the  diversity  of  evolutions  to  detonation.  The  authors  recognize  that  “...Zeldovich  ideas, 
while  extremely  instructive,  are  limited  in  accuracy...”  due  to  the  lack  of  gasdynamic 
response  of  the  gas  to  spatially  distributed  transient  heat  deposition. 

Gu  et  al.  (2003)  use  computational  solutions  to  the  reactive  compressible  flow  equa¬ 
tions,  including  all  transport  terms  to  study  the  sensitivity  of  reaction  front  propagation 
to  small  linear  temperature  gradients  imposed  on  a  spherical  hot  spot.  Detailed  kinetic 
schemes  for  stoichiometric  H2-CO-air  and  H2-air  mixtures  are  used  to  describe  the  au¬ 
toignition  process.  Initially,  the  temperature  rises  significantly  throughout  the  spot  in 
a  nearly  spatially  homogenous  process  with  a  slight  temperature  maximum  evolving  at 
the  origin,  far  larger  than  the  maximum  associated  with  the  initial  tiny  gradient.  A 
rapid  reaction  process  follows  in  the  vicinity  of  the  maximum,  leading  to  a  localized  hot 
spot.  A  reaction  wave  then  spreads  quickly  across  the  spot  creating  a  region  of  very 
high  temperature.  Subsequently  the  entire  spot  explodes  and  all  fuel  is  consumed  on  the 
relatively  short  “excitation  time-scale,”  t'e.  A  nondimensional  parameter,  f.  related  to 
the  magnitude  of  the  initial  linear  temperature  gradient f  is  used  to  discriminate  between 
five  different  modes  of  reaction  front  propagation.  The  authors  note  the  importance  of  a 
second  parameter,  the  ratio  (t'a/t'e)  where  t'a  is  the  acoustic  time-scale  of  the  spot.  The 
transient  reaction  process  is  distinct  from  that  in  a  traditional  thermal  explosion  (Kassoy 
1977).  The  latter  is  described  in  terms  of  a  relatively  long  induction  time,  where  little 
fuel  is  consumed  and  only  small  temperature  changes  occur,  followed  by  an  extremely 
rapid  full  explosion  where  the  temperature  rises  to  the  adiabatic  explosion  value  as  all 
the  fuel  is  consumed. 

Kurdyumov  et  al.  (2003)  extend  the  aforementioned  CKR  model  for  a  planar  compact 
heat  source  to  cylindrical  and  spherical  geometries.  Conduction  heat  transfer  from  the 
source  to  the  adjacent  gas  raises  the  temperature  of  a  volume  with  characteristic  length 
scale  r'h  on  an  energy  deposition  time-scale  t'd,  where  the  latter  is  compared  to  the 
characteristic  acoustic  and  conduction  time-scales  of  the  volume,  t'a  =  r'h/a'0  (a'0  is  the 
characteristic  speed  of  sound  at  the  initial  temperature  Tq)  and  t'c  =  r'fi / k'0  (k'0  is  the 
characteristic  thermal  diffusivity) ,  respectively.  A  continuum  gas  theory  requires  that  the 
ratio  of  the  acoustic  time  to  the  conduction  time,  equivalent  to  the  Knudsen  number: 
Kn  —  (a'0/a'Q  r'h)  <C  0(1).  The  compact  heat  source,  a  spark,  hot  wire  or  laser  shot 
delivers  a  specified  amount  of  energy  Ej  during  the  deposition  time  scale,  which  heats 
the  volume  such  that  p'0C'pTg  rb+1  ~  Et  (j  =  0, 1,  2  for  planar,  cylindrical  and  spherical 
geometries,  respectively)  defines  the  dimension  r'h.  Cp  is  the  characteristic  specific  heat 
at  constant  pressure.  When  t'd  =  t'a,  energy  from  the  source  to  the  gas  volume  raises  the 
local  temperature  O(Tq)  in  a  nearly  isobaric  process,  with  the  density  decrease  inversely 
proportional  to  the  temperature  increase.  Gas  expelled  from  the  heated  volume  acts  as 
a  piston  to  drive  mechanical  disturbances  into  the  unheated  gas.  The  thermomechanical 
analysis  is  carried  out  for  a  wide  range  of  deposition  time  scales:  (t'd/t’a  <C  0(1),  rapid 


f  The  parameter  £  is  in  fact  the  inverse  of  the  reaction  wave  propagation  Mach  number. 
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heating),  {t'd/t'a  =  0(1),  modest  heating),  (t'd/t'a  0(1)),  slow  heating).  The  mechanical 
consequences  of  each  ratio  are  articulated  in  the  Conclusion  section  of  the  cited  reference. 

High  fidelity  computational  simulations  based  on  the  compressible  reactive  Navier- 
Stokes  equations  including  transport  terms,  with  hydrogen  chemistry  for  the  kinetics 
are  carried  out  to  simulate  phenomena  that  may  occur  in  an  HCCI  engine  (Sankaran  et 
al.  2005).  A  turbulent  flow  field  in  a  high-pressure  gas  with  an  uncorrelated  turbulent 
temperature  field  is  imposed  as  an  initial  condition.  The  field  consists  of  individual  hot 
spots  with  relatively  small  temperature  inhomogeneities  being  strained  and  dissipated 
by  the  turbulence.  The  results  identify  a  first  ignition  site  and  subsequent  combustion 
elsewhere  in  the  field.  The  authors  note  the  impact  of  localized  gas  compression  on  the 
heat  budget  of  auto-igniting  hot  spots.  Ignition  development  is  found  to  be  sensitive  to 
“...temperature  distribution  statistics.”  Two  regimes  of  ignition  are  identified;  “...sponta¬ 
neous  propagation  and  deflagration...” .  “...a  criterion  based  on  the  propagation  speeds  (of 
the  waves)  is  proposed  to  distinguish  between  the  two.... regimes.”  However,  cause-effect 
relations  cannot  be  determined  from  the  computational  data  set. 

Spontaneous  initiation  of  detonation  in  astrophysical  objects  (white  dwarfs)  is  the 
subject  of  a  computational  modeling  effort  by  Seitenzahl  et  al.  (2009).  The  dimensional 
reactive  Euler  equations  are  solved  for  appropriate  astrophysical  thermodynamic  condi¬ 
tions  and  thermonuclear  reaction  kinetics  to  determine  whether  a  hot  spot  of  fixed  size 
with  an  initial  temperature  inhomogeneity  can  be  the  source  of  a  detonation.  In  particu¬ 
lar  the  authors  seek  to  determine  “...the  smallest  size  for  a  heated  region  that  still  leads 
to  detonation...”  Several  different  initial  spatial  temperature  distributions  are  incorpo¬ 
rated  in  the  modeling.  The  differing  gradients  in  induction  times  (Zeldovicli  model)  play 
a  major  role  in  outcome  although  the  authors  recognize  that  “...Zeldovich’s  spontaneous 
wave  concept... ignores  nonlinear  gasdynamic  evolution...”.  The  use  of  dimensional  equa¬ 
tions  prevents  the  reader  from  identifying  nondimensional  parameters  that  characterize 
the  reactive  gasdynamics.  Many  of  the  results  can  be  understood  in  terms  of  the  thermo- 
mechanical  response  of  a  compressible  gas  to  transient,  spatially  resolved  thermal  energy 
addition  (CKR  1984;  Kassoy  2010). 

Poludnenko  et  al.  (2011)  focuses  on  turbulent  flames  interacting  with  a  turbulent  flow 
field  as  a  source  of  detonation  initiation,  with  application  to  unconfined  systems  (e.g.  gas 
cloud  explosions,  supernovae).  Results  are  obtained  from  a  DNS  based  on  the  compress¬ 
ible  flow  equations  with  one-step  Arrhenius  kinetics,  including  transport  effects.  A  planar 
turbulent  flame  interacts  with  a  previously  created  a  turbulent  flow  field.  The  flame  is 
observed  to  accelerate  during  a  runaway  process  to  supersonic  propagation  speeds  under 
specifically  defined  physical  conditions,  “...burning  is  controlled  by  flame  propagation  and 
not  by  autoignition.... (precluding)  the  formation  of  global  spontaneous  reaction  waves.” 
Unlike  most  of  the  previously  cited  studies,  specific  hot  spot  properties  are  not  required. 
A  semi-quantitative  (order-of  magnitude)  steady  state  analysis  for  spontaneous  runaway 
is  presented,  based  on  thermal  power  deposition  on  the  local  acoustic  time  scale  with  the 
result  that  a  CJ  deflagration  propagation  speed  is  predicted,  “...the  spontaneous  DDT 
mechanism.... does  not  place  any  ...constraints  on  equation  of  state,  reaction  model  or 
...flame  properties.” 

LES  methods  are  used  by  Kulkarni  et  al.  (2013)  to  determine  the  impact  of  turbulence 
on  autoignition  in  a  non-premixed  hydrogen-air  system.  The  objective  is  to  determine 
physical  processes  (mixing)  that  enable  autoignition  to  occur  in  isolated  volumes  (hot 
spots)  of  fuel-air  mixture.  Results  are  presented  for  autoignition  lengths  with  respect  to 
turbulent  flow  properties. 

The  relationship  between  super-knock  and  autoignition  of  pre-ignition  kernels  in  super¬ 
charged  spark-ignition  engines  is  the  topic  of  research  described  in  Peters  et  al.  (2013).  A 
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new  theory  of  turbulence,  developed  by  the  first  author,  is  used  to  describe  the  stochastic 
properties  of  likely  small-scale  temperature  inhomogeneities  as  they  might  appear  during 
phases  of  cylinder  compression.  3D  DNS  simulations  of  homogeneous  isotropic  turbulence 
are  used  to  obtain  the  necessary  statistical  information.  The  basic  premise  is  that  some  of 
the  hot  spots  are  sites  for  the  Zeldovich  gradient-determined  spontaneous  reaction  wave 
propagation  to  be  initiated.  A  “resonance”  between  the  acoustic  waves  generated  by  the 
thermomechanical  response  of  the  gas  to  localized  transient,  spatially  resolved  thermal 
energy  deposition,  and  the  spreading  reaction  wave  is  the  source  of  a  detonation  (the 
super- knock) . 

Kassoy’s  (2010)  thermomechanical  model  employs  systematic  asymptotic  methods  to 
predict  the  consequences  of  spatially  resolved,  transient  thermal  energy  deposition  into 
a  volume  of  inert  gas.  In  contrast  to  the  compact  initial  source  approach,  a  generalized 
thermal  source  term  with  explicitly  defined  properties  is  used  in  the  energy  equation  to 
represent  a  spark,  laser  shot,  heated  electric  wire  or  chemical  heat  addition.  The  model 
quantifies  both  the  thermodynamics  and  fluid  mechanical  responses  of  the  gas  to  volu¬ 
metric  energy  deposition  on  a  time-scale  short  compared  to  the  acoustic  time  of  the  vol¬ 
ume.  The  analysis  leads  to  a  non-intuitive  result:  nearly  constant  volume  heat  addition 
prevails  when  the  energy  deposited  is  less  than  a  specific  critical  value.  The  internal  ex¬ 
pansion  Mach  number  is  subsonic.  Gas  expelled  from  the  volume  acts  as  a  piston  to  drive 
mechanical  disturbances  into  the  unheated  environment.  Beyond  the  critical  value  of  en¬ 
ergy  deposition,  the  heat  addition  process  is  fully  compressible,  characterized  by  an  0(1) 
internal  gas  expansion  Mach  number  and  a  large  expelled  gas  Mach  number  responsible 
for  a  blast  wave  propagating  into  the  adjacent  environment.  This  finite  source,  heated 
on  a  finite  time-scale,  replaces  the  classical  blast  wave  model  of  instantaneous  energy 
addition  into  a  point  (e.g.  Taylor  1946).  The  thermomechanical  modeling  has  been  ex¬ 
tended  to  a  reactive  gas  with  a  high  activation  energy  reaction  by  Kassoy  (2014a)  and  to 
a  wide  range  of  heat  deposition  time  scales  (Kassoy  2014b).  The  latter  model  quantifies 
the  nearly  isobaric  response  of  an  inert  gas  to  energy  deposition  on  a  time  scale  long 
compared  to  the  acoustic  time  of  the  volume.  Each  of  these  asymptotic  models  quantifies 
the  role  of  viscous,  conductive  and  mass  diffusion  in  the  thermomechanical  response. 

Radulescu  et  al.  (2013)  provide  an  extensive  review  of  a  parameter,  used  to  “...charac¬ 
terize  the  detonability  and  explosion  hazard  of  reactive  media.”  Theory  and  experiment 
suggest  that  hot  spot  ignition  and  the  subsequent  appearance  of  strong  shock  waves  is 
uniquely  related  to  the  parameter  magnitude.  The  thermomechanical  response  to  local¬ 
ized,  spatially  distributed  heat  addition  transients  can  be  predicted  if  the  parameter  is 
known. 

The  current  paper  presents  a  systematic  and  rational  asymptotic  formulation  for  au¬ 
toignition  within  a  finite  volume  of  reactive  gas  with  an  instantaneous  spatially  nonuni¬ 
form  temperature  distribution,  T\  varying  around  a  mean  temperature  Tq.  This  con¬ 
figuration  may  occur  in  a  nonuniform  mixture  of  reactive  gas  where  some  volumes  of 
the  gas  are  warmer  than  the  mean  and  others  are  colder  leading  to  a  preferred  ignition 
site.  The  reaction  initiation  process  is  driven  by  an  imposed  dimensional  temperature 
gradient,  measured  by  AT' /l'  <C  0(Tq)/T  characterizes  the  local  gradient  and  where  t' 
is  the  length-scale  of  the  temperature  inhomogeneity.  A  primary  objective  is  integrate 
the  thermomechanical  response  of  the  gas  into  the  Zeldovich  model  (1980)  for  both  fast 
and  modest  rates  of  chemical  energy  addition  (both  quantified  in  sections  2.1  and  3)  in  a 
rational  manner  in  order  to  identify  physical  conditions  compatible  with  constant  volume 
heat  addition  physics  implicit  in  his  model.  The  analysis,  related  to  Short’s  work  (1995, 
1997)  that  of  Jackson  et  al.  (1989)  and  Kapila  et  al.  (2002)  should  enable  the  reader  to 
gain  a  fundamental  and  quantitative  physical  understanding  of  how  autoignition  driven 
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initially  by  a  small  temperature  gradient  generates  a  propagating,  spatially  distributed, 
high  activation  energy  thermal  explosion,  aka  as  a  spontaneous  reaction  wave,  including 
induced  fluid  motion  and  the  generation  of  mechanical  waves  (acoustics,  shocks  and  blast 
waves). 

2.  Mathematical  model. 

The  mathematical  model  is  formulated  by  using  asymptotic  techniques  described  by 
Clarke  and  Kassoy  (1984)  as  well  as  Kassoy  (2010,  2014a,  2014b).  It  quantifies  the  multi¬ 
faceted  heat  transfer  phenomena  evolving  from  an  imposed  inhomogeneous  temperature 
distribution  like  that  in  figure  1.  The  primary  objectives  are  to  establish  the  physical  con¬ 
ditions  that  must  exist  for  a  spontaneous  reaction  wave  to  propagate  down  the  negative 
gradient  and  for  the  Euler  equations  to  be  an  appropriate  model. 

2.1.  Generalized  thermomechanical  analysis 

The  analysis  begins  with  the  complete  planar  dimensional  (primes')  conservation  equa¬ 
tions  for  a  perfect  gas  including  all  transport  terms  and  a  generalized  thermal  source 
term  in  the  energy  equation  that  may  represent  external  energy  addition  from  a  spark 
or  laser  shot,  or  from  an  exothermic  chemical  reaction.  These  equations  are  chosen  to 
emphasize  the  thermomechanical  physics  of  gaseous  systems  with  imposed  energy  addi¬ 
tion.  An  important  objective  is  to  identify  nondimensional  parameters  modulating  the 
transport  terms  in  order  to  justify  the  use  of  the  reactive  Euler  equations  in  a  subsequent 
study  of  reactive  gas  autoignition  and  thermomechanics. 

Pt'  +  (, p'u')x '  =  0  (2.1) 

p'(ut'  +  u'u'x ')  =  —  p'x’  +  V  (2-2) 

p'C'v{T[,  +  u'T'x, )  =  -p'u'x,  +C'  +  p'Q's  +  D'  (2.3) 

p'  =  p'R'T'  (2.4) 

Yv  +  u'Yx,  =  ^+V'  (2.5) 

<tR 

where  V' ,  C',  D'  and  T>'  represent  familiar  planar  viscous,  conduction,  dissipation  and 
mass  diffusion  operators,  respectively.  The  thermal  power  heat  source  is  defined  by 

Q's  =  7 ?Qs  (2.6) 

ls 

where  q'R  is  the  heat  of  reaction  per  unit  mass,  t's  is  the  source  heat  addition  time  scale 
and  Qs  is  the  nondimensional  heat  source. 

The  initial  conditions,  defined  by 

t'  =  0,  0  <  x'  <  f!  :  (T',  p',  p')  =  (T'(x'),p'0,  p'0/R'T'(x'))  ,  (2.7a) 

v!  =  0,  Y  =  1  ,  (2.7b) 

describe  a  gas  at  constant  pressure  (p'0),  at  rest  (u'  =  0),  with  imposed  temperature  and 
density  inhonrogeneities.  The  thermal  boundary  conditions  are  defined  by 

x'  =  0;  T'  =  T[  >  Tg 
x'  =  £'  T'  =  Tq 


(2.8a) 

(2.8b) 
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Figure  1.  A  spatially  non-uniform  temperature  distribution  T'(x')  varying  around  a  mean 
value,  Tq  where  the  former  is  larger  than  the  latter  for  0  ^  x  ^  £'  and  less  beyond  £'  on  a  similar 
length  scale. 


The  boundary  at  £'  is  open,  allowing  fluid  to  be  expelled  into  a  cold  fluid  beyond. 

The  details  of  the  initial  gradient  (IT-  / fix' (t/  =  0,®')  are  left  undefined  so  long  as 
the  gradient  is  negative  for  0  <  x'  <  t'  and  T[  <  T/  in  some  domain  beyond  x'  =  t' . 
Nondimensional  variables  are  defined  by: 

(T,  p,  p)  =  (T'/Tq,  p'/p'q,  p'/p'q)  (2.9a) 


u  =  v! /a[ 


o 
/  /  /?/ 


(2.9b) 

x  =  x'/t'  (2.9c) 

t  =  t'/t's  (2.9d) 

where  a'0  is  the  characteristic  speed  of  sound  at  T/.  When  used  in  (2.1)-(2.9),  the  nondi¬ 
mensional  equations  take  the  form 

Pt  +  ( t'Jt'A)(pu)x  =  0 


ut  +  {t'Jt'A)uux  1  =  ~(t's/t'A)—  +  {t's/t'v)V 


(2.10) 

(2.11) 


+  ( fs/tA)uTx 


(7-1  )«/4K  +  {t's/t'CD)C+  (q'R/e'0)pQs  +  (7) (7-  l){ts/t'v)D 

(2.12) 

p  =  pT  (2.13) 
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Yt  +  {t'Jt'A)uYx]  =  -Q,  +  (t's/t'DIFF)V  (2.14) 

where  the  characteristic  acoustic,  viscous,  conduction  and  mass  diffusion  time  scales  are 
defined  by 

tA=(-/a  0)  tv=^2/v  0!  tcD=^2/a  O’  t'DIFF  ~  C  2/Dm  >  (2.15a,  b,  c,  d) 

respectively,  where  v'0l  a'0,  D'm  are  the  characteristic  kinematic  viscosity,  thermal  diffu- 
sivity  and  the  mass  diffusivity,  respectively. 

The  nondimensional  initial  conditions  are 

t  =  0;  (T,  p,  p)  =  (Ti{x),  1,  l/Tiix))  (2.16a) 

u  =  0,  Y  =  1  (2.16b,  c) 

where  Tz(x)  =  T'(x')/Tq. 

The  boundary  condition  in  (2.8)  can  be  written  in  nondimensional  terms  as 

*  =  0,  T  =  1  +  t,  T  =  (2.17) 

where  the  parameter  r  quantifies  the  temperature  difference  across  the  gradient. 

The  viscous,  conductive  and  diffusive  transport  terms  in  (2.11),  (2.12)  and  (2.14)  are 
modulated  by  the  time  scale  ratios  t's/t'v,  t's/t'CD  and  t's/t'DIFF,  respectively.  These  ratios 
can  be  rewritten  as  (t's/t'A)(t'A/t'v),  {t's/t'A)(t'A/t'CD)  and  t's/t'A)(t'A/t'DIFF).  Given  the 
definitions  in  (2.15),  the  ratios  of  the  acoustic  time  to  each  of  the  viscous,  conductive 
and  diffusion  time  scales  are  proportional  to  the  Knudsen  number  Kn  =  v'0/ a'0£' ,  which 
must  be  very  small  in  a  continuum  gas.  Except  for  exceptionally  large  ratios  t's/t'A,  all 
transport  terms  are  suppressed  in  (2.11),  (2.12)  and  (2.14)  in  the  limit  Kn  — >  0.  In 
particular,  when  t's  =  t'A,  the  full  nonlinear  compressible  Euler  equations  for  a  source- 
driven  ( Qs )  system  are  recovered  in  the  limit  Kn  — >  0.  The  thermomechanically  induced 
Mach  number,  M  =  u! /a'  =  a'0u/a’0a  =  0(1).  However,  it  must  be  stated  that  for 
sufficiently  large  values  of  r,  the  combination  (t's/t'CD)C  could  be  0(1),  thus  accounting 
for  a  very  large  heat  flux  due  to  an  asymptotically  large  r.  This  is  not  a  likely  physical 
scenario.  In  the  absence  of  transport  physics,  traditional  flame  propagation  cannot  occur 
leaving  only  the  possibility  of  spontaneous  reaction  waves  or  what  Kassoy  and  Clarke 
(1985)  called  “fast  flames”,  and  reactive  gasdynamic  waves. 

The  limit  t's/t'A  — >  0  is  studied  initially  with  the  objective  of  developing  a  transparent 
understanding  of  the  physics  of  the  evolving  system  when  the  heat  addition  process  is 
relatively  fast.  This  corresponds  to  what  many  authors  refer  to  as  “instantaneous”  heat 
addition.  A  second  advantage  is  that  a  fully  analytical  solution  can  be  obtained.  In  order 
to  include  a  pressure  gradient  driven  flow  field  in  the  limit,  (2.11)  implies  that  the  speed 
must  be  rescaled 

u  =  (t'Jt'A)U  ,  (2.18) 

so  that  the  associated  induced  Mach  number 

M  =  i  =  '^r  =  -  =  O^JHa)  «  1,  o  =  0(1)  (2.19) 

Cl  (l  /  CJjQ  (l 

is  subsonic.  It  follows  from  (2.11)  and  (2.16)  that  the  momentum  equation  takes  the 
form, 

p\ut  +  (t'Jt'A)UUx  1  =  -^  +  C t'MKn  V 
1  J  7 

where  Kn  —¥  0  in  the  limit  and  V  is  the  rescaled  nondimensional  viscous  term. 


(2.20) 
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If  (2.18)  is  used  in  (2.10),  it  follows  that  the  density  must  be  rescaled  by 

P  =  1  /Ti(x)  +  (: t's/t'A?R  (2.21) 

with  the  results  that  in  the  limit 

Rt  +  ( pU)x  =  0  (2.22) 

Then  the  energy  equation  (2.12)  is  transformed  to 

P  Tt  +  {t's/t'AyUTx  =  —(7  —  l)(t's/t'A)2pUx  +  ( t's/t'CD)C+ 


+7(7  -  1  )(t's/tv)(.t's/t,A)2D  +  QRPQs  , 

(2.22a) 

QR  =  Qr/^  0  , 

(2.22b) 

the  species  equation  is 

Yt  +  {t's/t'A)2UYx  =  -Qs  +  {t'Jt'DIFF)V  , 

(2.23) 

and  the  state  equation  becomes 

P~  U(aO  +  {tJtA)  R]T 

(2.24) 

The  asymptotically  reduced  describing  equations,  initial  and  boundary  conditions  are 

Rt  +  ( U/Ti(x))x  =  0 

(2.25) 

Ut  =  ——Ti(x) 

(2.26) 

7 

p  =  T/Ti(x ) 

(2.27) 

Tt  =  qnQs 

(2.28) 

Yt  =  —Qs 

(2.29) 

t  =  0;  (T,  p,  p)  =  (t^x),  1,  ,  u  =  0,  Y  =  1  (2.30) 

where  T)( 0)  =  1  +  r  and  T,;(l)  =  1.  It  is  implicit  in  the  analysis  that  the  nondimensional 
parameters  qR  and  r,  defined  in  (2.22b)  and  (2.16),  respectively,  are  0(1)  quantities. 
Asymptotically  large  heat  of  reaction  or  temperature  differences  would  imply  the  need 
for  rescaling  of  T,  p  and  U.  Kassoy  (2010)  has  considered  heat  addition  large  compared  to 
the  initial  internal  energy,  which  has  a  nonintuitive  consequence  on  the  thermomechanics. 

The  physical  interpretation  of  the  reduced  equation  system  (2.25)-(2.30)  enables  a 
fundamental  understanding  of  the  thermomechanical  consequences  of  “fast”  heating, 
t's/t'A  =  o(l).  Equation  (2.28)  describes  constant  volume  heating  from  the  source.  The  ris¬ 
ing  temperature  is  accompanied  by  rising  pressure,  defined  in  (2.27).  The  induced  speed, 
described  by  (2.26),  demonstrates  that  regardless  of  how  fast  energy  deposition  occurs, 
(■ t's/t'A  — >  0),  there  will  be  a  mechanical  response  as  long  as  a  temperature-pressure 
gradient  exists.  The  weak  density  change  is  given  by  (2.25)  in  the  context  of  (2.21). 
Similar  equations  appear  in  Kassoy  (2010,  2014a,  2014b).  Fully  analytical  solutions  for 
(2.25)-(2.29)  subject  to  the  initial  conditions  in  (2.30)  follow, 

T  =  Ti( x)  +qR  [  Qs(x,t)dT 
Jo 


(2.31) 
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p=l  +  qR 


Qs(x,t) 

Ti(x ) 


dt 


(2.32) 


Q s  (x,  t) 
Ti(x ) 


dt 


X 


(2.33) 


i?=  - 


(2.34) 


y  =  l-  Qsdt 
Jo 


(2.35) 


The  reader  should  recognize  that  the  results  are  valid  for  any  source  Qs.  The  formal 
analytical  solutions  in  (2.31)-(2.35)  provide  insights  into  the  dependence  of  variables  on 
the  nondimensional  heat  of  reaction,  qR,  and  the  nondimensional  heat  source  distribution 
in  space  and  time,  Qs(x,t ),  as  well  as  on  the  initial  temperature  distribution  Ti(x).  In 
addition,  (2.33)  can  be  used  to  identify  the  speed  of  the  fluid  expelled  from  the  hot  spot 
at  x  =  1,  where  Tt  =  1.  Given  the  small  Mach  number  in  (2.18),  the  thermomechanical 
disturbances,  in  the  unheated  gas,  x  >  1,  will  be  weak  acoustic  waves. 

The  solutions  in  (2.31-2.35)  can  be  simplified  considerably  for  an  asymptotically  small 
linear  negative  temperature  gradient  represented  by 


Ti(x)  =  1  —  ax  ■  ■  ■ ,  a  =  o(l)  ,  (2.36) 

so  that  the  variables  depend  only  on  the  heat  source  distribution  Qs(x,t)  in  a  first 
approximation.  This  perspective  will  be  useful  in  the  subsequent  study  of  an  Arrhenius, 
high  activation  energy  reaction  as  the  source  of  thermal  energy  addition. 

When  the  energy  addition  time-scale  is  longer,  t's/tA  =  0(1),  (2.10)-(2.14)  are  essen¬ 
tially  the  compressible  Euler  equations  with  a  heat  source,  q'R/e'0  =  0(1).  The  trans¬ 
port  terms  remain  suppressed.  These  equations  describe  a  fully  compressible  therrno- 
mechanical  process  evolving  from  the  transient,  spatially  resolved  energy  addition  on 
the  time-scale  t's .  In  this  case  wave  propagation  within  the  hot  spot  occurs  on  the  same 
time-scale  as  the  energy  addition,  thus  facilitating  the  compressible  (variable  density)  re¬ 
sponse.  The  equation  structure  implies  unequivocally  that  all  thermodynamic  variables 
undergo  0(1)  changes,  in  contradistinction  to  the  fast  heating  limit  process,  and  that 
the  induced  Mach  number, 

M  =  v!  la!  =  u/a  =  u/(T)1/2  =  0(1)  .  (2.37) 


The  Mach  number  of  the  fluid  expelled  from  the  heat  spot  is  of  the  same  order  and 
is  the  source  of  the  “piston  effect”  driving  strong  mechanical  disturbances  (e.g.  shocks) 
into  the  unheated  cold  environment.  During  the  heat  addition  time  scale,  t'sl  the  order 
of  magnitude  of  fluid  motion  in  the  hot  spot  and  beyond  is  quantified  by 

D'  =  0(u% )  =  O{a'oe/a'0 )  =  0{l')  (2.38) 

while  the  generated  shock  wave  will  move  the  same  order  of  magnitude  distance, 

d's  —  O(a'0t's)  =  O(E')  ,  t'Jt'A  =  0{  1)  (2.39) 

This  result  implies  that  the  expelled  fluid  will  be  able  to  support  the  shock  during  the 
entire  heat  addition  process,  Qs(x,t )  >  0. 
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3.  Thermomechanical  analysis  for  a  reactive  gas  in  the  fast  heating 
limit:  /i  <  1. 

In  the  following  paragraphs  an  Euler-based  analysis  is  presented  for  a  single-step,  high 
activation  energy,  exothermic  reaction  in  order  to  include  a  specific  chemical  heat  source, 
similar  to  that  in  Kassoy  (2014a).  The  objective  is  to  address  the  Zeldovich  concept  with 
a  rational  systematic  mathematical  model. 

The  dimensional  (primed  (  '))  Euler  equations  can  be  written  as: 


Pt'  +  (pu)x’  =  0 

(3.1a) 

p'(u't,  +u'ux,)  =  -p'x, 

(3.1b) 

p'(e't,  +u'e'x,)  =  -p'u'x,  +  p'A,q,RYe-E'/R'T' 

(3.1c) 

Yv  +  u'Yx ,  =  - A'YeE'/R'r 

(3-ld) 

where  p' ,  p' ,  T'  are  the  usual  thermodynamic  variables,  u'  represents  the  gas  speed 
induced  by  energy  addition,  e!  is  the  internal  energy  ( C'VT '),  where  the  specific  heat  is 
treated  as  a  constant,  A!  is  the  preexponential  (frequency)  factor  in  the  Arrhenius  rate 
term,  E'  is  the  activation  energy,  R'  is  the  universal  gas  constant,  q'R  is  the  heat  of 
reaction  and  Y  is  the  nondimensional  reactant  concentration. 

Nondimensional  thermodynamic  variables  are  defined  relative  to  an  equilibrium  gas 
state  denoted  by  p'0,  p'0,  Tjj:  (p,  p,  T  =  (p1  / p'0  ,p'  /p'0 ,  T'/Tq).  It  follows  that  e  =  e'/e'0, 
where  e'0  =  C'vTq.  The  gas  speed  is  nondinrensionalized  by  the  equilibrium  speed  of  sound, 
(ao  =  \Ay R'  Tq),  u  =  u'/a'0.  The  space  and  time  variables  are  defined  by  x  =  x'  /£'  and 
t  =  t' /t's  where  i'  defines  the  characteristic  length  scale  of  prescribed  initial  spatial 
inhomogeneities  in  the  variables,  p' ,  //,  T' ,  Y  and  t's  =  eexp(l /e)/A'.  (a  traditional 
thermal  explosion  induction  time),  where  e  =  R'  Tq/E  is  the  small  activation  energy 
parameter  and  qR  =  qR/e'0.  Many  of  these  variable  definitions  differ  from  those  used  by 


Short  (1997). 

The  nondimensionalized  conservation  equations  take  the  form: 

Pt  +  p{pu)x  =  0  (3.2a) 

p{ut  +  puux)  =  -ppx/”f  (3.2b) 

p(Tt  +  puTx)  =  -p(7  -  1  )pux  +  A,t'sqRpYe^1/eT  (3.2c) 

Yt  +  puYx  =  -A't'sYe~1/eT  (3.2d) 

where  p  =  t's/t'A  is  the  ratio  of  the  characteristic  thermal  explosion  induction  time  to  the 
local  acoustic  time  t'A  =  l' /a'0.  The  nondimensional  state  equation  for  a  perfect  gas: 

p  =  pT  (3.3) 

completes  the  mathematical  model.  The  variables  in  (3.2)  and  (3.3)  are  subject  to  the 
following  initial  conditions: 

t  =  0  :  p  =  Pi(x)  ,  p  =  1  ,  T  =  Ti(x)  ,  u  =  0,T  =  l,0^a;^l  ,  (3-4) 


corresponding  to  an  initial  nonhomogeneity  in  density  and  temperature  on  the  dimen¬ 
sional  length  scale  l' .  This  finite  model  of  an  initial  disturbance  is  chosen  with  the  explicit 
objective  of  identifying  the  thermomechanical  response  of  the  disturbed  gas  and  conse¬ 
quences  of  the  response  to  the  gas  external  to  the  disturbed  volume. 
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3.1.  Induction  time  theory  for  a  spatially  dependent  thermal  explosion 
Following  Short  (1997),  an  asymptotic  analysis  is  formulated  for  a  high  activation  energy 
reaction  (e  <C  0(1))  where  the  induction  time  is  short  compared  to  the  acoustic  time 
of  the  heated  volume  (p  <C  0(1)),  again  to  obtain  a  complete  analytical  solution.  The 
former  requires  that  the  thermodynamic  variables  be  defined  by  the  traditional  thermal 
explosion  asymptotic  expansions,  valid  in  the  limit  e  — >  0. 

(p,  P,  T)  =  (l  +  e(R,  P,  ip)  +  0(e2))  (3.5) 

where  R .  ,  P,  ip  are  spatially  variable,  time-dependent  descriptions  of  chemically  driven 
perturbations  from  the  initial  thermodynamic  state:  e.g.  t  =  0.  (P,  P,  ip)  =  (Ri(  x),  1, 
ipi(x)),  where  each  is  nonzero  only  in  0  ^  x  ^  1.  The  asymptotic  expansions  in  (3.5) 
imply  that  the  appropriate  initial  conditions  for  temperature,  pressure  and  density  take 
the  form:  T(0,x)  =  T)  =  1  +  £</>,; (x) .  p( 0,x)  =  1,  p(0,x)  =  1  —  s<j>i(x). 

As  a  result,  the  temperature  difference  parameter  in  (2.17),  (r)  =  0(e),  so  that  an 
asymptotically  small  imposed  temperature  gradient  is  the  driver  for  the  entire  evolution¬ 
ary  process  to  follow. 

Similarly, 

Y  :  l-sW  +  0{e2)  (3.6) 

where  W  is  the  perturbation  in  the  reactant  concentration:  at  t  =  0,  W  =  Wjf'x)  =  0  in 
0  <  x  <  1. 

Initially  (3.2a)-(3.2d)  take  the  form: 

Rt  +  (, p/e)(pu)x  =  0  (3.7a) 

p(ut  +  puux)  =  —pePx/ 7  (3.7b) 

p(<Pt  +  puipx)  =  -(/z/e)(7  -  1  )pux  =  pqne^  (3.7c) 

Wt  +  puWx  =  ev  (3.7d) 

This  mathematical  system  contains  two  independent  nondimensional  parameters  (p 
and  e).  The  speed  and  density  variables  are  to  be  rescaled  to  obtain  a  lowest  order 
reduced  mathematical  model  that  couples  an  explicit  mechanical  response  of  the  gas 
to  localized  spatially  distributed  transient  heating.  Gas  motion  induced  by  an  evolving 
spatial  pressure  gradient  in  (2.46b)  can  be  assured  in  the  limit  £  — >  0,  and  p  0(1)  if 


u  =  epU 

(3.8) 

It  follows  that  (3.7a-d)  takes  the  form 

Rt  +  P~{pU)x  =  0 

(3.9a) 

p{Ut  +  ep2UUx)  =  -Px/ 7 

(3.9b) 

p(ipt+ep2Uipx )  =  -p2{ 7  -  1  )pUx  +  pqRe v 

(3.9c) 

Wt  +  ep2UWx  = 

(3.9d) 

Equation  (3.9a)  and  the  initial  conditions  imply  that  to  account  for  density  variation 
associated  with  the  gas  motion,  the  density  perturbation  must  be  rescaled  by 


R  =  — ipi(x )  +  p2R  (3.10) 

where  <pi{x)  represents  the  initial  density  distribution  compatible  with  (3.5).  Equation 
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(3.9a)  takes  the  form 


Rt  +  ( pU)x  =  0  (3.11) 

The  equation  set  composed  of  (3.9b-d)  and  (3.11)  describe  a  weakly  variable  density 
response  of  a  gas  to  relatively  rapid  energy  deposition,  (p  <C  0(1))-  The  local  expansion 
Mach  number  is  characterized  by 


u 

a 


u 

7 T 


tHR  =  o(ep)  =  o(l) 


(3.12) 


In  the  limit  e  — >  0,  and  p  <C  0(1),  (3.11),  (3.9b-d),  (2.3)  and  (2.4)  yield  the  reduced 


system  of  initial  value  equations  and  conditions: 

Rt  +  Ux  =  0  ,  t  =  0  :  R  =  Ri(x )  =  0  ,  U  =  Ui(x)  (3.13a) 

Ut  =  -Pxh  ,  t  =  0  :  P  =  0  (3.13b) 

Pt  =  ,  t  =  0  :  <p  =  ipi(x)  (3.13c) 

P  =  p  +  0{p2)  (3.13d) 

Wt  =  -e v  t  =  0:  W  =  Wi(x)  =  0  (3.13e) 


Equation  (3.13c)  describes  a  constant  volume  heat  addition  process  as  envisaged  by 
Zeldovich  (1980),  for  the  temperature  perturbation  <p,  response  to  energy  addition.  The 
rate  of  temperature  perturbation  increase  is  proportional  to  the  size  of  qR,  the  heat  of 
reaction  defined  in  (2.22b).  The  solution  is  given  by 

*’  =  >"  -Mf)='wW  +  1,’(1- </<,(*))  <314) 

where  <Pi{x)  is  an  imposed  initial  (small)  temperature  disturbance  of  the  type  considered 
by  Zeldovich  (1980)  in  his  spontaneous  wave  theory.  The  temperature  perturbation  so¬ 
lution  in  (3.14)  appears  in  Short  (1997).  It  has  a  classical  thermal  explosion  singularity 
at  a  spatially  dependent  time  te  where 

te{x)  = -  (3.15) 

QR 


A  simple  calculation  demonstrates  that  >  O,  as  expected  from  physical  perspectives. 
As  noted  by  numerous  authors  (Jackson,  Kapila  and  Stewart  1989;  Kapila  and  Dolcl 
1989;  Short  1997),  (3.15)  implies  that  the  thermal  explosion  spreads  down  an  imposed 
negative  initial  temperature  gradient  {<p[(x)  <  0),  where  the  bold  prime  denotes  a  spatial 
derivative.  The  inverse  of  the  thermal  explosion  propagation  speed  is  found  from  (2.15) 
to  be 


dte 

dx 


QR 


(3.16) 


while  a  comparison  of  the  dimensional  propagation  speed  relative  to  the  characteristic 
dimensional  speed  of  sound,  a'0  can  be  obtained  from  (3.16)  as 


dx'/dt'e  _  qR  e*d*) 


showing  quantitatively  that  the  thermal  explosion  moves  through  the  volume  of  heated 
gas  at  a  locally  supersonic  speed,  proportional  to  qR,  when  p  <C  0(1)  as  noted  by  Fried¬ 
man  and  Herrera  (1990),  Kapila  and  Dolcl  (1989),  and  referred  to  in  Short  (1997).  Equa¬ 
tion  (3.17)  demonstrates  that  when  the  gradient  of  the  initial  temperature  distribution 
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X 

<(>i(x)  =  1  —  X 

te(x) 

0 

1 

0.37 

0.25 

0.75 

0.47 

0.5 

0.5 

0.61 

0.75 

0.25 

0.78 

1.0 

0 

1.0 

Table  1.  The  explosion  time  te(x)  as  a  function  of  location  for  a  linear  temperature  gradient 

=  1  —  x,  with  qR  =  1. 


is  zero,  the  propagation  speed  is  infinite,  a  non-physical  result  noted  by  Short  (1997), 
interpreted  to  mean  that  a  spatially  homogeneous  thermal  explosion  occurs.  Jackson, 
Kapila  and  Stewart  (1989)  have  noted  that  the  reaction  evolution  process  differs  if  at  a 
symmetry  point  a;  =  0,  the  gradient  is  zero  or  less  than  zero.  Equation  (3.17  can  be  used 
to  show  that  the  reaction  wave  moves  a  distance  0(1')  in  the  heat  release  time  t'e. 

Equation  (3.14)  demonstrates  that  an  initial  temperature  inhonrogeneity  is  essential 
for  ip  to  be  spatially  dependent.  This  is  crucial  to  supporting  the  induced  gas  motion 
described  by  (3.13b).  The  pressure  disturbance  is  equal  to  the  temperature  disturbance. 
It  must  be  emphasized  that  in  the  absence  of  an  initial  small  temperature  disturbance, 
the  solution  in  (3.14)  shows  that  the  thermal  explosion  induction  period  is  characterized 
by  a  spatially  homogeneous  thermal  temperature,  that  the  spatial  pressure  gradient  is 
absent  and  that  no  local  gas  motion  can  occur.  Kassoy  (2010)  has  discussed  the  role  of 
localized  gas  expansion  as  an  immediate  source  of  mechanical  disturbances. 

A  Schwab-Zeldovich  formulation  can  be  used  with  (3.13c)  and  (3.13e)  to  show  that 


IT  =  —  In 


qR  (l  -t/te(x)) 


(3.18) 


when  IT(0,:r)  =  0. 

The  thermally  induced  gas  speed  can  be  found  from  the  integral  of  (3.13b)  ((3.13d) 
and  (3.14)  are  employed): 


rj  _  Ai(a  )  -<Pi(x)  i  _ l _ 

'  ~  qn.l  (1  ~t/te(x)) 


(3.19) 


where  it  is  assumed  that  there  is  no  initial  speed  disturbance,  Ui(x)  =  0.  Equation 
(3.19)  demonstrates  that  U  >  0  when  <fi((x)  <  0,  meaning  that  gas  expansion  occurs 
and  that  the  speed  is  singular  when  the  explosion  time  te  is  reached  at  a  given  location. 
Equation  (3.19)  also  shows  that  there  is  thermally  induced  low  Mach  number  gas  motion 
throughout  the  heated  volume  as  the  reaction  wave  propagates. 

The  analytical  solution  in  (3.14)  and  (3.19)  and  the  results  in  tables  1  and  2  enable 
a  complete  description  of  the  thermomechanical  response  of  the  heated  gas.  Table  1 
lists  the  value  of  the  explosion  time  by  location  x  when  an  initially  linear  temperature 
distribution  exists,  Pi(x)  =  1  —  x  and  qr  =  1.  The  results  show  that  a  thermal  explosion 
occurs  at  x  =  0  when  t  =  0.37  for  qr  =  1  and  then  propagates  through  the  inhomogeneity 
arriving  at  x  =  1  when  t  =  1. 

Finally  (3.13)  and  (3.20)  can  be  used  to  find  the  solution  for  the  weak  density  change 
represented  by  R.  The  logarithmic  dependence  in  (3.18)  and  (3.19)  is  found  once  again. 
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t  U(0,t)  C/  (0.5,  i)  {7(1, i) 


0 

0 

0 

0 

0.1 

.08 

.08 

.08 

0.1 

.21 

.18 

.16 

0.3 

.44 

.30 

.33 

.37 

00 

.41 

.33 

Table  2.  The  induced  fluid  speed  at  locations  x  =  0,  0.5  and  1.0  for  times  values 
t  ^  te (0)  =  0.37  calculated  with  7  =  1.4  and  =  1  —  x,  with  q_a  =  1. 


3.2.  Thermal  explosion  singularity  analysis 


The  theory  predicts  a  continuous  sequence  of  thermal  explosions  propagating  down  the 
specified  gradient.  The  initial  singularity  occurs  at  x  =  0  when  te  =  0.37  for  qr  =  1.  In 
particular,  the  expansions  in  (3.5)  and  (3.6)  fail  when  £tp(0,t)  =  O(l).  Similarly,  from 
(3.6),  (3.10),  and  (3.19),  el?(0,f)  =  0(1)  and  eIF(0,t)  =  0(1)  in  the  limit  t  — >  4( 0).  It 
follows  from  (2.53)  that 


or 


£  In 


1/(1  ~t/t( 


=  0(1) 


(3.20) 


4(0)  - 1 


=  exp 


(o(-  1/e)) 


(3.21) 


implying  that  when  t,  is  exponentially  close  to  4(0),  a  full  scale  explosion  will  occur 
in  the  vicinity  of  x  =  0,  characterized  by  0(1)  changes  in  T  and  Y,  as  well  as  p  =  1  + 
0(/r2),  as  all  the  fuel  is  consumed  and  the  complete  heat  of  reaction  is  released.  Equation 
(3.21)  demonstrates  that  the  time  scale  of  the  full  scale  explosion  is  exponentially  short 
compared  to  the  induction  time  scale  4(0).  This  concept  has  been  used  by  Kassoy  (1977) 
to  describe  the  full  scale  explosion  in  a  spatially  homogeneous  system  by  defining  a 
nonlinear  time  scale  transformation: 


4  —  t  =  exp(— s/e)  +  0(1)  ,  (3.22) 

where  s  >  0  is  the  0(1)  explosion  time  variable.  The  application  of  this  unusual  scal¬ 
ing  to  the  current  spatially  distributed  system  is  the  subject  of  section  4.  This  scaling 
transformation  differs  fundamentally  from  that  used  by  Short  (1997)  to  describe  the  post¬ 
induction  period  phenomena.  In  particular,  the  e-parameter  is  absent  from  the  transfor¬ 
mation  used.  As  a  result,  the  subsequent  analysis  cannot  describe  post-induction  physics 
on  the  exponentially  short  time  scale  defined  in  (3.22). 

Table  2  lists  the  induced  speed  at  x  =  0,  x  =  0.5  and  the  edge  of  the  heated  region, 
x  =  1,  demonstrating  that  gas  is  expelled  at  the  nonhomogeneity  edge  (x  =  1)  for  all 
times  up  to  and  including  4  =  0.37,  for  the  case  ip'^x)  =  —1.  Furthermore,  (3.19)  can  be 
used  to  show  that  the  gas  speed  at  x  =  1  will  continue  to  increase  for  time  values  up  to 
t  =  1  when  the  thermal  explosion  singularity  leads  to  an  unbounded  value  of  the  scaled 
speed  U.  It  should  be  noted  here  that  the  thermal  energy  released  during  the  induction 
period  is  asymptotically  small,  O(e)  because  so  little  reactant  is  consumed  and  that  the 
induced  nondimensional  kinetic  energy, 

u'2  /  e'a  =  0{£2  p2)  (3.23) 

It  should  be  clear  that  the  initial  disturbance  in  the  temperature  perturbation  ipi(x ) 
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considered  by  Zeldovich  (1980)  is  absolutely  essential  to  describing  a  meaningful  thermo- 
mechanical  response  to  localized,  spatially  resolved,  transient  energy  deposition.  Short 
(1997)  has  examined  the  consequences  of  nonzero  initial  conditions  in  the  remaining 
variables. 

In  summary,  during  the  induction  period,  a  weak  reaction  process  occurs  throughout 
the  hot  spot  until  a  thermal  explosion  occurs  initially  at  x  =  0  and  fe(0)  =  0.37  and  then 
propagates  into  the  entire  hot  spot  reaching  the  edge  at  t  =  1.  The  results  in  table  2 
show  that  the  localized  heat  addition  induces  a  gas  expansion  speed  U(x,t )  throughout 
the  spot.  The  fluid  expelled  at  the  edge,  x  =  1,  with  speed  U(l,t)  acts  as  a  piston  driving 
weak  0(£/x),  acoustic  disturbances  into  the  unheated  environmental  gas  x  >  1. 


4.  The  post-induction  time  analysis:  ft  <  1. 

A  hill  scale  explosion  characterized  by  an  0(1)  increase  in  temperature  and  pressure 
will  be  initiated  at  x  =  0,  t  =  0.37,  on  a  time  scale  exponentially  short  compared  to 
the  induction  time  scale,  in  a  tiny  region  around  the  origin.  Thermomechanical  analyses 
for  relatively  rapid  addition  (Kassoy  2010,  2014a)  of  a  large  amount  of  energy  suggest 
that  the  energy  addition  will  be  characterized  by  a  nearly  constant  volume  process  with 
pressure  rising  with  temperature.  The  latter  will  maximize  at  the  adiabatic  explosion 
value  1  +  qr-  The  result  will  be  an  isolated  high  temperature  and  pressure  spot  in  a  cold, 
low  temperature  environment.  Subsequent  to  the  reaction  completion,  the  ephemeral 
high  temperature  and  pressure  spot  will  expand  on  the  acoustic  time  scale,  far  larger 
than  the  induction  time  and  the  exponentially  short  post-induction  reaction  time  scale 
defined  by  (3.22),  leading  to  a  substantial  mechanical  disturbance  in  the  unheated  gas. 

The  post-induction  period  mathematical  formulation  is  based  on  the  nonlinearly  rescaled 
time  in  (3.22)  and  the  related  rescaling  of  the  planar  space  variable,  x, 

x  =  xr(t)  —  X  exp(—s/e)  (4.1) 


The  spatial  rescaling  defines  the  distance  traveled  by  the  propagating  thermal  explo¬ 
sion  (reaction  front)  during  the  exponentially  short  time  scale  defined  by  (3.22).  Both 
the  length  and  time  scales  germane  to  the  physics  of  the  post-induction  period  are  ex¬ 
ponentially  short  with  respect  to  the  spot  dimension  £'  and  the  induction  time-scale,  t'e, 
defined  in  the  paragraph  above  (3.2a).  When  (3.22)  and  (4.1)  are  employed  in  (3.2),  and 
the  limit  e  — >  0  is  taken  the  lowest  order  result  is  related  closely  to  that  in  the  analysis 
of  a  post-induction  period  process  in  a  spatially  homogeneous  system  (Kassoy  1977): 

T  =  1/(1  —  s)  ,  p=  1/(1 -s)  ,  Y  =  1-7^T  (4.2a, b,c) 

(1  -  s) 


P  =  1  +  0(p2)  ,  u  =  pV 

TmAX  =  TadIABATIC  =  1  +  QR  ,  o  <  S  <  SMAX  = 


QR 


<  1 


4. 2d,  e) 
(4.3a,  b) 


(1  +  Qr) 

These  results  describe  the  consequences  of  complete  reactant  consumption  and  con¬ 
comitant  heat  release  in  an  essentially  inertially  confined,  constant  volume  heat  addition 
process  on  a  time  scale  exponentially  short  compared  to  characteristic  induction  period 
time-scale  t'e.  To  lowest  order  the  temperature  and  pressure  are  spatially  homogeneous 
in  the  exponentially  thin  reaction  zone  just  behind  the  propagating  thermal  explosion 
singularity.  The  scaled  variables  can  be  used  to  demonstrate  that  in  the  reaction  zone  the 
characteristic  reaction  time  scale  is  t'R  =  0(t'se~s^£)  compared  to  the  local  acoustic  time 
scale,  t'RA  =  0 (t'Ae~s/e)  based  on  the  thickness  of  the  reaction  zone  and  characteristic 
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acoustic  speed,  a  result  compatible  with  the  inertial  confinement  mentioned  earlier.  It  is 
also  important  to  note  that  the  local  conduction  time  scale,  based  on  the  width  of  the 
reaction  zone  and  a  characteristic  value  of  the  thermal  diffusivity  is  small  compared  to 
the  local  reaction  time  if  exp(— l/(e)  (p)(Kn)  where  the  latter  parameter  represents 
the  Knudsen  number.  As  a  result  the  reaction  zone  is  not  affected  by  transport  effects 
relative  to  the  cooler,  unburned  gas  in  front  of  the  propagating  thermal  explosion.  The 
post-induction  period  solutions  above,  evolving  on  a  phenomenally  short  time  scale  show 
that  the  propagating  thermal  explosion  leaves  behind  a  spatially  homogeneous  hot,  high 
pressure  spot,  that  can  expand  on  the  relatively  long  acoustic  time  scale,  f"/ao  in  analogy 
with  a  shock  tube  process.  The  0(1)  pressure  differential,  defined  by  pmax  =  1  +  <1r  is 
the  source  of  a  strong  shock  wave. 

5.  Modest  heating  rate  theory:  fi  =  1. 

The  modest  heating  rate  models  considered  by  Short  (1997),  Vasquez-Espi’  and  Linan 
(2001),  Jackson  et  al.  (1989),  among  many  others,  describe  the  thermal  response  to 
chemical  heat  addition  on  a  time  scale  identical  to  the  acoustic  time  of  the  hot  spot.  The 
conservation  equations  derived  and  employed  for  solution  development  are  equivalent 
to  the  Clarke  equation  (1985)  describing  only  the  temperature  response.  It  is  useful  to 
revisit  the  models  in  the  context  of  the  Zeldovich  problem  (1980)  to  describe  a  novel  set 
of  equations  that  describe  pressure  and  velocity  responses  of  the  gas  to  the  transient, 
spatially  resolved  temperature  distribution  described  by  the  Clarke  equation,  as  well  as 
to  display  an  alternative  to  the  Clarke  equation.  The  foundational  equations  are  those 
in  (3.2)  and  (3.3)  with  p  =  1: 

pt  +  (pu)x  =  0  (5.1a) 

p{ut  +  wux)  =  -px/j  (5.1b) 

Tt  +  uTx  =  -(7  -  1  )Tux  +  A't'sqRYe-l/eT  (5.1c) 

Yt  +  uYx  =  -A't'sYe-1/eT  (5.1d) 

p  =  pT  (5.1e) 

f  =  0  :  p  =  1  ,  T  —  1  +  e<fi(x)  ,  Y  =  1  ,  p  =  1  —  etpi(x )  ,  u  =  0  (5. If) 

subject  to  the  initial  conditions  in  (2.30)  where, 

A't'a  =  ee1/s  (5.2) 

given  the  definition  of  the  traditional  thermal  explosion  induction  period  time-scale,  t's, 
in  the  paragraph  just  above  (3.2).  The  variable  definitions  differ  from  those  used  in 
Short  (1997).  The  current  choices,  beginning  with  (2.6)  and  (2.9),  are  used  to  derive 
non-dimensional  equations  that  can  be  interpreted  physically  in  terms  of  parameters 
significant  to  the  physical  phenomena. 

If  a  high  activation  energy  analysis  is  used  to  describe  the  thermal  induction  period 
when  ji  =  1 ,  the  dependent  variables  are: 

(p,p,T)  =  (l  +  e(P,A,v?)  +  0(e2))  ,  Y  =  1  —  eW  (5.3a,  b) 

u  =  eU  (5.3c) 

where  (5.3e)  is  needed  to  derive  a  momentum  equation  capable  of  describing  the  ther- 
momechanically  induced  velocity.  In  particular,  the  model  is  constructed  for  a  hot  spot 
of  specific  dimension  t'  and  a  nondimensional  heat  of  reaction,  qR ,  defined  relative  to  the 
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characteristic  initial  internal  energy  rather  than  the  enthalpy.  Equation  (5.2)  enables  the 
model  equation  (5.1c)  to  display  explicitly  the  role  of  the  heat  of  reaction  in  the  energy 
dynamics  of  the  problem. 

If  (5.2)  and  (5.3)  are  used  in  (5.1)  and  the  limit  e  — >  0  is  taken,  the  reduced  con¬ 
servation  and  state  equations  for  the  thermodynamic  perturbation  quantities,  the  fuel 
concentration  and  induced  velocity  U  are  given  by 

Rt  +  Ux  =  0  (5.4a) 

Ut  =  —Px/l  (5.4b) 

tpt  =  -(7  -  1  )UX  +  qRe*  (5.4c) 

Wt  =  ev  (5.4d) 

P  =  R+ip  (5.4e) 

These  equations  are  subject  to  the  following  initial  conditions: 

t  =  0;  P  =  0  ,  <p  =  tpi(x)  ,  W  =  0  ,  R  =  ,  U  =  0  (5.5) 

These  Eulerian  coordinate  equations  describe  perturbation  variable  changes  due  to 
chemical  heat  release,  modeled  by  ev,  and  the  initial  temperature  disturbance.  In  the 
absence  of  the  heat  source  term,  ev,  they  describe  classical  linear  acoustical  disturbances 
(Liewen  2012)  driven  by  an  initial  disturbance.  Equation  (5.4c)  shows  that  local  gas 
expansion,  Ux  >  0,  retards  growth  in  the  temperature  disturbance,  noted  earlier  by 
Vasquez-Espi  and  Linan  (2001),  among  others.  The  scaling  on  u  in  (5.3c)  enables  a  fully 
integrated  thermoacoustic  model  with  the  induced  speed  generated  by  a  pressure  gradient 
in  (5.4b). 

Familiar  manipulations  with  (5.4)  enable  a  pressure-temperature  relationship  to  be 
derived: 

rt 


P- 


7 


<P  = 


7 


<Pi(x)  - 


<lR 


evdt 


(5.6) 


,7-17  r  V7-i;  '  (7  —  1)  JO 

a  result  that  replaces  the  standard  isentropic  relation  for  an  adiabatic  system.  The  in¬ 
tegral  represents  the  accumulated  effect  of  chemical  heat  addition  during  an  interval  of 
time,  t.  Equation  (5.6)  can  then  be  used  to  derive  the  following  set  of  describing  equa¬ 
tions: 

Qr 


U+t  —  U.r.r 


-e^Vx 


Pft  —  Pr 


7 

■  qRevWt 


Pt-t  —  (pxx  + 


QR 


(5.7a) 

(5.7b) 

(5.7c) 


-  /  (e^iflxjxdt  -  ip"(x) 

7  V  Jo  j 

Eciuations  (5.7a,b)  describe  a  thermoacoustic  wave  propagation  process  within  the  hot 
spot  driven  by  transient,  spatially  resolved  chemical  heat  release.  The  integro-differential 
equation,  (5.7c)  provides  a  related  description  for  the  thermoacoustic  response  of  the  hot 
spot  gas  to  auto-ignition  and  is  an  alternative  to  the  Clarke  equation, 


{vt  -  (lRe'f’\t  =  (vt  ~ 


(5.8) 


The  former  can  be  differentiated  with  respect  to  t  to  derive  the  latter.  It  is  often  stated 
that  (5.8)  describes  the  competition  between  simultaneous  constant  volume  and  constant 
pressure  heat  addition.  Equation  (5.7)  appears  to  provide  a  clearer,  physically  oriented 
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interpretation  of  the  impact  of  localized  heating  on  the  generation  of  small  amplitude 
disturbances  associated  with  the  common  wave  equation  operator  in  each  equation. 


6.  Conclusions 

A  comprehensive,  systematic,  asymptotic  analysis  is  employed  to  quantify  the  evolution 
of  a  “spontaneous  reaction  wave”  propagating  within  a  finite  hot  spot,  defined  by  an 
imposed  weak  temperature  non-uniformity  embedded  in  a  larger  volume  of  relatively  cold 
reactive  gas.  One-step,  high  activation  energy  (e  — >  0)  kinetics  define  the  reaction  process. 
Ignition  occurs  at  the  local  temperature  maximum,  only  0(e)  larger  than  the  colder  value 
external  to  the  spot.  The  reaction  spreads  down  the  O(e)  negative  temperature  gradient. 
Classical  thermal  explosion  induction  period  analysis  for  both  fast  (p  — >  0)  and  modest 
(p  =  1)  heat  release  time  scales  describes  a  period  of  0(e)  reactant  consumption,  limited 
energy  addition  leading  to  O(e)  increases  in  temperature  and  pressure  and  a  concomitant 
weak  gas  expansion  with  the  hot  spot,  the  source  of  expelled  gas  at  the  surface  of  the 
hot  spot. 

When  the  induction  time-scale  (characteristic  of  chemical  heat  release)  is  short  com¬ 
pared  to  the  acoustic  time-scale  of  the  hot  spot  (the  limit  p  — >•  0)  a  nearly  constant- 
volume  process  characterizes  the  thermonreclianical  response  of  the  gas.  An  0(e)  spatial 
pressure  distribution  corresponding  to  the  temperature  disturbance  of  the  same  size  is 
the  source  of  an  O(ep)  induced  gas  seed.  Gas  expelled  through  the  hot  spot  surface  is  the 
source  of  weak  acoustic  compression  waves  (The  “piston”  effect)  in  the  gas  external  to 
the  spot.  A  complete  analyitical  solution  of  the  asymptotically  reduced  equations  is  pos¬ 
sible  in  the  limit  (e  — >  0,  p  — >  0).  Results  define  the  end  of  the  induction  period  at  each 
^-location  when  a  local  thermal  explosion  singularity  occurs  at  te(x).  The  propagation  of 
the  singularity  down  the  asymptotically  small  negative  temperature  gradient  defines  the 
Zeldovich  “spontaneous  reaction  wave”  properaties.  The  value  of  te(x)  increases  from  the 
hottest  to  the  coldest  locations  in  the  spot  and  can  be  inverted  to  define  the  supersonic 
propagation  Mach  number  for  the  translating  singularity. 

When  the  induction  time-scale  is  equal  to  the  local  acoustic  time  (p  =  1),  the  asymp¬ 
totically  reduced  equations  describe  compressible  heat  addition.  The  0(e)  temperature 
perturbation  is  described  by  a  physically  transparent  alternative  to  the  “Clarke”  equa¬ 
tion.  The  O(e)  pressure  and  induced  speed  responses  to  transient,  spatially  resolved  heat 
release  are  described  by  non-homogeneous  linear  wave  equations.  These  equations  have 
no  obvious  analytical  solutions,  but  define  clearly  the  character  and  properties  of  the  in¬ 
duction  period  physics.  Numerical  results  from  Clarke’s  equation  are  reported  by  many 
authors  cited  in  the  introduction.  They  can  be  interpreted  to  mean  that  a  classical  log¬ 
arithmic  thermal  explosion  singularity  will  occur  at  finite  values  of  time,  t*(x),  to  be 
distinguished  from  the  analytically  obtained  value  te(x)  for  the  fast  heating  limit.  New 
results  from  numerical  solutions  of  (5.7)  will  be  the  subject  of  future  work. 

The  post-induction  period  analyses  offer  new  opportunities  to  understand  the  physics 
of  extremely  fast  (explosive)  reaction  processes.  In  the  limit  p  — >  0  the  nonlinear  trans¬ 
formations  define  exponentially  short  time  and  length  scales.  During  and  within  these 
two  scales,  respectively,  the  reactant  is  totally  consumed  as  the  spatially  homogeneous 
temperature  rises  to  the  adiabatic  explosion  value  in  a  nearly  constant-volume  process, 
with  a  concomitant  increase  in  the  spatially  homogeneous  pressure.  In  the  absence  of  a 
pressure  gradient,  there  is  no  additional  change  in  the  fluid  speed  induced  during  the 
induction  period.  The  analytical  results  are  interpreted  to  mean  that  the  reaction  front, 
located  at  the  thermal  explosion  singularity,  propagates  through  the  hot  spot  on  the 
induction  time-scale  leaving  behind  a  spatially  uniform  ephemeral  high  pressure  and 
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temperature  hot  spot  located  in  a  larger  volume  of  colder,  low  pressure  gas.  In  analogy 
with  a  shock  tube,  the  spot  will  expand  on  the  much,  much  longer  acoustic  time  scale 
with  the  result  that  a  strong  compression  wave  moves  into  the  spot  itself.  In  this  regard 
the  thermomechanical  response  of  the  spot,  initiated  by  a  tiny  temperature  gradient,  is 
the  primary  source  of  major  mechanical  disturbances  in  the  gas  external  to  the  original 
spot. 

When  (i=l,  the  high  activation  energy  limit  e  — 1  0  for  the  post  induction  period 
produces  the  result  that  the  temperature  dependent  part  of  the  reaction  term  in  the 
energy  equation,  exp((l/e)[l  —  (1/T)]),  is  unbounded  in  the  limit  when  T  >  1.  This 
type  of  singular  behavior  implies  that  the  time  derivative  term  in  the  energy  equation 
must  be  equally  large  to  obtain  physically  viable  0(l)-increases  in  temperature.  These 
mathematical  properties  of  the  describing  equations  motivate  the  use  of  a  nonlinear  time 
rescaling,  similar  to  that  described  earlier,  but  entirely  independent  of  the  logarithmic 
thermal  explosion  singularity  found  in  the  fast  heating  limit.  It  is  hypothesized  that  an 
“explosion  time”  t*(x)  can  be  defined  and  use  to  describe  the  exponentially  short  time 
scale.  Here  again  one  can  expect  essentially  constant  volume  heating  with  pressure  and 
temperature  rising  together  as  the  adiabatic  value  is  approached.  The  ephemeral  high 
temperature  and  pressure  spot  will  relax,  with  a  process  similar  to  that  in  a  shock  tube, 
on  the  longer  acoustic  time  scale  of  the  spot.  It  is  important  to  recall  that  the  reaction 
wave  will  cross  the  spot  on  the  acoustic  time  scale  so  that  the  spot  expansion  process  will 
be  initiated  during  the  induction  period  of  the  modest  heating  rate  problem.  The  explicit 
analysis  of  the  physical  process  is  the  subject  of  current  research  and  will  be  reported  in 
the  future. 

The  present  study  describes  physical  phenomena  occurring  when  transient,  spatially 
distributed  chemical  heat  addition  takes  place  in  a  compressible  gas.  In  particular,  the 
quantitative  analysis  provides  a  cause-effect  source  for  mechanical  disturbances  arising 
from  localized  energy  addition.  Applications  to  combustion  chamber  instability  and  en¬ 
gine  knock  are  of  interest.  These  phenomena  can  occur  in  a  turbulent  reactive  flow 
environment  characterized  by  localized  temperature  and/or  mixture  concentration  inho- 
mogeneities,  which  can  act  as  preferential  sites  for  ignition. 
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